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Understanding how to evaluate limits is a fundamental aspect of calculus, especially when dealing
with indeterminate forms or complex expressions. In this article, we will thoroughly analyze the

given limit problem, break down the steps to find its value, and clarify the concepts involved so you
can confidently approach similar problems in the future.

Introduction to Limits and Their Significance

Limits describe the behavior of a function as the input approaches a specific point. They are
essential for understanding continuity, derivatives, and integrals. When evaluating a limit, especially
as the variable approaches a point where the function might be undefined (like division by zero),
careful algebraic manipulation or application of limit laws is necessary.

Understanding the Problem Statement

The problem provided appears to be a multiple-choice question asking to find the value of the limit:
Find the limit if it exists:

\[
\lim {x\to 3} \frac{x - 3}{x + 3} \times \frac{x"2 - 3x}{\text{?}}
\]

However, the problem statement seems incomplete or possibly misformatted. Based on the options
provided:

. Does Not Exist

and the given expression, a typical interpretation is that the limit is:

\[
\lim {x\to 3} \frac{x - 3}{x + 3} \times \frac{x"2 - 3x} {\text{some expression}}
\]

But since the expression is not fully clear, we'll assume the original problem is:

\[



\lim {x \to 3} \frac{x - 3}{x + 3} \times \frac{x"2 - 3x}{1}
\]

which simplifies to:

\[
\lim {x \to 3} \frac{x - 3}{x + 3} \times (x"~2 - 3x)
\]

If this assumption aligns with the original question, we can proceed accordingly. Otherwise, further
clarification might be needed. For this analysis, we'll evaluate:

\[
\lim {x\to 3} \left( \frac{x - 3} {x + 3} \times (x"2 - 3x) \right)
\]

Note: The approach can be adapted if the denominator or the expression differs.

Step-by-Step Solution Approach

1. Substitute Directly to Check for Indeterminate Forms

Begin by plugging in \(x = 3 \):

\[

\frac{3 - 3}{3 + 3} \times (372 - 3 \times 3) = \frac{0}{6} \times (9-9) = 0 \times 0 =0
\]

This suggests that the limit might be 0, but further analysis is needed to verify if the limit exists and
is equal to this value, especially for more complex cases.

2. Analyze the Expression for Potential Simplifications

Rewrite the expression:

\[
\frac{x - 3}{x + 3} \times (x"2 - 3x)
\]

Notice that:

\[
Xx™2-3x =x(x - 3)
\]



So, the entire expression becomes:

\[

\frac{x - 3}{x + 3} \times x(x - 3)

\]

which simplifies to:

\[

\left( \frac{x - 3} {x + 3} \right) \times x \times (x - 3)
\]

Or:

\[

X \times (x-3)"2/(x + 3)

\]

Now, the limit as \( x \to 3 \):

\[

\lim {x \to 3} \frac{x \times (x - 3)"2}{x + 3}
\]

Substituting \( x = 3 \):

\[

\frac{3 \times (3 - 3)"2}{3 + 3} = \frac{3 \times 0°2}{6} = \frac{0}{6} =0
\]

Thus, the limit evaluates to 0.

Conclusion: The Limit Value

Based on the algebraic simplification and direct substitution, the limit appears to be 0. Therefore,
the correct choice from the options provided is:

B.0

Additional Considerations in Limit Evaluation

While the above approach yields a straightforward answer, it's essential to understand the broader
context and methods used in limit evaluation.



Handling Indeterminate Forms

Sometimes, direct substitution results in indeterminate forms like \( 0/0 \) or \( \infty / \infty \). In
such cases, alternative strategies include:

- Factoring and canceling common terms

- Rationalizing the numerator or denominator

- Applying L'Hopital's Rule

- Using series expansions or graphing for visualization

Applying L'Hopital's Rule

L'Hopital's Rule states that if:

\[
\lim {x \to a} \frac{f(x)}{g(x)} = \frac{0}{0} \quad \text{or} \quad \frac{\infty}{\infty}
\]

then:

\[
\lim {x\to a} \frac{f(x)}{g(x)} = \lim {x\to a} \frac{f'(x)}{g'(x)}
\]

provided the latter limit exists.

In our case, the simplified form did not require this, but it's a valuable tool in more complex limit
evaluations.

Common Mistakes to Avoid

- Skipping substitution checks: Always verify what happens when directly substituting the
approaching value.

- Ignoring domain restrictions: Make sure the function is defined near the point of interest.

- Overlooking indeterminate forms: Recognize when algebraic manipulation is necessary.

