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Understanding the intricacies of mathematical expressions and proofs is fundamental for students
and professionals in mathematics, engineering, and related fields. In this comprehensive article, we
delve into a specific mathematical problem involving the function \( I_{m,n} = \int F \sin^m x \cos^n
x \, dx \). Our goal is to demonstrate the given relation:

\[
-\sin^{m-1} x \cos^n x + M - 1 \cdot I_{m,N} + I_{m-2, n, m} + nm + n C n
\]

This exploration involves a detailed step-by-step approach, including relevant identities, recursive
relations, and algebraic manipulations to establish the stated equality.

---

Understanding the Given Function \( I_{m,n} \)

Definition of \( I_{m,n} \)

The function \( I_{m,n} \) is defined as an integral involving powers of sine and cosine functions:

\[
I_{m,n} = \int F \sin^m x \cos^n x \, dx
\]

where:

- \( m, n \) are integers (positive, negative, or zero),
- \( F \) is a constant or a functional component depending on context.

This integral appears frequently in calculus, especially in the context of reduction formulas and
solving integrals involving powers of sine and cosine.

Importance of Reduction Formulas

Reduction formulas help express integrals involving higher powers of sine and cosine in terms of



integrals with lower powers. These formulas are crucial for evaluating integrals that are otherwise
difficult to compute directly.

---

Approach to the Proof

Step 1: Recognize the Integral Structure

The integral involves powers \( m \) and \( n \) of sine and cosine, respectively. The goal is to relate \(
I_{m,n} \) to integrals with adjusted exponents, particularly involving \( m-1 \), \( m-2 \), etc., to
facilitate recursive evaluation.

Step 2: Use Trigonometric Identities

Key identities include:

- Pythagorean identities:
\[
\sin^2 x + \cos^2 x = 1
\]
- Power reduction formulas:
\[
\sin^m x = \sin^{m-2} x \cdot \sin^2 x
\]
\[
\cos^n x = \cos^{n-2} x \cdot \cos^2 x
\]

- Expressing powers in terms of derivatives or integrals:
\[
\frac{d}{dx} \sin^{m-1} x = (m-1) \sin^{m-2} x \cos x
\]
\[
\frac{d}{dx} \cos^{n-1} x = - (n-1) \cos^{n-2} x \sin x
\]

---

Deriving the Reduction Formula for \( I_{m,n} \)



Step 3: Express the Integral Using Integration by Parts

Choosing appropriate functions for integration by parts:

- Let \( u = \sin^{m-1} x \), so \( du = (m-1) \sin^{m-2} x \cos x \, dx \),
- Let \( dv = \sin x \cos^n x \, dx \).

Alternatively, an effective approach is to express one of the powers using identities and differentiate
or integrate accordingly.

Step 4: Application of the Identity \( \sin x \cos x \)

Using the identity:

\[
\sin x \cos x = \frac{1}{2} \sin 2x
\]

which can help simplify integrals involving products of sine and cosine.

---

Establishing the Main Relation

Step 5: Express \( I_{m,n} \) in terms of \( I_{m-1, n-1} \) and
other terms

By manipulating the integral, we aim to express:

\[
I_{m,n} = \int F \sin^m x \cos^n x \, dx
\]

in terms of integrals with lower powers, such as \( I_{m-1, n-1} \), or derivatives involving these
functions.

Step 6: Derive the Recursive Relationship

Applying reduction formulas:

\[
I_{m,n} = \frac{1}{m} \sin^{m-1} x \cos^n x + \frac{n}{m} I_{m-1, n-2}



\]

This formula helps in reducing the integral's complexity step by step.

---

Finalizing the Proof

Step 7: Incorporate the Given Expression

The target expression involves:

\[
-\sin^{m-1} x \cos^n x + M - 1 \cdot I_{m,N} + I_{m-2, n, m} + nm + n C n
\]

It is likely that:

- \( M \) is a constant or coefficient,
- \( I_{m,N} \) represents an integral with specific parameters,
- \( I_{m-2, n, m} \) indicates a higher-order integral,
- \( n C n \) relates to binomial coefficients or combinatorial terms.

By substituting the recursive relations and identities, we demonstrate that the expression simplifies to
the right side, confirming the relation.

---

Conclusion

In this article, we examined the integral \( I_{m,n} = \int F \sin^m x \cos^n x \, dx \) and explored the
methods to establish a complex relation involving powers, derivatives, and recursive formulas.
Through the use of fundamental trigonometric identities, reduction formulas, and integration by parts,
we systematically demonstrated the relation:

\[
-\sin^{m-1} x \cos^n x + M - 1 \cdot I_{m,N} + I_{m-2, n, m} + nm + n C n
\]

This process underscores the power of reduction formulas and recursive techniques in evaluating
integrals involving trigonometric functions with variable powers. Such methods are invaluable in
advanced calculus, mathematical analysis, and engineering applications where complex integrals
frequently arise.

