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When analyzing infinite series in mathematics, one of the fundamental
questions is whether a given series converges or diverges. This determination
helps mathematicians understand the behavior of sequences and functions,
especially in calculus, analysis, and related fields. In this article, we
will explore the process of evaluating the convergence or divergence of the
series:

\ [
\sum_{N=1}"{\infty} \frac{5 N"2}{N"3}
\]

which is a classic example for applying convergence tests. By carefully
examining the structure of this series, utilizing various convergence
criteria, and understanding the implications of their results, we aim to
equip you with a comprehensive approach to similar series analysis.

Understanding the Series Structure

Before applying any convergence tests, it’s crucial to understand the
structure of the series in question.

Series Representation
The series is expressed as:
\ [

\sum_{N=1}"{\infty} \frac{5 N"2}{N"3}
\]

which simplifies to:

\ [
\sum {N=1}"{\infty} 5 \frac{N"2}{N"3}
\1]



Notice that each term involves a polynomial ratio, which can often be
simplified to a more straightforward form for analysis.

Simplification of the Terms
Simplify the general term:

\ [
5 \frac{N*2}{N"3} = 5 \times \frac{1}{N}
\1

since:

\ [
N*2 / N3 =1/N
\]

Therefore, the series reduces to:

\ [
\sum {N=1}"{\infty} \frac{5}{N}
\1]

This is a constant multiple of the harmonic series.

Fundamental Concepts in Series Convergence

To determine whether this series converges or diverges, we need to revisit
some key concepts and convergence tests.

The Harmonic Series and Its Behavior

The harmonic series:

\ [
\sum_{N=1}"{\infty} \frac{1}{N}
\]

is well-known to diverge, meaning its partial sums grow without bound as N
approaches infinity. Because our series is simply 5 times the harmonic
series, it shares this divergence.



Comparison Tests and Their Usefulness
Comparison tests are among the most straightforward methods for analyzing

series:

- Comparison Test: If \( 0 \leq a N \leqg b N \) for all N beyond some NO, and
if \(\sum b N\) converges, then \(\sum a N\) converges. Conversely, if \(\sum
a_N\) diverges and \(a_N \geq b N \geq 0\), then \(\sum b N\) diverges.

- Limit Comparison Test: If \(\lim {N \to \infty} \frac{a N}{b N} = c\),
where ¢ is a finite positive number, then \(\sum a N\) and \(\sum b N\)
either both converge or both diverge.

p-Series Test

The p-series:

\ [
\sum {N=1}"{\infty} \frac{1}{N~p}
\1]

converges if and only if \(p > 1\). The harmonic series, with \(p=1\),
diverges.

Applying the Tests to Our Series

Given the simplified form:

\ [
\sum {N=1}"{\infty} \frac{5}{N}
\1]

we can analyze its convergence properties.

Comparison to the Harmonic Series
Since \(\frac{5}{N}\) is just 5 times \(\frac{1}{N}\), and the harmonic
series diverges, our series must also diverge.

- Conclusion: The series \(\sum {N=1}"{\infty} \frac{5}{N}\) diverges because
it is a constant multiple of a divergent series.



Limit Comparison Test with Harmonic Series
Calculate:

\ [
\lim {N \to \infty} \frac{\frac{5}{N}}{\frac{1}{N}} = \lim {N \to \infty} 5 =
5
\1]

Since the 1limit is positive and finite, and the harmonic series diverges, the
limit comparison test confirms that our series diverges.

Summary of the Convergence Analysis

Based on the above discussion, the key findings are:
e The original series simplifies to a constant multiple of the harmonic
series.
e The harmonic series is known to diverge.

e Multiplying a divergent series by a finite constant does not change its
divergence.

e Limit comparison with the harmonic series confirms divergence.

Thus, the series:

\ [
\sum {N=1}"{\infty} \frac{5 N"2}{N"3}
\1]

diverges.

Implications and Broader Context

Understanding whether a series converges or diverges is fundamental in

mathematical analysis, with applications in physics, engineering, economics,
and more. Series that diverge do not have finite sums, which can impact the
modeling of real-world phenomena. Conversely, convergent series often allow



for meaningful approximation and calculation.

Practical Applications of Series Convergence
Analysis

Some areas where series convergence is crucial include:

1. Signal Processing: Fourier series and convergence determine the accuracy
of signal reconstruction.

2. Numerical Analysis: Infinite series are used to approximate functions;
knowing convergence ensures valid computations.

