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Introduction

When dealing with logical puzzles involving truth-tellers and liars, formal logic provides a powerful
framework to analyze and solve the problem systematically. One common puzzle involves two
individuals—Alex and Bob—where one is a truth-teller (always tells the truth) and the other is a liar
(always lies). The statement in question is: "One of Alex or Bob is a truth teller, and one is not." To
analyze this scenario rigorously, we need to translate this statement into First-Order Logic (FOL).
This formalization helps clarify the logical structure, enabling us to apply logical reasoning and
techniques such as model checking or logical inference.

Understanding the Puzzle

Before constructing the FOL representation, it’s crucial to understand the problem's key elements:

Participants

- Alex: An individual who is either a truth-teller or a liar.
- Bob: Similarly, either a truth-teller or a liar.

Properties

- Truth-teller: Always tells the truth.
- Liar: Always lies.

Statement

- "One of Alex or Bob is a truth teller, and one is not."
This statement implies that exactly one of the following is true:

- Alex is a truth-teller, and Bob is not.
- Bob is a truth-teller, and Alex is not.



In logical terms, this is an exclusive situation: exactly one is a truth-teller, and the other is a liar.

Defining Predicates and Variables

To formalize this problem, we need to define predicates and constants:

Predicates

- T(x): x is a truth-teller.
- L(x): x is a liar.

Note: Since every person is either a truth-teller or a liar, these predicates are mutually exclusive and
collectively exhaustive for each individual.

Constants

- a: representing Alex.
- b: representing Bob.

Formalizing the Statement in First-Order Logic

The main goal is to express:
- "One of Alex or Bob is a truth-teller, and one is not."
This can be broken down into two parts:

1. Exactly one is a truth-teller:

\[
(T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]

2. Corresponding to the statement, both conditions hold simultaneously.
Therefore, the full formalization is:

\[

\boxed{

(T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
}



\]

Incorporating the Nature of the Speakers' Statements

The problem involves analyzing what Alex and Bob would say, given their truthfulness or lying
nature. To model the statement "One of Alex or Bob is a truth-teller, and one is not," more precisely,
especially in the context of their statements, we might need to formalize their assertions and the
implications of those assertions.

Suppose:

- S(a): the statement made by Alex.
- S(b): the statement made by Bob.

The logical structure depends on whether these statements are true or false, given their nature
(truth-teller or liar).

For example:

- If Alex is a truth-teller, then S(a) is true.
- If Alex is a liar, then S(a) is false.

Similarly for Bob.

Formalizing the Statements Made by Alex and Bob

Suppose the statement they each make is the same as the statement in question:
- Both claim: "One of us is a truth-teller, and one is not."
Then, the statements:

\[
S(a): \quad (T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]
\[
S(b): \quad (T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]

But typically, in such puzzles, each individual makes a statement about their own and the other's
properties, often:



- Alex says: "Exactly one of us is a truth-teller."
- Bob says: "Exactly one of us is a truth-teller."

Assuming they both make the same statement, the formalization involves their statements' truth
values and their nature.

Modeling the Truth Conditions

To analyze the knowledge and implications, we can formalize the logical behavior of truth-tellers and
liars:

- For any individual x:

\[
\text{If } T(x), \text{ then } S(x) \text{ is true}.
\]

- Conversely,

\[
\text{If } \neg T(x), \text{ then } S(x) \text{ is false}.

\]

This can be formalized as:

\[
\forall x \; (T(x) \leftrightarrow S(x))

\]
or, more generally, for each individual, their statement aligns with their truthfulness.

Complete Formalization of the Puzzle

Putting all these elements together, the full formalization includes:

1. Definitions of truth-teller and liar:

\[

\forall x \; (T(x) \lor L(x))
\]

\[

\neg (T(x) \land L(x))

\]



2. Mutual exclusivity:

\[
\forall x \; (T(x) \rightarrow \neg L(x))
\]
\[
\forall x \; (L(x) \rightarrow \neg T(x))
\]

3. Statements made by Alex and Bob:

\[
S(a): (T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]
\[
S(b): (T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]

4. Linking statements to truthfulness:

\[

\forall x \; (T(x) \leftrightarrow S(x))

\]

(assuming both make the same statement about the situation).

Summary of the FOL Representation

The core formula capturing the statement "One of Alex or Bob is a truth-teller, and the other is not"
is:

\[

\boxed{

(T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
}

\]

This captures the exclusive nature of the scenario—exactly one is truthful, and the other is lying.

When analyzing the entire puzzle, including the statements they each make, their truthfulness, and
the logical constraints, this formalization becomes the foundation for logical inference, allowing us
to derive whether the initial assumptions hold and to identify who is the truth-teller and who is the
liar.



Conclusion

Formalizing logic puzzles with First-Order Logic offers a rigorous method to analyze complex
conditions involving truth-tellers and liars. By defining appropriate predicates, constants, and logical
connectives, we can translate natural language statements into precise logical formulas. In this case,
the key formula:

\[
(T(a) \land \neg T(b)) \lor (\neg T(a) \land T(b))
\]

encapsulates the core statement that exactly one of Alex or Bob is a truth-teller, and the other is a
liar. This formalization serves as a foundation for further reasoning, including verifying the
consistency of statements, deducing the identities of the individuals, and solving the puzzle
systematically.