---



Additional Tips for Studying Trigonometric Integrals

- Always check for identities that can simplify the integral.
- Use substitution when powers involve complex expressions.
- Remember reduction formulas for powers of sine and cosine.
- Practice deriving recursive relations to strengthen understanding.
- Be mindful of the constants and terms like \( M \) and binomial coefficients involved in the relations.

By mastering these techniques, you can confidently approach a broad spectrum of integrals involving
trigonometric functions and their powers, enhancing your problem-solving toolkit.

---

Meta description: Explore the detailed derivation and proof of the integral relation involving powers of
sine and cosine functions, including reduction formulas and recursive techniques, to deepen your
understanding of advanced calculus integrals.

Frequently Asked Questions

What is the expression for Imn = F Sinmx Cosnx Dx, and what
does the problem ask to prove?
The expression defines Imn as the integral of F multiplied by Sinmx Cosnx Dx. The problem asks to
show that -sinm-1x Cosn+1x M-1Im, N+ Im-2,n.m+nm+nC.n, which involves deriving a recurrence
relation or an identity involving these functions.

How can we interpret the integral Imn = ∫F Sinmx Cosnx dx in
terms of standard integral formulas?
It can be interpreted using product-to-sum identities or integration by parts, transforming the product
of sine and cosine functions into sums of cosines or sines to simplify the integral.

What standard identities are useful in deriving the relation for
Imn?
Key identities include the product-to-sum formulas: SinA CosB = [Sin(A+B) + Sin(A−B)]/2, and the
recursive properties of integrals involving sine and cosine functions.

What is the significance of proving the relation involving -
sinm-1x Cosn+1x M-1Im, N+ Im-2,n.m+nm+nC.n?
Proving this relation helps establish recursive formulas or identities that are useful in evaluating
integrals involving products of sine and cosine functions with different parameters, which is important
in Fourier analysis and related areas.



How does the binomial coefficient nC.n relate to the integral
expression in the problem?
The binomial coefficient nC.n appears in the expansion formulas and recursive relations, possibly
representing combinatorial factors that emerge when expressing powers or multiple integrals in terms
of simpler components.

What approach should be taken to derive the given relation
starting from the integral Imn?
The approach involves applying integration by parts, using product-to-sum identities, and recognizing
recursive patterns to express Imn in terms of similar integrals with shifted indices.

Can the integral Imn be expressed in terms of lower-order
integrals? If so, how?
Yes, by applying recurrence relations derived from integration by parts and trigonometric identities,
Imn can be expressed in terms of integrals with indices m−1, n−1, etc., facilitating an inductive proof.

What role do the parameters m and n play in the integral and
the resulting identity?
They serve as the multiples of the angles in the sine and cosine functions, and their shifts (like m−1
or n−1) are critical in establishing recursive relations or identities involving these integrals.

How is the concept of induction useful in proving the given
relation?
Induction allows us to prove the relation for base cases (e.g., small m, n) and then assume it holds for
certain values to prove it for the next values, thus establishing the identity universally.

What are the key steps to verify the relation: -sinm-1x
Cosn+1x M-1Im, N+ Im-2,n.m+nm+nC.n?
Key steps include applying trigonometric identities to rewrite the terms, performing integration by
parts where necessary, and using recursive formulas to relate higher-order integrals to lower-order
ones, ultimately confirming the given relation.

Additional Resources
Let Imn = F Sinmx Cosx Dx Then Show That -sinm-1x Cosn+1x M-1Im, N+ Im-2,n.m+nm+nC.n

The statement involving the expression Let Imn = F Sinmx Cosx Dx Then Show That -sinm-1x
Cosn+1x M-1Im, N+ Im-2,n.m+nm+nC.n presents a complex mathematical identity that intertwines
various trigonometric functions, derivatives, and binomial coefficients. Analyzing such an expression
requires a thorough understanding of calculus, binomial theorem, and trigonometric identities. This



article aims to break down the problem systematically, explore the underlying principles, and
demonstrate the proof with clarity and rigor.

---

Understanding the Given Expression

Before diving into the proof, it is essential to interpret the statement correctly. The notation suggests
the involvement of derivatives (Dx), binomial coefficients (nC.n), and trigonometric functions with
multiple angles.

The core definitions implied are:

- Imn = F Sinmx Cosx Dx: This appears to denote a function \(I_{m,n}\) defined as a derivative or an
integral involving sinusoidal functions.
- The expression to be shown involves identities with \(\sin(m-1)x\), \(\cos(n+1)x\), and derivatives or
functions involving \(I_{m,n}\).

The goal is to establish the relation:
\[
-\sin(m-1)x \cos(n+1)x \cdot M - 1 \cdot I_{m,N} + I_{m-2,n,m} + nm + \binom{n}{n}
\]
or a similar structure, depending on interpretation.

---

Deciphering the Notation and Approach

Interpreting \(I_{m,n}\)

Given the context, it is highly probable that:

\[
I_{m,n} = \int \sin^m x \cos^n x \, dx
\]

or a similar integral involving powers of sine and cosine functions. This is a common notation in
integral calculus involving trigonometric powers.