3. Quantum Physics: Series expansions in perturbation theory depend on
convergence properties.

4. Economics and Finance: Series models in financial mathematics often
require convergence for stability analysis.

Conclusion: Final Verdict

In conclusion, the series:

\ [
\sum_{N=1}"{\infty} \frac{5 N"2}{N"3}
\]

which simplifies to:

\ [
\sum_{N=1}"{\infty} \frac{5}{N}
\]

diverges. The divergence stems from the harmonic series' well-known behavior
and the limit comparison test confirms that multiplying by a finite constant
does not alter the divergence.

Summary points:

- The simplified form makes the convergence analysis straightforward.
- The series diverges because it mirrors the harmonic series.

- Standard convergence tests (comparison, limit comparison) confirm
divergence.



In practical terms, recognizing the form of the series allows for quick
conclusions, saving time and effort in mathematical analysis. When working
with polynomial ratios or similar series, always look for simplification and
known series behavior to determine convergence or divergence efficiently.
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Frequently Asked Questions

How can I determine if the series } (5 / (N2 N3 N))
from N=1 to infinity converges or diverges?

First, simplify the general term: 5 / (N2 N3 N) =5 / N*{6}. Since the series
resembles a p-series with p=6 > 1, it converges by the p-series test.

What test should I use to analyze the convergence of
the series Y 5 / N*{6}7?

You should use the p-series test, which states that the series ) 1 / N*{p}
converges if p > 1. Here, p=6, so the series converges.

Is the series } {N=1}"«o 5 / N~{6} absolutely
convergent?

Yes, because the series reduces to a p-series with p=6 > 1, which converges
absolutely.

Why does the series Yy 5 / N*{6} converge, despite
the constant 5 in the numerator?

Constant factors like 5 can be factored out of the summation. The convergence
depends on the behavior of the N~{6} in the denominator, which ensures the
terms approach zero rapidly enough for convergence.

Can the comparison test be used for the series } 5 /
N~{6}?

Yes. Since 5 / N*{6} is less than or equal to some multiple of 1 / N~{6}, and
we know that ) 1 / N*{6} converges, comparison confirms that } 5 / N~{6}
converges as well.



Additional Resources
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Introduction

Mathematics has long fascinated scholars and students alike, especially the
analysis of infinite series. The question "Is the series convergent or
divergent?" often arises when exploring sequences and their limits. In
particular, series involving natural numbers and their powers—like the series
involving \(\frac{1}{n”2}\) and \(\frac{1}{n"3}\)-are central to
understanding foundational concepts in calculus and mathematical analysis.
This article aims to rigorously analyze the series:

\ [
\sum {n=1}"{\infty} \left( \frac{5}{n"2} + \frac{N}{n"3} \right)
\1]

and determine whether it converges or diverges, providing detailed
explanations, theoretical background, and practical implications.

Understanding Series and Convergence
What Is an Infinite Series?
An infinite series is the sum of infinitely many terms:

\ [
S = \sum_{n=1}"{\infty} a n
\1

where \(a n\) represents the nth term of the series. The core question in
series analysis is whether this sum approaches a finite limit as \(n\)
approaches infinity, i.e., whether the series converges or diverges.

Convergence vs. Divergence

- Convergence: The series approaches a finite sum as the number of terms
increases indefinitely.

- Divergence: The series does not approach a finite limit; it either grows
without bound or oscillates indefinitely.

Understanding the nature of the series depends on analyzing the behavior of
its terms and applying convergence tests.



The Series in Question
The series under consideration appears to be:

\ [
\sum {n=1}"\infty \left( \frac{5}{n"2} + \frac{N}{n”3} \right)
\1

where:

- \(N\) is a constant (possibly a parameter or coefficient).
- The terms involve powers of \(n\), with denominators \(n”2\) and \(n"3\).

This series can be viewed as the sum of two separate series:

\ [
\sum {n=1}"\infty \frac{5}{n”2} + \sum {n=1}"\infty \frac{N}{n"3}
\1

which suggests analyzing each component individually before considering their
combined behavior.

Analyzing the Series Components
Series 1: \(\sum {n=1}"\infty \frac{5}{n"2}\)
This is a scalar multiple of the p-series:

\ [
\sum_{n=1}"\infty \frac{1}{n"p}
\1

with \(p=2\). The p-series is well-studied; its convergence depends on the
value of \(p\):

- For \(p > 1\), the p-series converges.
- For \(p \leq 1\), it diverges.