- Misreading the expression: Ensure that the original problem is correctly interpreted, especially if
it's a complex or multi-part expression.

Summary of the Solution

- The initial substitution suggests the limit is 0.
- Simplifying the expression revealed that the limit indeed approaches 0.
- The correct multiple-choice answer is B. 0.



Final Thoughts

Evaluating limits requires a combination of algebraic manipulation, understanding of limit laws, and
sometimes advanced techniques. Always start with direct substitution, analyze the form of the
expression, and apply appropriate methods like factoring or L'Ho6pital's Rule as needed.

By mastering these strategies, you'll be better equipped to handle various types of limit problems
confidently.

FAQs

Q1: What if the limit results in an indeterminate form like
0/0?

A: Use algebraic simplification, factoring, or L'Hopital's Rule to resolve the indeterminate form.

Q2: How can I tell if a limit does not exist?

A: If the function approaches different values from the left and right of the point, or if it diverges to
infinity, the limit does not exist.

Q3: Are limits always evaluated at points where the function is
defined?

A: No. Limits consider the behavior as the variable approaches the point, even if the function isn't
defined exactly at that point.
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Frequently Asked Questions

What is the limit of (x - 3) / (x + 3) as x approaches 3?

The limit is 1 because substituting x = 3 gives (3-3) /(3 + 3) = 0/ 6 = 0, but since the question asks
for the limit as x approaches 3, which results in 0, the correct answer is not listed. However,
considering the options, the correct choice based on the function's behavior is B. 0.

Does the limit of (x - 3) / (x + 3) as x approaches -3 exist?

No, because at x = -3, the denominator becomes zero, leading to a division by zero, so the limit does
not exist.

Is the limit of (x - 3) / (x~2 - 3x) as x approaches 3 equal to 1?

No, because factoring the denominator gives x(x - 3). Substituting x = 3 resultsin (3-3)/(30) =0/
0, which is indeterminate. The limit requires further analysis, and it does not equal 1.

What is the simplified form of the function (x - 3) / (x"2 - 3x),
and what does it imply about the limit as x approaches 3?

The function simplifies to (x - 3) / (x(x - 3)) = 1/ x for x # 3. As x approaches 3, the limit approaches
1/3, so the answer is D. Does Not Exist, because at x=3 the function is undefined, but the limit exists
and equals 1/3.

Based on the function (x - 3) / (x™2 - 3x), which of the
provided options correctly describes the limit as x approaches
3?

The correct answer is C. 1/3, because after simplification, the limit as x approaches 3 is 1/3.

Additional Resources
Find The Limit If It Exists: Limx—-3 (x+3)/(x2 - 3x)

Understanding how to evaluate limits, especially when they involve indeterminate forms, is a
fundamental skill in calculus. The problem at hand—finding the limit as x approaches 3 of the
function (x+3)/(x? - 3x)—serves as an excellent example to explore various techniques such as
algebraic simplification, factoring, and analyzing the behavior of functions near specific points. This
article provides a comprehensive review of this problem, breaking down the steps to evaluate the
limit, discussing potential pitfalls, and interpreting the results carefully.



Understanding the Problem

The given problem is to evaluate:

\[
\lim {x\to 3} \frac{x + 3}{x"2 - 3x}
\]

The options provided are:

- D. Does Not Exist

Before diving into calculations, it’s crucial to understand what the limit signifies. It asks: as x gets
arbitrarily close to 3, what value does the function (x+3)/(x? - 3x) approach? The challenge is that
direct substitution might lead to an indeterminate form, requiring further algebraic manipulation or
analysis.

Initial Substitution and Observation

The first step in evaluating limits is often direct substitution:

\[
x = 3 \Rightarrow \frac{3 + 3}{372 - 3 \times 3} = \frac{6}{9 - 9} = \frac{6}{0}
\]

Here, the denominator becomes zero, which indicates the function is undefined at x = 3. The
numerator is 6, a finite number, but division by zero suggests the limit may tend toward infinity or
may not exist at all.

Key observations:
- The numerator approaches 6 as x approaches 3.
- The denominator approaches 0, specifically zero, which suggests the potential for an infinite limit

or a limit that does not exist.

This initial step indicates that the limit does not exist in the traditional finite sense unless the
numerator and denominator behave in a specific way near x=3.



Analyzing the Denominator: Factoring

To understand the behavior near x=3, factor the denominator:

\[
Xx™2-3x =x(x-3)
\]

This reveals that the denominator is zero at x=3, confirming the earlier conclusion. The factored
form shows a critical point at x=3, where the function could tend toward infinity or negative infinity
depending on the side of approach.

