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Introduction

In mathematical analysis and number theory, inequalities serve as fundamental tools for understanding the
behavior of sequences, series, and functions. Proving inequalities not only deepens our comprehension of
mathematical properties but also enhances problem-solving skills. Today, we will explore and rigorously

prove two interesting inequalities involving natural numbers \( n \in \mathbb{N} \). These are:

(a) The sum of the reciprocals up to \( n \):
\[ 1+ \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} \leq \frac{2n}{n + 1} \]

(b) An exponential inequality involving powers of 2:

\[ \frac{2"n}{n} \leq \frac{2"{n+1}}{n + 1} \]

Our goal is to understand, formulate, and prove these inequalities rigorously, using various mathematical

techniques including induction, comparison, and algebraic manipulations.

Understanding the Inequalities

Before diving into proofs, it's essential to understand what the inequalities imply and their significance.
The Harmonic Series Upper Bound (Part a)

The sum \( 1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} \) is known as the nth harmonic number,
denoted \( H_n \). It grows slowly and is approximately \( \In n + \gamma \), where \( \gamma \) is the
Euler-Mascheroni constant.

The inequality:

\[ H_n \leq \frac{2n}{n + 1} \]

provides an upper bound for \( H_n \). As \( n \to \infty \), the right side approaches 2, which aligns with



the fact that the harmonic series diverges slowly and the partial sums increase without bound, but bounded

above by a function approaching 2.

Exponential Inequality (Part b)

The second inequality:

\[ \frac{2"n}{n} \leq \frac{2{n+1}}{n + 1} \]

relates exponential growth to linear terms in \( n \). This inequality suggests that the ratio of \( 2"n \) to \(

n \) increases at a rate constrained by the exponential term, and comparing successive terms reveals a

pattern that can be proved through algebraic manipulation or induction.

Proving Inequality (a): Sum of Reciprocals Up to \( n \)

Statement

For all \( n \in \mathbb{N} \), the partial harmonic sum satisfies:

\[ H_.n = 1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} \leq \frac{2n}{n + 1} \]

Approach

We will employ mathematical induction to establish the inequality.

Proof by Mathematical Induction

Base Case (\(n=1)))

Calculate:

\[H_1=1\]

and compare with the right side:

\[ \frac{2 \times 1}{1 + 1} = \frac{2}{2} =1 \]

Since \( H_1 = 1), the inequality holds with equality.

Inductive Hypothesis



Assume that for some \( k \in \mathbb{N} \):

\[ H_k \leq \frac{2k }{k + 1} \]

Inductive Step (\(n =k + 1))

We need to show:

\[H_{k + 1) = H_k + \frac{1}{k + 1} \leq \frac{2(k + 1)}(k + 1) + 1} = \frac{2(k + 1)}{k + 2} \]
Using the inductive hypothesis:

\[ H_k \leq \frac{2k }{k + 1} \]

Add \( \frac{1}{k + 1} \) to both sides:

\[ H_{k + 1} \leq \frac{2k }{k + 1} + \frac{1}{k + 1} = \frac{2k + 1}{k + 1} \]
Now, compare \( \frac{2k + 1}{k + 1} \) with \( \frac{2(k + 1)}{k + 2} \):
We want to verify:

\[ \frac{2k + 1}{k + 1} \leq \frac{2(k + 1){k + 2} \]

Cross-multiplied:

\[ 2k + 1)(k + 2) \leq 2(k + 1)"2\]

Compute both sides:

Left:

\[ 2k + 1)(k +2) = 2k(k +2) + 1(k + 2) = 2k"2 + 4k + k + 2 =2k"2 + 5k + 2 \]
Right:

\[2(k + 1)"2 =2(k"2 + 2k + 1) = 2k"2 + 4k + 2\]

Compare:

\[ 2k"2 + 5k + 2 \leq 2k"2 + 4k + 2 \]

Subtract \( 2k"2 + 2 \) from both sides:



\[ 5k \leq 4k \]
which simplifies to:
\[ k \leq 0 \]

Since \( k \in \mathbb{N} \) and \( k \geq 1), this inequality holds only for \( k = 0 \). For \( k \geq 1),

the inequality does not hold directly, indicating that the initial approach needs refinement.
Alternative Approach: Direct Inequality for \( H_n \)

Given the previous attempt, a better approach is to compare the harmonic sum with an explicit bound

known from analysis:
\[ H.n \leq 1 + \In n \]

but since our target is \( \frac{2n}{n + 1} \), which approaches 2 as \( n \to \infty \), perhaps a different

inequality is more appropriate, or we need to refine the induction.

Revised Proof

Instead, consider the inequality:

\[ H_n \leq 1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} \leq 1 + \In n \]

which is a well-known bound, but it doesn't directly help with the \( \frac{2n}{n + 1} \) form.
Alternatively, we can use comparison with the integral:

\[ \int_1"{n+1} \frac{1}{x} dx = \In(n + 1) \]

and properties of harmonic sums.

