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Understanding the Fourier transform of a piecewise function such as F(x) = {
e™(-x) for x = 0, e*x for x < 0 } is fundamental in signal processing,
guantum mechanics, and applied mathematics. This function exhibits
exponential decay and growth in different regions of the real line, making it
an interesting case for Fourier analysis. In this comprehensive guide, we
will explore how to compute the Fourier transform of this function step-by-
step, analyze its properties, and discuss applications.

Introduction to Fourier Transform

Before diving into the specific function, it's essential to understand what
the Fourier transform is and why it is useful.

What Is the Fourier Transform?

The Fourier transform is a mathematical operation that transforms a time- or
space-domain function into its frequency-domain representation. It is defined
as:

\ [

\mathcal{F}\{f(x)\} = F(\omega) = \int {-\infty}~{\infty} f(x) e”{-i \omega
x} dx

\1]

where:

- \(f(x)\) is the original function,

- \(F(\omega)\) is its Fourier transform,
- \(\omega\) is the angular frequency.

Why Compute the Fourier Transform?

Computing the Fourier transform reveals the frequency components of a signal,
which is essential in:

- Signal filtering

- System analysis

- Solving differential equations

- Signal reconstruction



Understanding the Function F(x)

The function is defined as:

\ [

F(x) = \begin{cases}
e™{-x}, & x \geq 0 \\
e™x}, &x <0
\end{cases}

\1

This is a symmetric exponential function that exhibits decay on the positive
side and growth on the negative side. Its piecewise nature suggests splitting
the Fourier transform integral into two parts.

Properties of F(x)

- Piecewise exponential: Different behavior on positive and negative axes.
- Continuity: F(x) is continuous at x=0, since both parts equal 1.

- Even symmetry: Since \(F(-x) = e™{x}\) for \(x>0\) and \(F(-x) = e™{x}\)
for \(x<@\), the function is symmetric in a specific way, but not strictly
even or odd.

Calculating the Fourier Transform of F(x)

To compute \(F(\omega) = \mathcal{F}\{F(x)\}\), we split the integral into
two regions:

\ [

F(\omega) = \int {-\infty}"{\infty} F(x) e~{-i \omega x} dx = \int {-
\infty}~{0} e™~{x} e”{-i \omega x} dx + \int {0}~{\infty} e~{-x} e”{-1i \omega
x} dx

\1]

Let's evaluate these integrals separately.

Integral over \(x < 0\)

\ [

I 1 =\int {-\infty}~{0} e”~{x} e”{-1i \omega x} dx = \int {-\infty}~{0} e™{x
(1 - i \omega)} dx

\1

Step-by-step:

1. Recognize the integral as a standard exponential integral:



\ [

I 1=\int {-\infty}"{0} e~{\alpha x} dx, \quad \text{where} \quad \alpha
- 1 \omega

\1]

2. For convergence, the real part of \(\alpha\) must be positive:

\ [
\Re(\alpha) =1 >0
\1]

which is satisfied, so the integral converges.
3. Compute the integral:

\ [

I 1 = \left[ \frac{e™{\alpha x}}{\alpha} \right] {x = -\infty}"{x=0} =
\frac{1}{\alpha} \left( e~{0} - \lim {x \to -\infty} e”{\alpha x} \right)
\1

4. As \(x \to -\infty\):

\ [

e~{\alpha x} = e~{(1 - i \omega) x} \to 0 \quad \text{since} \quad
\Re(\alpha) =1 >0

\1

5. Therefore:

\ [
I 1= \frac{1}{1 - i \omega} (1 - 0) = \frac{1}{1l - i \omega}
\1]

Integral over \(x > 0\)
\[

I 2 =\int {0}"{\infty} e”{-x} e”{-1 \omega x} dx = \int {0}"{\infty} e~{-

(1 + i \omega)} dx
\1

Step-by-step:

1. Recognize the integral as:

\ [
I 2 =\int {0}~{\infty} e~{-\beta x} dx, \quad \text{where} \quad \beta =
i \omega

\1]
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2. For convergence, the real part of \(\beta\) must be positive:

\ [
\Re(\beta) =1 >0
\]
which is satisfied.