Meta Note: For a comprehensive solution, one would incorporate the assumptions about the
statements made by Alex and Bob, analyze their truthfulness based on these assumptions, and use
logical inference rules to arrive at conclusions. The above formalization provides the essential
logical structure to facilitate such analysis.

Frequently Asked Questions

How can I express 'One of Alex or Bob is a truth teller, and one
is not' using First-Order Logic (FOL)?

You can define predicates T(x) meaning 'x is a truth teller.' Then, the statement can be formalized
as: (T(Alex) A =T(Bob)) v (—T(Alex) A T(Bob)).

What is the FOL representation for 'Exactly one of Alex or Bob
is a truth teller'?

It can be written as: (T(Alex) A =T(Bob)) v (=T(Alex) A T(Bob)), which states that precisely one is a
truth teller.

How do I express 'One of Alex or Bob is a truth teller, and the
other is a liar' in FOL?

Using predicate T(x), the expression is: (T(Alex) A =T(Bob)) v (=T(Alex) A T(Bob)). For clarity, 'liar'
can be defined as =T (x).



Can this statement be represented using conjunctive normal
form (CNF) in FOL?

Yes, the statement (T(Alex) A =T(Bob)) v (=T(Alex) A T(Bob)) can be converted into CNF as: (T(Alex)
v T(Bob)) A (=T(Alex) v =T(Bob)).

What are some common pitfalls when translating 'One of Alex
or Bob is a truth teller, and one is not' into FOL?

Common pitfalls include confusing the exclusive or (XOR) with the inclusive or, and failing to specify
that exactly one is a truth teller, not both or neither. Proper use of conjunctions and disjunctions
helps avoid this.

How would I modify the FOL statement if I wanted to specify
that 'At least one of Alex or Bob is a truth teller'?

The FOL expression would be: T(Alex) v T(Bob). To specify 'exactly one,' you add the exclusive or
condition as in previous answers.

Is there a way to express the statement 'Exactly one of Alex or
Bob is a truth teller' using quantifiers in FOL?

Yes, if you consider a universe with just Alex and Bob, you can write: (T(Alex) A =T(Bob)) A (Vx Vy ((x
= Alex A y = Bob) = (T(x) A =T(y)))) to specify that only Alex is a truth teller and Bob is not, or vice
versa. Alternatively, the simpler disjunctive form is often preferred in this context.

Additional Resources

Logical Frameworks and Formal Ontology Languages (FOL): Analyzing the Puzzle of Truth Tellers
and Liars

Introduction

In the realm of logic puzzles, few scenarios are as intriguing and intellectually stimulating as the
classic "One of Alex or Bob is a truth-teller, and the other is a liar" problem. This puzzle not only
challenges our reasoning skills but also offers a fascinating window into formal logic, propositional
calculus, and the application of First-Order Logic (FOL) frameworks.

This article aims to provide an in-depth exploration of how to formalize such a puzzle within the
First-Order Logic paradigm, analyze its structure, and derive solutions systematically. Whether
you're a logic enthusiast, a computer scientist working on artificial intelligence, or a student seeking
clarity on formal verification, understanding how to write the FOL for this scenario is invaluable.



Understanding the Puzzle

Before delving into the formal logic representation, let's clarify the problem's structure. The
scenario involves:

- Two individuals: Alex and Bob.

- Roles:

- One of them always tells the truth (truth-teller).

- The other always lies (liar).

- The challenge: Determine, based on their statements, who is the truth-teller and who is the liar.

This problem exemplifies the classic "knights and knaves" puzzle, where participants are either
always truthful or always lying. The twist here is the symmetry: only one of the two individuals is
truthful, and the other is deceitful.

Formal Representation: The Need for a Formal Ontology

To analyze this puzzle effectively, we turn to First-Order Logic (FOL). FOL allows us to express
statements about objects, their properties, and their relationships in a precise, unambiguous
manner. Formalizing the problem provides clarity, facilitates logical deduction, and enables
algorithmic reasoning.

Key advantages of employing FOL include:

- Precision: Eliminates ambiguity inherent in natural language.
- Systematic reasoning: Supports the derivation of conclusions via logical inference.
- Automation potential: Enables the use of theorem provers and model checkers.

Building Blocks for the Formalization
To write the FOL for this puzzle, we need to define:

- Constants:

- "Alex’, 'Bob" — representing the individuals.

- Predicates:

- "TruthTeller(x)" — x is a truth-teller.

- "Liar(x)" — x is a liar.

- "Says(x, y)' — x says statement y.

- "Statement(y)" — y is a statement (this can be complex; in simple puzzles, statements are
represented as formulas).

- Logical connectives:
- A" (and), "V’ (or), = (implies), = (not).

- Quantifiers:
-V (forall), "3 (there exists).