Final Conclusion for Part (a)

Given the difficulty in an induction approach, it may be more straightforward to verify the inequality for

small \( n \) and analyze its behavior.
For \( n \to \infty \):
\[ \frac{2n}{n + 1} \to 2 \]

and the harmonic sum:



\[ H_n \sim \In n + \gamma \to \infty \]
so, the inequality:
\[ H_n \leq \frac{2n}{n + 1} \]

holds only for small \( n \). Therefore, perhaps there is a typo or misinterpretation, and the intended

inequality might be:

\[ H_.n \leq 1 + \In n \]

which is a classic bound.

Summary:

The inequality as written may require correction or reinterpretation. Usually, harmonic sums are bounded

by logarithmic functions, not linear functions in \( n \). Nonetheless, understanding the behavior of

harmonic sums and bounds is crucial in analysis.

Proving Inequality (b): Exponential Inequality
Statement

For all \( n \in \mathbb{N} \):

\[ \frac{2"n}{n} \leq \frac{2{n+1}}{n + 1} \]
Approach

This inequality can be proved by algebraic manipulation or induction.
Algebraic Proof

Rewrite the inequality:

\[ \frac{2"n}{n} \leq \frac{2"{n+1}}{n + 1} \]
Note that:

\[ 2¢n+1} = 2 \times 2"n \]

Substitute:



\[ \frac{2"n}{n} \leq \frac{2 \times 2"n}{n + 1} \]
Divide both sides by \( 2"n \) (positive for \( n \geq 1 \)):

\[ \frac{1}{n} \leq \frac{2

Frequently Asked Questions

What is the main goal when proving inequalities like 1 + 1/2 + 1/3 + ... +
1/n"2n/n+1?

The primary goal is to establish a clear upper or lower bound for the sum, often using mathematical

induction, comparison tests, or known inequalities to demonstrate the inequality holds for all relevant n.

How can induction be used to prove the inequality 1 + 1/2 + 1/3 + ... +
1/n"2n/n+1?

Induction involves verifying the base case (e.g., n=1), then assuming the inequality holds for n=k, and
finally proving it holds for n=k+1, often by comparing the sums and simplifying to show the inequality

persists.

‘What techniques are effective for proving the inequality involving
powers, such as (2'n 1)n 2*(1n 1)?

Techniques include exponential and logarithmic properties, induction, and algebraic manipulation to
compare terms and establish the inequality, especially considering the growth rates of exponential

functions.

Are there common pitfalls to avoid when proving these types of
inequalities?
Yes, common pitfalls include incorrect assumptions about the monotonicity of functions, improper handling

of boundary cases, and neglecting to verify the base case thoroughly during induction proofs.

‘What is the significance of proving such inequalities in mathematical
analysis?

Proving inequalities helps establish bounds, convergence, and stability of sequences and series, which are

fundamental in analysis, optimization, and various applied mathematics fields.



Can these inequalities be generalized for larger classes of functions or

sequences?

Yes, many inequalities can be generalized using methods like Jensen's inequality, convexity, or

majorization, allowing broader applications beyond the specific cases initially considered.

Additional Resources

Mathematical Inequalities: An In-Depth Exploration of LetnN and Its Proofs

Introduction: The Fascinating World of Mathematical Inequalities

Mathematics is often celebrated for its elegance, precision, and the way it reveals underlying truths about
the universe. Among its many branches, inequalities hold a special place, serving as fundamental tools in
analysis, number theory, optimization, and more. They not only help establish bounds and limits but also

deepen our understanding of the relationships between quantities.

Today, we explore a particular class of inequalities associated with the notation LetnN (assumed to be a
notation or parameter involved in the inequalities) and focus on the rigorous proofs of two intriguing

inequalities:

- (a) \( 1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} < 2 - \frac{1}{n+1} \)
- (b) \( 2"{n} \cdot 1 < n \cdot 2"{n} \cdot 1)

Note: The original problem statement appears to contain some typographical or formatting issues. Based on

standard mathematical conventions and common inequalities, the intended inequalities are likely:

- (a) The partial sum of the harmonic series is less than a specific bound.

- (b) An exponential inequality involving powers of 2 and natural numbers.

In this article, we'll clarify, interpret, and rigorously prove these inequalities, illustrating the beauty of

mathematical reasoning.



Understanding the Context and Notation

Before delving into proofs, it's crucial to understand the notation and the inequalities' intended meanings.

- LetnN: While not a standard notation, it appears the problem involves sequences or parameters labeled by

\(n \). We interpret "Let \( n \in \mathbb{N} \)" (the natural numbers).

- Part (a): The sum \( 1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} \), known as the n-th harmonic
number, denoted \( H_n \).

- Part (b): The expression \( 2"n \times 1 \) vs. \( n \times 2"n \times 1 \) appears trivial unless there's a
typo. Possibly, the intended inequality involves exponential bounds or factorials. Alternatively, it might

relate to inequalities involving powers of 2.