3. Compute:

\ [

I 2 =\left[ -\frac{1l}{\beta} e~{-\beta x} \right] 0~{\infty} = 0 - \left( -
\frac{1l}{\beta} e"~{0} \right) = \frac{1}{1 + i \omega}

\1]

Combined Fourier Transform Expression

Adding both parts:

\ [
F(\omega) = I 1+ I 2 = \frac{1}{1 - i \omega} + \frac{1l}{1 + i \omega}
\1]

To simplify, find a common denominator:

\ [

F(\omega) = \frac{(l + i \omega) + (1 - i \omega)}{(1 - i \omega)(1l + i
\omega) }

\1]

Numerator:

\ [

(1 + 1 \omega) + (1 - i \omega) = 2

\1]

Denominator:

\ [

(1 - i \omega)(l + i \omega) = 1 + (\omega)”"2
\1]

because:

\ [

(1 - i \omega) (1l + i \omega)
\omega”™?2

1 + i \omega - i \omega - i"2 \omega™2 = 1 +



\]
(since \(i”2 = -1\)).
Thus, the Fourier transform is:

\ [

\boxed{

F(\omega) = \frac{2}{1 + \omega™2}
}

\1]

This is a real-valued, even function that characterizes the frequency content
of the original piecewise exponential function.

Properties of the Fourier Transform
\ (F(\omega)\)

Understanding the properties of \(F(\omega)\) helps interpret the behavior of
the original function.

1. Symmetry
- The Fourier transform \(F(\omega) = \frac{2}{1 + \omega”2}\) is an even
function, satisfying:

\ [
F(-\omega) = F(\omega)
\1

- This indicates that the original function \(F(x)\) has real and symmetric
frequency content.

2. Decay at Infinity

- As \(|\omega| \to \infty\):

\ [

F(\omega) \sim \frac{2}{\omega~2}
\1

- The decay rate ensures the transform is integrable and smooth.



3. Relationship to Known Functions

- The Fourier transform resembles the probability density function of a
Cauchy distribution, scaled appropriately.

Inverse Fourier Transform and Reconstruction

To verify the result, the inverse Fourier transform can be used:

\ [

f(x) = \frac{1}{2\pi} \int {-\infty}~{\infty} F(\omega) e~{i \omega x}
d\omega

\1

Given \(F(\omega) = \frac{2}{1 + \omega~2}\), the inverse transform is:

\ [

F(x) = \frac{1}{2\pi} \int {-\infty}"{\infty} \frac{2}{1 + \omega”™2} e™{i
\omega x} d\omega

\1]

which is a standard integral, leading back to the original piecewise
exponential function, confirming our calculation.

Applications of the Fourier Transform of F(x)

Understanding this Fourier transform has several practical applications:
1. Signal Processing: Analyzing signals with exponential decay or growth,
such as transient signals in electronics.

2. Quantum Mechanics: Studying wave functions with exponential
characteristics.

3. Control Systems: Analyzing system responses characterized by exponential

functions.

Frequently Asked Questions



What is the Fourier Transform of the piecewise
function F(x) = e~(-x) for x = 0 and e”x for x <
0?

The Fourier Transform F(w) of the given piecewise function is F(w) =1 /
(1 + iw) + 1/ (1 - iw).

How do you compute the Fourier Transform of a
piecewise exponential function like F(x) = e”(-x)
for x =2 0 and e*x for x < 07

You split the integral into two parts over the domains x = 0 and x < 0,
then evaluate each integral separately, often using standard integral
formulas for exponential functions multiplied by complex exponentials.

What is the significance of the Fourier Transform
of this piecewise function in signal processing?

It helps analyze signals with different behaviors on positive and
negative domains, such as asymmetric signals or systems with unilateral
responses, by understanding their frequency components.

Can the Fourier Transform of F(x) be expressed in
a closed form? If so, what is it?

Yes, the Fourier Transform can be expressed as F(w) =1/ (1 + iw) + 1 /
(1 - iw), which simplifies to 2 / (1 + w"2).

How does the Fourier Transform of this function
relate to the Laplace Transform of similar
functions?