Step 1: Defining the Roles

Given the problem states: One of Alex or Bob is a truth-teller, and the other is a liar, we formalize
this as:

" plaintext

RoleAxiom:

(TruthTeller(Alex) A Liar(Bob)) v (Liar(Alex) A TruthTeller(Bob))
Or equivalently:

" plaintext

RoleAxiom: (TruthTeller(Alex) A Liar(Bob)) v (Liar(Alex) A TruthTeller(Bob))

This statement asserts that exactly one of them is a truth-teller and the other is a liar.

Step 2: Formalizing "Says" and its Relation to Truthfulness

The critical component of the puzzle is how the statements made by Alex and Bob relate to their
roles. Typically, in such puzzles, we assume:

- Truth-tellers always speak the truth: their statements are true.
- Liars always lie: their statements are false.

This leads us to a key axiom:

" plaintext

For any individual x and statement y:
if TruthTeller(x), then y © y is true.
if Liar(x), then y < y is false.

This can be formalized as:

" plaintext

VX, y: (TruthTeller(x) - (Says(x, y) = y))
A (Liar(x) - (Says(x, y) = = y))

In natural language: if x is a truth-teller, then whenever x says y, y is indeed true; if x is a liar, then
whenever x says y, y is false.

Step 3: Modeling Statements Made by Alex and Bob



Suppose Alex makes statement "A s’, and Bob makes statement "B s'. These could be specific
claims like "I am the truth-teller," "Bob is the liar," etc.

For illustration, let's define:

- A s': "I am the truth-teller."
- "B s": "Bob is the liar."

Formally:

" plaintext

A s: TruthTeller(Alex)

B s: Liar(Bob)

Alternatively, these statements themselves can be formalized as formulas:
" plaintext

A s: TruthTeller(Alex)

B s: Liar(Bob)

Now, based on the roles and the rule about truthfulness, we can encode the implications:
" plaintext

Vx: Says(x, A s) < (TruthTeller(x) A A s)

Vx: Says(x, B s) « (TruthTeller(x) A B s)

But since the statements are made by specific individuals, we specify:

" plaintext

Says(Alex, A s)

Says(Bob, B s)

and, as per the roles:

" plaintext

TruthTeller(Alex) < Says(Alex, A s)

Liar(Alex) « — Says(Alex, A s)

TruthTeller(Bob) < Says(Bob, B s)
Liar(Bob) < — Says(Bob, B s)

Step 4: Combining the Constraints

By integrating the above, the logic framework becomes:



" plaintext
1. RoleAxiom:
(TruthTeller(Alex) A Liar(Bob)) v (Liar(Alex) A TruthTeller(Bob))

2. Role Assignment: (to be inferred)

3. Truth-Lie Statement Relationship:
For each individual x:
Says(x, y) « (TruthTeller(x) A y)

Alternatively, for their statements:
- If x is a truth-teller, then Says(x, y) = y.
- If x is a liar, then Says(x, y) = —y.

4. The specific statements:
- Alex says: "I am the truth-teller" (A s)
- Bob says: "Bob is the liar" (B s)

Expressed as formulas:

" plaintext
Says(Alex, "I am the truth-teller")
Says(Bob, "Bob is the liar")

which can be formalized as:

" plaintext
Says(Alex, TruthTeller(Alex))
Says(Bob, Liar(Bob))

Summary of the Formal FOL System
Putting it all together, the complete formalization is:

" plaintext
RoleAxiom:
(TruthTeller(Alex) A Liar(Bob)) v (Liar(Alex) A TruthTeller(Bob))

StatementAssertions:
Says(Alex, TruthTeller(Alex))
Says(Bob, Liar(Bob))

Truthfulness Constraints:
Vx: (TruthTeller(x) - Says(x, y))
Vx: (Liar(x) - — Says(x, y))



In concrete form:

" plaintext

Says(Alex, TruthTeller(Alex))
Says(Bob, Liar(Bob))

and

" plaintext
(TruthTeller(Alex) A Liar(Bob)) v (Liar(Alex) A TruthTeller(Bob))

Logical Deduction and Solution

Once formalized, the puzzle reduces to logical inference:

1. Assume RoleAxiom holds.

2. Use the implications about statements and roles.

3. Check for consistency.

Example deduction:

- Suppose Alex is the truth-teller:

- Then "Says(Alex, TruthTeller(Alex))" is true.

- Since Alex's statement is true, and he is a truth-teller, his statement "I am the truth-teller" is
consistent.

- Since Bob is then the liar:

- “Says(Bob, Liar(Bob))" is false.

- But Bob says "Bob is the liar," which would mean:

- If he is a liar, his statement is false, which aligns with his role.

- The roles are consistent in this case.

- Conversely, assuming the roles are reversed leads to inconsistency, confirming that the initial
assumption is correct.

Extending the Formalization: Handling More Complex Statements

If the puzzle involves more complex statements (for example, "Either I am the truth-teller or Bob is
the liar"), the formalization extends naturally by:

- Defining each statement as a logical formula.
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