Since \(p=2\), which is greater than 1, the series:

\ [
\sum {n=1}"\infty \frac{5}{n"2}
\1]

converges. Moreover, the sum converges to a finite value related to the
Riemann zeta function \(\zeta(2)\):

\ [
\sum {n=1}"\infty \frac{1}{n"2} = \frac{\pi~2}{6}



\]

Therefore,

\ [

\sum {n=1}"\infty \frac{5}{n"2} = 5 \times \frac{\pi~2}{6} \approx 5 \times
1.6449 \approx 8.2245

\1

which is finite.

Series 2: \(\sum {n=1}"\infty \frac{N}{n"3}\)

Similarly, this is a scalar multiple of the p-series with \(p=3\):

\ [
\sum {n=1}"\infty \frac{N}{n"3}
\1

Since \(p=3 > 1\), this series also converges.
Using the value of the Riemann zeta function:
\ [

\sum {n=1}"\infty \frac{1}{n"3}
\1

\zeta(3) \approx 1.20206

Thus,

\[
\sum_ {n=1}"\infty \frac{N}{n"3}
\]

N \times \zeta(3) \approx N \times 1.20206

which is finite for any finite \(N\).

Combining the Series and Final Verdict
Sum of the Series

Since the original series is the sum of two convergent series, their sum is
also convergent:

\ [
\sum_ {n=1}"\infty \left( \frac{5}{n"2} + \frac{N}{n"3} \right) =
\sum_{n=1}"\infty \frac{5}{n"2} + \sum {n=1}"\infty \frac{N}{n"3}
\1

which converges to:



\ [

\boxed{

\frac{5\pi~2}{6} + N \times \zeta(3)
}

\1]

This demonstrates the convergence of the entire series regardless of the
specific value of \(N\), as long as \(N\) is finite.

Theoretical Foundations Supporting Convergence
p-Series Test
The p-series test is pivotal in convergence analysis. It states that:

- For \(p > 1\), the series \(\sum {n=1}"{\infty} \frac{1}{n"p}\) converges.
- For \(p \leq 1\), it diverges.

Applying this criterion to both components confirms their convergence.
Comparison Test

For series with positive terms, the comparison test can be employed:

- Since \(\frac{5}{n"2} \leq \frac{5}{n"2}\) (trivially true), and similarly
for the second series, comparing with known convergent p-series confirms
convergence.

Limit Comparison Test

Evaluating the limit of the ratio of the terms of our series with a known
convergent p-series:

\ [

\lim {n \to \infty} \frac{\frac{5}{n"2} + \frac{N}{n"3}}{\frac{1}{n"2}} =5 +
0 =5

\1]

which is finite and positive, reinforcing the convergence of the original
series.

Practical Implications and Applications
Relevance in Mathematical Analysis

The convergence of such series has profound implications in various fields:



- Fourier Series: Many Fourier coefficients involve sums similar to these p-
series.

- Probability Theory: Expectations and variances of distributions often
involve convergent series.

- Physics: Summations over energy states or quantum levels sometimes involve
p-series.

Numerical Computations

Knowing the convergence allows for practical calculations:

- Truncating the series at a sufficiently large \(n\) yields an approximation
of the sum.

- The rate of convergence is faster for higher \(p\), meaning fewer terms
needed for accurate approximation.

Special Cases and Additional Considerations
Dependence on \(N\)

While the convergence is guaranteed for any finite \(N\), the sum's value
scales linearly with \(N\). In cases where \(N\) tends to infinity, the sum
diverges, but for finite \(N\), the sum remains finite.

Series with Variable \ (N\)

If \(N\) is a function of \(n\), such as \(N = N(n)\), the convergence
analysis might change, necessitating different tests.

Alternating Series or Sign Variations

If the series involves alternating signs, the convergence behavior could
differ, requiring tests like the Alternating Series Test.

Conclusion
In summary, the series:

\ [
\sum {n=1}"\infty \left( \frac{5}{n"2} + \frac{N}{n”3} \right)
\1]

is absolutely convergent for any finite value of \(N\). Both component series
are classic examples of p-series with \(p > 1\), which are known to converge.
Through rigorous application of the p-series test, comparison tests, and the
properties of the Riemann zeta function, we can confidently assert the
convergence of the entire series.



This analysis not only reinforces fundamental concepts in infinite series but
also exemplifies the power of classical convergence tests. Such insights are
essential for mathematicians, physicists, and engineers dealing with series
expansions, summations, and approximations in their respective fields.
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