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7. How MaNY Oroerep TrIPLES OF INTEGERS (X, Y, Z) SATISFY 36X +
100y + 2252 = 12600°

UNDERST ANDING HOW MANY ORDERED TRIPLES OF INTEGERS (X, Y, Z) SATISFY A GIVEN LINEAR DIOPHANTINE EQUATION IS A
FUNDAMENTAL PROBLEM IN NUMBER THEORY AND COMBINATORICS. IN THIS ARTICLE, WE EXPLORE THE SPECIFIC EQUATION:

36x + 100y + 2252 = 12600

OUR GOAL IS TO DETERMINE ALL INTEGER SOLUTIONS (X/ Y, Z) THAT SATISFY THIS EQUATION, WITH PARTICULAR FOCUS ON
THE VARIABLES INVOLVED. ALTHOUGH THE EQUATION INVOLVES THREE VARIABLES, NOTE THAT THE VARIABLE Z DOES NOT
APPEAR EXPLICITLY IN THE EQUATION, WHICH SUGGESTS THAT THE SOLUTION SET DEPENDS PRIMARILY ON X AND Y. WE wiLL
ANALYZE THE PROBLEM STEP-BY~STEP, CONSIDERING THE CONSTRAINTS, AND THEN EXTEND THE FINDINGS TO UNDERSTAND THE
TOTAL NUMBER OF SOLUTIONS.

UNDERSTANDING THE EQUATION AND ITS V ARIABLES

EQUATION BREAKDOWN

THE GIVEN EQUATION IS:

36x + 100y + 2252 = 12600

REARRANGED, IT BECOMES:

36x + 100y = 12600 - 2252

CALCULATING THE RIGHT SIDE:

12600 - 2252 = 10348

THUS, THE SIMPLIFIED FORM IS:

36x + 100y = 10348



V ARIABLES AND CONSTRAINTS

SINCE X, Y, AND Z ARE INTEGERS, AND THE EQUATION INVOLVES ONLY X AND Y EXPLICITLY, THE VARIABLE Z APPEARS TO BE FREE
UNLESS ADDITIONAL CONSTRAINTS ARE SPECIFIED. FOR THE PURPOSE OF THIS PROBLEM, WE ASSUME Z CAN BE ANY INTEGER,
MAKING THE TOTAL NUMBER OF SOLUTIONS INFINITE, PROVIDED X AND Y SATISFY THE EQUATION.

THEREFOEE, THE KEY TASK IS TO FIND ALL INTEGER PAIRS (X, Y) THAT SATISFY:

36x + 100y = 10348

ONCE (X, Y) ARE DETERMINED, FOR EACH SUCH PAIR, Z CAN BE ANY INTEGER, LEADING TO AN INFINITE NUMBER OF SOLUTIONS. To
MAKE THE PROBLEM MEANINGFUL, WE OFTEN CONSIDER THE NUMBER OF SOLUTIONS IN BOUNDED RANGES FOR X AND Y OR RESTRICT
Z TO A CERTAIN SET. HO\X/EVER, FOR THIS ANALYSIS, WE WILL FOCUS ON COUNTING THE NUMBER OF SOLUTIONS IN THE ENTIRE
INTEGER DOMAIN, NOTING THAT Z IS UNRESTRICTED.

ANALYZING THE DIOPHANTINE EQUATION: SOLVING FOR (X, Y)

REDUCING THE EQUATION

QOUR CORE EQUATION IS:

36x + 100y = 10348

TO ANALYZE INTEGER SOLUTIONS, IT IS ESSENTIAL TO DETERMINE WHETHER THE COEFFICIENTS AND THE CONSTANT TERM ARE
COMPATIBLE IN TERMS OF DIVISIBILITY AND COMMON FACTORS.

FINDING THE GREATEST CoMMoN Divisor (GCD)

CaLcuLaTe THE GCD oF 36 anp 100:

e ccn(36, 100) =4

CHECK WHETHER 4 DIVIDES 10348:

e Divipe 10348 BY 4:

10348 + 4 = 2587



SINCE 2587 1S AN INTEGER, THE DIVISIBILITY CONDITION IS SATISFIED, AND SOLUTIONS EXIST.

DiviDING THE EQUATION BY THE GCD

DIVIDE THE ENTIRE EQUATION BY 4 TO SIMPLIFY:

(36/4)x + (100/4)y = 10348/4

9x + 25y = 2587

SOLVING THE SIMPLIFIED EQUATION 9% + 25y = 2687

CHECKING FOR INTEGER SOLUTIONS

W/E NOW ANALYZE THE LINEAR DIOPHANTINE EQUATION:

9x + 25y = 2587

Since 6en(9, 25) = 1, anD 1 DIVIDES 2587, SOLUTIONS EXIST.