The Fourier Transform can be viewed as the Laplace Transform evaluated
along the imaginary axis, linking the two transforms especially for
causal functions like the given exponential segments.



Are there any specific properties of F(x) that
influence its Fourier Transform?

Yes, the piecewise nature introduces discontinuities in derivatives at
x=0, affecting the transform's smoothness, and the exponential
decay/growth influences the convergence and form of the transform.

What is the physical interpretation of the
Fourier Transform of this piecewise exponential
function?

It represents the frequency spectrum of a signal that behaves
differently on positive and negative domains, useful in understanding
how such signals respond to different frequency components.

How would the Fourier Transform change if the
exponential functions had different parameters,
say e~ (-ax) and e~ (bx)?

The Fourier Transform would then involve terms like 1 / (a + iw) and 1 /
(b - iw), reflecting the different decay or growth rates introduced by
parameters a and b.

Additional Resources

Fourier Transform: Unlocking the Spectrum of a Piecewise Function

Introduction

In the realm of signal processing, physics, and engineering mathematics,
the Fourier transform stands as an indispensable tool. It allows us to
translate functions from the time or spatial domain into the frequency
domain, revealing the spectrum components that compose the original
signal. Today, we delve into a specific yet profound example: the
Fourier transform of a piecewise function defined as

\ [
F(x) = \begin{cases}



e™{-x}, & \text{if } x \geq 0 \\
e™{x}, & \text{if } x < 0O
\end{cases}

\1

This function exhibits symmetry around the origin with exponential decay
and growth, making it an intriguing candidate for Fourier analysis. Our
exploration will dissect the process step-by-step, offering expert
insights, practical considerations, and the significance of the
resulting transform.

Understanding the Function \(F(x)\)

Before diving into the Fourier transform itself, it's essential to
understand the nature of \(F(x)\):

- Piecewise Composition: The function is defined differently on positive
and negative axes, a common scenario in real-world signals with
discontinuities or different behaviors over regions.

- Symmetry: Notice that \(F(x)\) is symmetric in a manner that can be
associated with even functions, given the exponential forms on either
side.

- Decay and Growth: For \(x \geq 0\), \(F(x)\) decays exponentially; for
\(x < 0\), it grows exponentially as \(x\) approaches negative infinity.

This structure hints at certain properties in the Fourier domain, such
as the nature of the transform’s convergence and the type of spectrum
(e.g., continuous, real, complex).

Mathematical Formulation of the Fourier Transform

The Fourier transform \(\mathcal{F}\{F(x)\}\) of a function \(F(x)\) is
generally defined as:

\ [
\hat{F}(\omega) = \int {-\infty}~{\infty} F(x) e~{-i \omega x} \, dx
\1

where \(\omega\) is the angular frequency. Applying this to our
piecewise \(F(x)\):

\ [

\hat{F}(\omega) = \int {-\infty}"0 e~{x} e~{-i \omega x} \, dx +
\int 0~{\infty} e”{-x} e”{-1i \omega x} \, dx

\1

This split integral approach simplifies the analysis, as each domain can



be handled independently.

Step-by-Step Derivation
1. Integral over Negative Domain (\(x < 0\))

\ [
I 1 =\int {-\infty}"0 e~{x} e~{-1 \omega x} \, dx
\1

Combine exponential terms:

\ [
I 1 =\int {-\infty}"0 e”{x(1 - i \omega)} \, dx
\1]

Since the exponential's real part in the exponent is \(\text{Re}(1l - 1i
\omega) = 1\), which is positive, the integral converges. Computing:

\ [

I 1= \left[ \frac{e™{x(1 - i \omega)}}{1l - i \omega} \right] {x = -
\infty}~{x=0}

\1

As \(x \to -\infty\), \(e™{x(1 - i \omega)} \to O\) because the real
part of the exponent is positive:

\ [

I 1 = \frac{1}{1 - i \omega} \left( e~{0} - 0 \right) = \frac{1}{1 - i
\omega}

\1

2. Integral over Positive Domain (\(x \geq 0\))

\ [
I 2 =\int 0”{\infty} e™{-x} e~{-1 \omega x} \, dx
\1]

Combine exponential terms:

\ [
I 2 =\int 0~{\infty} e~{-x(1 + i \omega)} \, dx
\1]

The integral converges if \(\text{Re}(1 + i \omega) > 0O\), which is
always true since the real part is 1.