Approach from the Left and Right

Since direct substitution leads to division by zero, analyze the limit from the left (\(x \to 37-\)) and
the right (\(x \to 3™ +\)).

From the left (\(x \to 37™-\)):
- For x slightly less than 3, say x = 3 - h where h > 0 and small,

\[

x = 3 - h \Rightarrowx + 3 =6-h

\]

\[

X(x-3)=(3-h)((3-h)-3)=(3-h)(-h) =-h(3-h)
\]

Since \(h > 0\):

- numerator: \(6 - h\) = approaches 6 from below.
- denominator: \(-h(3 - h)\) - since \(3 - h \to 3\), the denominator approaches \(-h \times 3 = -3h\).

As\(h \to 0™ +\):

- numerator \(\to 6\)
- denominator \(\to 0”-\) (approaching zero from negative side)

Thus, the fraction:

\[

\frac{6 - h}{-3h} \to -\infty
\]

From the right (\(x \to 3™ +\)):



- For x slightly greater than 3, x = 3 + h, \(h > 0\),

\[

Xx+3=6+h

\]

\[

x(x-3)=(3+h)(h)=h(3 +h)
\]

As\(h \to 0™ +\):

- numerator: \(6 + h \to 6\)
- denominator: \(h(3 + h) \to 0~ +\)

The fraction:

\[
\frac{6 + h}{h(3 + h)} \to +\infty
\]

Conclusion from one-sided limits:

- As x approaches 3 from the left, the function tends toward \(-\infty\).
- As x approaches 3 from the right, the function tends toward \(+\infty\).

Since the limits from the two sides are not equal (one approaches \(-\infty\), the other \(+\infty\)), the
overall limit does not exist.

Final Evaluation of the Limit

The behavior of the function around x=3 indicates that the limit does not approach a finite value, nor
does it approach a common infinite value from both sides. Instead, it diverges to infinity on one side
and negative infinity on the other, which means:

\[
\boxed{\text{The limit does not exist}}
\]

This aligns with option D: "Does Not Exist."

Summary and Key Takeaways



Main conclusion:

- The limit \(\lim_{x \to 3} \frac{x + 3}{x"2 - 3x}\) does not exist because of the asymptotic
behavior on either side of x=3.

Features of this problem:

- Demonstrates the importance of analyzing one-sided limits when direct substitution yields division
by zero.

- Highlights how factors of the denominator can reveal the behavior near critical points.
- Shows that divergent behaviors from different sides mean the overall limit does not exist.

Pros/Cons of the approach:

- Pros:

- Provides a clear understanding of the function’s behavior around singular points.
- Reinforces the importance of side limit analysis.

- Uses algebraic factoring to simplify and interpret the problem.

- Cons:
- Slightly complex for beginners without experience in limits involving infinity.
- Requires careful consideration of signs and approaching from the left/right.

Additional Insights and Alternative Methods

While algebraic factoring offers a straightforward approach, other methods can also be employed:
L'Hopital's Rule

Since direct substitution yields \(\frac{6}{0}\), which indicates an infinite or undefined limit,
L'Hopital's Rule applies if the limit produces an indeterminate form like \(0/0\) or \(\infty/\infty\).
Here, the numerator approaches 6, a finite number, and the denominator approaches 0, so
L'Hopital's Rule isn't directly applicable unless we consider the limit as an infinite form.

Sign Analysis

Analyzing the sign of numerator and denominator near x=3 confirms the divergent behavior:

- Left side: numerator positive, denominator negative — quotient negative and tends to \(-\infty\).
- Right side: numerator positive, denominator positive = quotient positive and tends to \(+\infty\).

Graphical interpretation

Plotting the function near x=3 would show the graph approaching positive infinity from the right
and negative infinity from the left, visually confirming the divergence.



Conclusion

The limit \(\lim {x \to 3} \frac{x + 3}{x"2 - 3x}\) does not exist because the function tends toward
infinity on one side and negative infinity on the other. This divergence indicates that the overall limit
at x=3 is undefined, fitting with option D.

Understanding such problems sharpens one's ability to analyze functions' behaviors near
singularities and enhances problem-solving skills in calculus. Recognizing the importance of one-
sided limits, factoring, and sign analysis prepares students for more complex limit evaluations in
advanced mathematics.

Final note: Whenever encountering a limit where the denominator approaches zero, always consider
the possibility of divergence or the non-existence of the limit, especially if the numerator approaches
a finite non-zero value.
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