EXPRESSING Y IN TERMS OF X

REARRANGED, SOLVE FOR Y:

25y = 2587 - 9x

THus:

y = (2587 - 9x)/25

For Y TO BE AN INTEGER, THE NUMERATOR MUST BE DIVISIBLE BY 25:

2587 - 9x = 0 (mod 25)



MobuLoO ANALYSIS

CALCULATE 2587 MoDp 25:

25 x 103 = 2575
2587 - 2575 = 12

THus:

2587

12 (mod 25)

OUR DIVISIBILITY CONDITION BECOMES:

12 - 9x

0 (mod 25)

\WHICH SIMPLIFIES TO:

9x = 12 (mod 25)

SOLVING FOR X MODULO 25

\WE NEED TO SOLVE:

9x = 12 (mod 25)

SINCE 9 AND 25 ARE COPRIME, 9 HAS A MULTIPLICATIVE INVERSE MODULO 25.

FINDING THE INVERSE OF 9 MoD 25

W/E SEEK AN INTEGER K SUCH THAT:

9k = 1 (mod 25)

USING THE EXTENDED EUCLIDEAN ALGORITHM OR TRIAL, CHECK SMALL MULTIPLES OF 9:

e 9x3=27=2(mop 25)

¢ 9x183=117=117-4x25=117-100= 17 (MoD 25)



9x17=153=153-6x25=153-150=3 (Mop 25)

9x19=171=171-6%25=171-150=21 (Mop 25)

9x21=189=189-7x25=189-175= 14 (Mop 25)

9 x23=207=207-8%25=207-200=7 (mMop 25)

9x24=216=216-8%25=216-200= 16 (Mop 25)

CONTINUING, CHECK @ X 14:

9 x 14 = 126 = 126 - 5x25 = 126 - 125 = 1 (mod 25)

THUs, k = 14 1S THE INVERSE OF 9 MobuLo 25.

CALCULATING X

MULTIPLYING BOTH SIDES OF THE CONGRUENCE BY 14:

x = 12 x 14 (mod 25)

12 x 14 = 168

Now, 168 mMop 25:

25 x 6 = 150
168 - 150 = 18

THEREFORE:

X 18 (mod 25)

EXPRESSING THE GENERAL SOLUTION FOR X AND Y

SINCE X = 18 (MoD 25), X CAN BE WRITTEN AS:

x = 18 + 25k, where k € Z

CORRESPONDINGLY, Y IS GIVEN BY:



y = (2587 - 9x)/25
SUBSTITUTING X:
y = (2587 - 9(18 + 25k))/25 = (2587 - 162 - 225k)/25 = (2425 - 225k)/25

DIVIDING NUMERATOR BY 25:

y =97 - 9k

SUMMARY OF THE SOLUTION SET

COMBINING THE ABOVE RESULTS, THE SOLUTIONS (X, Y) ARE:

e x=18+ 25k

e y=07-9

\WHERE K (ANY INTEGER). SINCE 7 IS UNRESTRICTED, FOR EACH SUCH PAIR, Z CAN BE ANY INTEGER, LEADING TO AN INFINITE
NUMBER OF SOLUTIONS.

COUNTING THE NUMBER OF SOLUTIONS

UNBOUNDED SOLUTIONS

BECAUSE THERE

FREQUENTLY ASkeD QUESTIONS

How CAN WE DETERMINE THE NUMBER OF INTEGER SOLUTIONS TO THE EQUATION 36X +
100y + 2252z = 12600?

To FIND THE NUMBER OF INTEGER SOLUTIONS, WE CAN FIRST ISOLATE ONE VARIABLE, ANALYZE THE DIVISIBILITY CONDITIONS,
AND THEN COUNT THE SOLUTIONS SYSTEMATICALLY, OFTEN BY CONSIDERING THE EQUATION MODULO CERTAIN NUMBERS OR
USING THE EUCLIDEAN ALGORITHM TO UNDERSTAND THE CONSTRAINTS ON X, Y, AND Z.



W/HAT IS THE SIGNIFICANCE OF THE COEFFICIENTS 36, 100, AND 2252 IN THE
EQUATION REGARDING THE NUMBER OF SOLUTIONS?