Compute:



\ [

I 2 = \left[ \frac{e™{-x(1 + i \omega)}}{-(1 + i \omega)}
\right] 0~{\infty}

\1

As \(x \to \infty\), \(e”{-x(1 + i \omega)} \to O\) because the real
part of the exponent is positive:

\ [

I 2 = \frac{1}{1 + i \omega} \left( 1 - 0 \right) = \frac{1}{1 + 1
\omega}

\1]

Final Expression for the Fourier Transform
Combining both integrals:

\ [

\boxed{

\hat{F}(\omega) = \frac{1}{1 - i \omega} + \frac{1}{1l + i \omega}
}

\1]

To simplify, write both terms with a common denominator:

\ [

\hat{F}(\omega) = \frac{l + i \omega + 1 - i \omega}{(1l - i \omega) (1l +
i \omega)} = \frac{2}{(1 - i \omega)(1l + i \omega)}

\1

Note that:

\ [
(1 - i \omega) (1l + i \omega)
\1]

1 + \omega™2

since:

\ [

(1 - i \omega) (1l + i \omega)
1 + \omega”2

\1]

1 + i \omega - i \omega - i"2 \omega™2 =

Recall that \(i"2 = -1\).
Thus, the Fourier transform simplifies to:

\ [
\boxed{



\hat{F}(\omega) = \frac{2}{1 + \omega”~2}
}
\1]

Interpretation and Significance
1. Nature of the Spectrum
The resulting Fourier transform:

\ [
\hat{F}(\omega) = \frac{2}{1 + \omega™2}
\1

is a rational function known as the Lorentzian or Cauchy distribution in
the frequency domain. It exhibits a peak at \(\omega = 0\) and decays
symmetrically as \(|\omega|\) increases.

2. Implications for Signal Analysis

- Bandwidth: The transform’s decay rate indicates that the original
function contains primarily low-frequency components—meaning it’s a
smooth, slowly varying signal.

- Symmetry: The real, even nature of \(\hat{F}(\omega)\) reflects the
symmetry of \(F(x)\) itself.

3. Physical and Engineering Applications

Understanding the Fourier spectrum of such functions is crucial in:

- Filtering: Designing filters to isolate or suppress certain frequency
components.

- Signal Reconstruction: Rebuilding signals from their spectral content.

- Quantum Mechanics and Wave Physics: Analyzing wave functions with
exponential behaviors.

Additional Considerations & Variants

Alternative Definitions

Depending on the context, Fourier transforms can be defined with
different conventions (unitary, angular frequency vs. regular frequency,
etc.). The derivation above uses the standard convention common in

engineering.

Generalizations



- Complex Exponents: Introducing phase shifts or damping factors.

- Different Piecewise Functions: Exploring functions with additional
segments or different asymptotic behaviors.

- Inverse Fourier Transform: Reconstructing the original \(F(x)\) from
\ (\hat{F}(\omega)\), confirming the robustness of the analysis.

Numerical Computation

In practical applications, numerical methods such as FFT (Fast Fourier
Transform) are employed to compute the spectrum, especially for
functions sampled discretely.

Conclusion

The Fourier transform of the piecewise exponential function \(F(x)\)
reveals a fundamental link between spatial domain behaviors and their
spectral representations. Through meticulous integration, symmetry
exploitation, and algebraic simplification, we've derived a concise,
elegant result:

\ [

\boxed{

\hat{F}(\omega) = \frac{2}{1 + \omega™2}
}

\1

This rational function encapsulates the essential frequency
characteristics of \(F(x)\), illustrating how exponential decay and
growth translate into Lorentzian spectral profiles. Whether in
theoretical physics, electrical engineering, or applied mathematics,
understanding such transforms empowers practitioners to analyze, design,
and interpret signals with precision.

In essence, this analysis exemplifies the power of Fourier techniques in
unraveling the hidden spectra of complex, piecewise
functions—demonstrating that even seemingly simple exponential
functions, when combined across domains, produce rich and insightful
frequency domain signatures.
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