Given the ambiguity, we will interpret and prove the most plausible inequalities:
Clarified Inequalities to Prove

(a) For all integers \( n \geq 1\),

\

H_n =1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n} < \In(n) + 1,

\
which is a well-known inequality involving the harmonic series and the natural logarithm.

(b) For all integers \( n \geq 1),

\

2n} < n \times 2"{n},

\

which simplifies trivially but perhaps the original intended inequality was:

\

2n} < n \times 2"{n},

\

or more interestingly,

\
2"n} < n \times 2"{n} \quad \Rightarrow \quad 1 < n,



\
which is trivial for \( n \geq 2 \).

Alternatively, perhaps the inequality involves bounds like:

\[
(2'n)¥1/n} <2,
\]

which is a classic inequality related to the nth root.

Part (a): Proving the Bound on the Harmonic Series

Understanding the Harmonic Series and Its Behavior

The harmonic series

\
H_n =1 + \frac{1}{2} + \frac{1}{3} + \cdots + \frac{1}{n}
\

grows slowly and diverges as \( n \to \infty \). However, for finite \( n \), it can be tightly bounded by

logarithmic functions.
Key Result:

For all \( n \geq 1),

\[
H_n <\In(n) + 1,

\]

which is a classical inequality demonstrating the growth rate of harmonic numbers.



Proof of Inequality (a)

Goal:

Show that

\

H_n = \sum_{k=1}"n \frac{1}{k} < \In(n) + 1
\

for all \( n \geq 1\).

Methodology:

Use the integral test for convergence and properties of logarithms.

Step-by-Step Proof

1. Integral Comparison:

Since \( f(k) = \frac{1}{k} \) is positive, decreasing for \( k \geq 1 \), we can compare the sum to the
integral of \( \frac{1}{x} \):

\

\int_{1}"{n+1} \frac{1}{x} dx \leq H_n \leq 1 + \int_{1}"{n} \frac{1}{x} dx.

\]

2. Calculating Integrals:

\
\int_{1}{n} \frac{1}{x} dx = \In(n),

\

and

\

\int_{1}{n+1} \frac{1}{x} dx = \In(n+1).

\



3. Bounding \( H_n \):

From the integral test:

\

\In(n) \leq H_n \leq 1 + \In(n).

\

This inequality is well-known, but sometimes the upper bound is refined further.

4. Refinement and Final Inequality:

Since \( H_n \leq 1 + \In(n) \), it follows that:

\
H_n <\In(n) + 1,
\

which completes the proof.

Note: For \( n=1\), \( H_1=1\), and the inequality holds as \( 1 < \In(1)+1=0+1=1\). Strict inequality is
true for \( n \geq 2 \).

Part (b): Exploring Exponential Inequalities

Given the ambiguous original statement, we interpret the second inequality as a comparison involving

powers of 2, perhaps aiming to demonstrate properties like:

\
\sqrt(n{2"n} < 2,

\

or involving bounds such as:

\

2'n < n \times 2'n,

\

which is trivial since \( n \geq 1\).



Alternatively, a classical inequality involving powers of 2 is:

\

2"n} < n \times 2{n} \quad \text{for } n \geq 2,

\]

which is trivial because:

\[
2"n} < n \times 2"{n} \Rightarrow 1 < n,

\]

which holds for all \( n \geq 2 \).

Proving a Non-trivial Exponential Inequality

Suppose the intended inequality is:

\
(2"{1/n})*n} <2,
\]

which simplifies to:

\
28n \times (1/n)} = 2"{1} = 2,
\

so equality holds, not inequality.

Alternatively, consider the inequality:

\

(1 + \frac{1}{n}){n} <e,

\

which is a known limit involving the number \( e \).



The Classic Inequality: \((1 + \frac{1{n}){n} < e\)

Proof:

1. Using the Definition of \( e \):

\
e = \lim_{n \to \infty} \left(1 + \frac{1}{n}\right)"n,
\

and for finite \( n \):

\

\left(1 + \frac{1}{n}\right)"n < e,

\

since the sequence increases monotonically approaching \( e \).
2. Formal Proof:

For all \( n \geq 1 \):

\[
\left(1 + \frac{1}{n}\right)"n < e,

\
which can be shown by considering the exponential function's properties.

3. Conclusion:

This inequality is fundamental in analysis and demonstrates that exponential growth surpasses polynomial

growth.

Summary of Key Results

| Inequality | Description | Proof Technique | Conclusion |

|\( H_.n <\In(n) + 1\) | Bound on harmonic numbers | Integral test for sums and integrals | Valid for all \( n

\geq 1Y) |



I\( (1 + \frac{1}{n})"n < e \) | Limit behavior of exponential sequence | Monotonicity and limit definition |

Holds for all \( n \geq 1) |

Final Remarks: The Power of Inequalities in Mathematics

Mathematical inequalities serve as the backbone of rigorous analysis, enabling mathematicians and scientists

to establish bounds, approximate
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