THE COEFFICIENTS DETERMINE THE DIVISIBILITY AND POTENTIAL FOR INTEGER SOLUTIONS. SINCE 36, 100, AND 2252 ARE
MULTIPLES OF 4, ANALYZING THEIR GREATEST COMMON DIVISORS (GCDS) HELPS IDENTIFY WHETHER SOLUTIONS EXIST AND HOW
MANY SOLUTIONS ARE POSSIBLE, BASED ON DIVISIBILITY OF THE CONSTANT TERM 12600.

CAN WE USE MODULAR ARITHMETIC TO SIMPLIFY COUNTING SOLUTIONS To 36x% +
100y + 2252z = 12600?

YES, MODULAR ARITHMETIC ALLOWS US TO REDUCE THE EQUATION MODULO CERTAIN NUMBERS TO FIND NECESSARY CONDITIONS
FOR SOLUTIONS. For EXAMPLE, ANALYZING THE EQUATION MODULO THE GCD OF THE COEFFICIENTS CAN HELP DETERMINE THE
POSSIBLE VALUES OF Z AND SUBSEQUENTLY X AND Y.

\WHAT APPROACH CAN BE TAKEN TO COUNT THE NUMBER OF INTEGER SOLUTIONS FOR
THE GIVEN EQUATION?

ONE APPROACH IS TO FIX ONE VARIABLE, SUCH AS Z, AND THEN SOLVE THE RESULTING TWO~VARIABLE LINEAR DIOPHANTINE
EQUATION FOR X AND Y. BY ITERATING OVER ALL POSSIBLE INTEGER Z VALUES THAT SATISFY THE CONSTRAINTS, WE CAN
COUNT THE TOTAL NUMBER OF SOLUTIONS.

ARE THERE ANY CONSTRAINTS ON X, Y, AND Z FOR THE SOLUTIONS TO EXIST IN THE
EQUATION 36x + 100y + 2252z = 12600°?

YES, SOLUTIONS EXIST ONLY WHEN THE RIGHT-HAND SIDE, 12600, IS DIVISIBLE BY THE GREATEST COMMON DIVISOR OF 30,
100, AND 2252. ADDITIONALLY, FOR EACH FIXED Z, THE REMAINING EQUATION MUST BE SOLVABLE IN INTEGERS, WHICH
IMPOSES CONDITIONS ON THE POSSIBLE Z VALUES.

ADDITIONAL RESOURCES

How Many Orpered TRIPLES OF INTEGERS (X, Y, Z) SATISFY 36x + 100y + 2252 = 126002

INTRODUCTION

MATHEMATICS OFTEN PRESENTS US WITH INTRIGUING PUZZLES THAT CHALLENGE OUR UNDERSTANDING OF NUMBER THEORY AND
ALGEBRA. ONE SUCH PROBLEM INVOLVES DETERMINING THE NUMBER OF INTEGER SOLUTIONS TO A LINEAR EQUATION WITH
MULTIPLE VARIABLES. SPECIFICALLY, THIS ARTICLE INVESTIGATES THE QUESTION:

How MANY ORDERED TRIPLES OF INTEGERS (X, Y, Z) SATISFY THE EQUATION
\[36x + 100y + 2252 = 12600°\]

\W/HILE THE INITIAL APPEARANCE OF THE PROBLEM SEEMS STRAIGHTFORWARD, UNCOVERING THE COMPLETE SET OF SOLUTIONS
INVOLVES A DETAILED ANALYSIS OF DIVISIBILITY, PARAMETERIZATION, AND THE STRUCTURE OF THE SOLUTION SPACE. THis

EXPLORATION NOT ONLY DEEPENS OUR UNDERSTANDING OF LINEAR DIOPHANTINE EQUATIONS BUT ALSO ILLUMINATES METHODS
APPLICABLE ACROSS VARIOUS DOMAINS IN MATHEMATICS AND RELATED FIELDS.

RESTATING AND SIMPLIFYING THE PROBLEM

THE CORE PROBLEM CAN BE REWRITTEN FOR CLARITY:



FIND THE NUMBER OF INTEGER SOLUTIONS \((X, Y, 2)\) SUCH THAT:

\[
36x + 100y + 2252 = 12600.

\]

NOTE THAT THE VARIABLE \(z\) APPEARS IN THE PROBLEM STATEMENT, BUT AS THE EQUATION INVOLVES ONLY \(x\) AND
\(¥\), THE ROLE OF \(z\) MUST BE CLARIFIED.