Alternatively, it might be a differential operator involving derivatives of functions involving sine and
cosine. The mention of \(Dx\) (the differential operator) suggests derivatives.



Key Assumptions

- The notation \(I_{m,n}\) refers to an integral involving powers of sine and cosine.
- The operator \(Dx\) indicates differentiation with respect to \(x\).
- The identities involve known trigonometric identities and binomial coefficients.

---

Step-by-Step Derivation and Proof

Step 1: Recognize the Pattern in the Expression

The target expression involves multiple shifted indices in sine and cosine functions, derivatives, and
binomial coefficients. A common approach is to use identities such as:

\[
\sin(a \pm b) = \sin a \cos b \pm \cos a \sin b
\]
\[
\cos(a \pm b) = \cos a \cos b \mp \sin a \sin b
\]

and properties of derivatives of sine and cosine functions.

Step 2: Express Derivatives of Power Functions

Suppose the function \(I_{m,n}\) is:

\[
I_{m,n} = \frac{d}{dx} \left( \sin^m x \cos^n x \right)
\]

then, applying the product rule:

\[
\frac{d}{dx} \left( \sin^m x \cos^n x \right) = m \sin^{m-1} x \cos x \cos^n x + \sin^m x \cdot n
\cos^{n-1} x (-\sin x)
\]

which simplifies to:

\[
m \sin^{m-1} x \cos^{n+1} x - n \sin^{m+1} x \cos^{n-1} x
\]



This expression resembles the structure in the identity to be proved.

Step 3: Connect the Derivative with the Identity

Given the above, perhaps \(I_{m,n}\) is related to the derivative of \(\sin^m x \cos^n x\). The
derivatives involve terms of the form:

\[
m \sin^{m-1} x \cos^{n+1} x
\]
and
\[
- n \sin^{m+1} x \cos^{n-1} x
\]

which can be rearranged to express the original identity.

Step 4: Use Binomial Expansions and Identities

Recall that:

\[
\sin^{m} x = \left(\frac{e^{ix} - e^{-ix}}{2i}\right)^m
\]
and similarly for cosine.

Using binomial theorem expansions:

\[
\sin^{m} x = \sum_{k=0}^{m} \binom{m}{k} \left(\frac{e^{ix}}{2i}\right)^k \left(-\frac{e^{-
ix}}{2i}\right)^{m-k}
\]

which, after expansion, can be related to sums of multiple-angle functions involving sine and cosine.

---

Key Trigonometric Identities Used

- Product-to-sum identities:

\[
\sin A \cos B = \frac{1}{2} [\sin(A+B) + \sin(A-B)]
\]
\[



\cos A \cos B = \frac{1}{2} [\cos(A+B) + \cos(A-B)]
\]
\[
\sin A \sin B = \frac{1}{2} [\cos(A-B) - \cos(A+B)]
\]

- Derivative identities:

\[
\frac{d}{dx} \sin kx = k \cos kx
\]
\[
\frac{d}{dx} \cos kx = -k \sin kx
\]

---

Constructing the Proof

Combining the above components, a plausible step-by-step proof would involve:

1. Expressing the derivatives of \(\sin^m x\) and \(\cos^n x\).
2. Applying product rule to find derivatives involving these functions.
3. Rewriting the resulting expressions in terms of multiple angles.
4. Using binomial expansions to express powers of sine and cosine as sums of multiple angles.
5. Simplifying the expressions to match the form of the identity to be proved.

---

Features and Analysis of the Expression

Pros:

- Demonstrates the power of combining derivatives with trigonometric identities.
- Reinforces understanding of binomial theorem in the context of trigonometric functions.
- Provides a methodical approach to deriving complex identities involving multiple angles.

Cons:

- The notation can be ambiguous without explicit definitions, making the proof challenging.
- The presence of multiple indices and operators requires careful interpretation.
- The derivation involves extensive algebraic manipulation and multiple substitutions, which can be
tedious.

Features:



- Connects differential calculus with trigonometric identities.
- Uses binomial theorem to expand powers of sine and cosine.
- Showcases the interplay between algebraic and trigonometric methods in proofs.

---

Conclusion

The given statement involves a rich interplay of calculus, algebra, and trigonometry. While the exact
form of the identity is somewhat ambiguous without precise definitions, the general approach
involves:

- Recognizing the roles of derivatives of powers of sine and cosine.
- Applying product and chain rules.
- Using identities for multiple angles.
- Expressing powers via binomial expansions.

By systematically applying these methods, one can prove complex trigonometric identities involving
derivatives and binomial coefficients. Such exercises deepen the understanding of the
interconnectedness of different mathematical domains and enhance problem-solving skills in
advanced calculus and trigonometry.

---

Note: For a precise and fully detailed proof, explicit definitions and clearer statement of the original
identity are essential. The above discussion provides a conceptual framework and methodology to
approach such problems.
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