Key OBSERVATION:

THE ORIGINAL PROBLEM SPECIFIES “ORDERED TRIPLES \((X, Y, 2)\).” HOWEVER, THE EQUATION INVOLVES ONLY \(x\) AND
\(¥\). THis suGGesTs THAT \(z\) MIGHT BE UNCONSTRAINED, OR PERHAPS THE PROBLEM INTENDS TO CONSIDER \(Z\) AS A
PARAMETER OR AN ADDITIONAL VARIABLE NOT INVOLVED IN THE ORIGINAL EQUATION. GIVEN THE INFORMATION, THE LOGICAL
ASSUMPTION IS THAT THE VARIABLE \(Z\) IS FREE AND CAN TAKE ANY INTEGER VALUE ONCE \(x\) anD \(¥\) SATISFY THE
EQUATION.

THEREFORE, THE PROBLEM REDUCES TO:

- FIND THE NUMBER OF INTEGER SOLUTIONS \((X, Y)\) SATISFYING THE LINEAR EQUATION.
- FOR EACH SUCH SOLUTION, THE VARIABLE \(z\) CAN BE ANY INTEGER.

CONSEQUENTLY, THE TOTAL NUMBER OF soLUTIONS \((X, v, 2)\) BecoMes:

\l

\TexT{NUMBER OF SoLUTIONS FOR } (X, ¥) \TiMes \TeExT{NUMBER OF SOLUTIONS FOR } 7,

WHICH IS INFINITE UNLESS CONSTRAINTS ON \(z\) ARE SPECIFIED.
ASSUMPTION:
SINCE THE PROBLEM EXPLICITLY ASKS FOR THE NUMBER OF SOLUTIONS, IT IS MOST REASONABLE TO INTERPRET THE QUESTION

AS:

> How MANY soLuTIons \((x, Y)\) SATISFY THE EQUATION? AND CONSIDERING \(Z\) AS AN INDEPENDENT VARIABLE, THE
TOTAL NUMBER OF SOLUTIONS IS INFINITE.

ALTERNATIVELY, IF THE PROBLEM INTENDS TO CONSIDER ONLY SOLUTIONS \WHERE \(Z\) IS FIXED OR CONSTRAINED, MORE
INFORMATION WOULD BE NECESSARY.

FOR THE PURPOSES OF THIS ANALYSIS, WE FOCUS ON THE SOLUTIONS For \((x, Y)\). THe ToTAL soLuTions INn \((x, ¥, 2)\)
FORM A SET WITH INFINITELY MANY ELEMENTS, GIVEN THAT \(z\) IS UNRESTRICTED.

ANALYZING THE EQUATION: REDUCING TO A DIOPHANTINE EQUATION

THE CORE OF THE PROBLEM LIES IN SOLVING:

\[
36x + 100y = 12600 - 2252.

\]

CALCULATING THE RIGHT SIDE:

\[
12600 - 2252 = 10348.

\]

THEREFORE, THE SIMPLIFIED EQUATION IS:



\[
36x + 100y = 10348.

\]

THIS IS A LINEAR DIOPHANTINE EQUATION IN TWO VARIABLES. THE KEY TO SOLVING IT IS UNDERSTANDING THE DIVISIBILITY
CONDITIONS AND PARAMETRIZING SOLUTIONS.

DivisiBILITY AND THE GREATEST CoMMon Divisor (GCD)
TO DETERMINE WHETHER SOLUTIONS EXIST, WE EXAMINE THE COEFFICIENTS’ GREATEST COMMON DIVISOR (GCD).

CALCULATE:

\[
\ceo(36, 100).
\]

PRIME FACTORIZATION:

-\(36 = 2”2 \1iMes 3"2)),
-\(100 = 2"2 \1imMes 5°2\).

THus,

\[
\ccn(36, 100) = 272 = 4.
\]

NEXT, CHECK WHETHER 4 DIVIDES 10348:

\[

10348 \oiv 4 = 2587.

\]

SINCE 2587 1S AN INTEGER, SOLUTIONS EXIST FOR \(X, Y\).

CONCLUSION:

- Tre eQUATION \(36x + 100y = 10348)\) HAS INTEGER SOLUTIONS.

PARAMETRIC SOLUTION OF THE DIOPHANTINE EQUATION
Given THAT \(\cen(36, 100) = 4\) pivibes THE RHS, SOLUTIONS EXIST AND CAN BE CHARACTERIZED.
METHOD:

DIVIDE THE ENTIRE EQUATION BY 4:

\[
\rRAC{363}{4}Ix + \rrac{1003}{43}y = \rrac{103483}{4}.
\]

SIMPLIFY:

\[



9x + 25y = 2587.
\]

NO\X/, THE PROBLEM REDUCES TO FINDING ALL INTEGER SOLUTIONS OF:

\[
9x + 25y =2587.

\]

SOLVING THE SIMPLIFIED EQUATION: 9% + 25y = 2587
THIS IS A LINEAR DIOPHANTINE EQUATION IN STANDARD FORM.
STeP 1: FIND PARTICULAR SOLUTION

\WEe nNeep INTEGERS \(x_0, Y_0\) SATISFYING:

\[
9%x_0+ 25y 0=2587.
\]

To FIND SUCH A SOLUTION, WE CAN USE THE EXTENDED EUCLIDEAN ALGORITHM.
EXTENDED EUCLIDEAN ALGORITHM

FiND INTEGERS \(A, B\) SUCH THAT:

\[

9a + 258 =\cco(9, 25) = 1.

\]

THEN, MULTIPLY BOTH SIDES BY 2587 TO GET A PARTICULAR SOLUTION.
APPLYING THE ALGORITHM:

-\(25 =9 \1iMes 2 + 7\)

-\(9 =7 \TiMes 1+ 2\)

-\(7=2\1iMes 3 + 1))

-\(2 =1 \TiMes 2 + 0\)

BACK SUBSTITUTION:

-\(1=7-2\1mMes 3\)

BuT since \(2=9-7\):

-\N(1=7-©@-7)\1Mes 3=7 -9 \1iMes 3 + 7 \TiMes 3 = 7 \TiMes 4 - 9 \TimMes 3\).
RecaLL \(7 = 25 - 9 \1imes 2\):

-\N(1=(25-9\1iMes 2) \TiMeEs 4 - 9 \TiMes 3 =25 \TiMes 4 - 9 \TiMes 8 - 9 \TiMes 3 = 25 \TiMes 4 - 9 \TIMES
171\).

THus,



\[
1=25\1Mes 4 - 9 \TiMes 11.

\]

MULTIPLY BOTH SIDES BY 2587:

\[
2587 =25 \1iMes (4 \TiMes 2587) - 9 \1imes (11 \TiMes 2587).

\]

So, A PARTICULAR soLUTIoN \((x_0, y_0)\) Is:

\[

x_0=-11\TiMes 2587
\]

\[

vy _0=4\TimMes 2587.
\]

7

CALCULATING:

-\(v_0=4\1iMes 2587 = 10348)),
-\(x_0=-11\TiMes 2587 =-28457\).

PARTICULAR SOLUTION:

\[
x =-28457,\quap ¥ = 10348.

\]

GENERAL SOLUTION SET

THE GENERAL SOLUTION FOR THE LINEAR DIOPHANTINE EQUATION:

\[
9x + 25y =2587,

\]

IS GIVEN BY:

\[
x =x_0 +« \TiMes \rrac{e}{\cco(a, 8)} = -28457 + 25k,
\]

\[
vy =v_0 -k \TiMes \rrac{a}{\cco(a, 8)} = 10348 - 9,
\]

wHERe \(k \IN \MaTHBB{Z]}\).

NoTE: THE SIGNS ARE CONSISTENT WITH THE COEFFICIENTS, THE NEGATIVE SIGN IN THE \(Y\) TERM COMES FROM THE DERIVATION
DURING THE ALGORITHM.

REINTRODUCTION TO THE ORIGINAL V ARIABLES



RECALL THAT:

\[
X, Y
\]

ARE RELATED TO THE ORIGINAL VARIABLES VIA THE SCALING:

\[
36x + 100y = 10348,

WHICH WAS DERIVED FROM THE INITIAL PROBLEM.

The soLuTIons For \(x\) ano \(Y\) Are:

\[

x =-28457 + 25k,
\]

\[

vy =10348 - 9,

\]

FOR ALL INTEGERS \(k\).
RoLe of \(z\) IN THE SoLUTION

SINCE THE ORIGINAL EQUATION INVOLVES oNLY \(x\) anD \(¥\), anD \(z\) poes NoT ApPeEAR, \(z\) IS UNRESTRICTED—FOR
eacH soLuTion \((x, Y)\), THe vARIABLE \(z\) CAN BE ANY INTEGER.

THEREFORE, THE TOTAL NUMBER OF soLUTIONS \((x, v, z)\) IS INFINITE.
COUNTING SOLUTIONS: WHEN IS IT FINITE?

IF THE PROBLEM INTENDED TO ASK FOR THE NUMBER OF SOLUTIONS WITH ADDITIONAL CONSTRAINTS, SUCH AS BOUNDED
VARIABLES OR SPECIFIC RANGES, THE COUNTING COULD BE FINITE.

FOR EXAMPLE:

- IF \(x\) ano \(Y\)

7 How Many Ordered Triples Of Integers X Y Z Satisfy 36x
100y 2252 12600
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