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Understanding arithmetic progressions (AP) is a fundamental aspect of algebra and number
theory. When given specific conditions about the sum and the sum of squares of certain
numbers, it becomes an engaging puzzle to determine the actual numbers involved. In this
article, we will explore the problem: The three numbers in an AP whose sum is 27 and the
sum of their squares is 341 are. We will analyze the problem step-by-step, employ algebraic
methods, and provide detailed explanations to help you grasp the concepts involved.

---

Understanding Arithmetic Progression (AP)

Before delving into the problem, it’s essential to understand what an arithmetic progression
(AP) is.

Definition of AP
An arithmetic progression is a sequence of numbers in which the difference between any
two consecutive terms is constant. This constant difference is known as the common
difference, denoted by d.

Example of an AP: 3, 7, 11, 15, 19,...

In this sequence:
- First term, a = 3
- Common difference, d = 4

The n-th term of an AP can be written as:
\[ a_n = a + (n - 1)d \]

---

Problem Restatement and Data Given

The problem provides two key pieces of information:



1. The three numbers form an arithmetic progression.
2. Their sum is 27.
3. The sum of their squares is 341.

Our goal is to find these three numbers.

---

Setting Up the Problem Mathematically

Let’s denote the three numbers in the AP as:

- First term: a
- Common difference: d
- The three terms: \( a - d, a, a + d \)

Note: We choose this symmetric form because any three terms in an AP with middle term \(
a \) and difference \( d \) can be written as above.

---

Sum of the three numbers
\[
(a - d) + a + (a + d) = 3a
\]
Given that their sum is 27:
\[
3a = 27
\]
\[
a = 9
\]

Result: The middle term \( a \) is 9.

---

Sum of the squares of the three numbers
Now, sum of their squares:
\[
(a - d)^2 + a^2 + (a + d)^2 = 341
\]

Expanding each term:
\[



(a^2 - 2ad + d^2) + a^2 + (a^2 + 2ad + d^2) = 341
\]

Combine like terms:
\[
a^2 - 2ad + d^2 + a^2 + a^2 + 2ad + d^2 = 341
\]

Notice that \( -2ad \) and \( +2ad \) cancel out:
\[
a^2 + a^2 + a^2 + d^2 + d^2 = 341
\]
\[
3a^2 + 2d^2 = 341
\]

Substitute \( a = 9 \):
\[
3 \times 81 + 2d^2 = 341
\]
\[
243 + 2d^2 = 341
\]
\[
2d^2 = 341 - 243 = 98
\]
\[
d^2 = 49
\]

Therefore:
\[
d = \pm 7
\]

---

Determining the Three Numbers

Recall that the three numbers are:
\[
a - d, \quad a, \quad a + d
\]

Given \( a = 9 \):

Case 1: \( d = 7 \)
\[
\Rightarrow \text{Numbers} = 9 - 7 = 2, \quad 9, \quad 9 + 7 = 16



\]

Case 2: \( d = -7 \)
\[
\Rightarrow \text{Numbers} = 9 - (-7) = 16, \quad 9, \quad 9 + (-7) = 2
\]

In both cases, the set of numbers is \( \{2, 9, 16\} \).

---

Verification of the Solution

Let's verify that these numbers satisfy the conditions:

1. Sum:
\[
2 + 9 + 16 = 27
\]
which matches the given sum.

2. Sum of squares:
\[
2^2 + 9^2 + 16^2 = 4 + 81 + 256 = 341
\]
which matches the given sum of squares.

3. Sequence in AP:
Since the sequence is \( 2, 9, 16 \), the difference between each pair:
\[
9 - 2 = 7, \quad 16 - 9 = 7
\]
The common difference is 7, confirming the AP.

---

Summary of Findings

The three numbers in the arithmetic progression whose sum is 27 and the sum of their
squares is 341 are:
- 2, 9, 16

or equivalently, in reverse order:
- 16, 9, 2

Both sets are in AP with common difference 7, and all conditions are satisfied.



---

Additional Insights and Variations

Understanding such problems involves recognizing the symmetry and algebraic properties
of APs. Here are some additional points to consider:

- Symmetry of the Terms: Because the middle term is fixed, the first and third terms are
symmetric around it.
- General Approach:
- Use the given sum to find the middle term.
- Express the other terms using the common difference.
- Use the sum of squares to find the common difference.
- Applications: These techniques are useful in solving more complex algebraic problems,
including those involving quadratic equations, sequences, and series.

---

Conclusion

In solving for the three numbers in an AP with specific sum and sum of squares, the key
steps involve:

- Setting variables for the terms based on the properties of AP.
- Using the sum to determine the middle term.
- Employing the sum of squares condition to find the common difference.
- Confirming the solutions satisfy all given conditions.

The problem demonstrates the power of algebraic manipulation and symmetry in solving
sequence-related questions. The identified numbers, 2, 9, and 16, exemplify these
principles, highlighting the beauty of mathematical problem-solving.

Whether you're a student preparing for exams or a math enthusiast exploring sequences,
mastering these techniques will enhance your understanding of arithmetic progressions
and their properties.

---
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Frequently Asked Questions



What are the three numbers in an AP whose sum is 27
and the sum of their squares is 341?
The three numbers are 7, 9, and 11.

How do you determine the three numbers in an AP
given their sum and sum of squares?
Set the three numbers as a - d, a, and a + d, then use the given sum and sum of squares
equations to solve for a and d.

What is the general approach to solving for three
numbers in an AP with specified sum and sum of
squares?
Express the numbers in terms of the middle term and common difference, then set up
equations based on the sum and sum of squares, and solve for the variables.

Can you verify the three numbers 7, 9, and 11 satisfy
the conditions of the problem?
Yes, their sum is 7 + 9 + 11 = 27, and their squares sum to 7^2 + 9^2 + 11^2 = 49 + 81
+ 121 = 251, which does not match 341, indicating a need to re-evaluate. Let's verify
calculations again.

Are the numbers 7, 9, and 11 correct solutions for the
given problem?
No, because their sum of squares is 251, not 341. Let's re-calculate the correct numbers.

What are the actual three numbers in the AP with sum
27 and sum of squares 341?
The correct numbers are 5, 9, and 13.

How do you confirm that 5, 9, and 13 satisfy the given
conditions?
Sum: 5 + 9 + 13 = 27; Sum of squares: 25 + 81 + 169 = 275, which again does not match
341, so further calculation is needed. Let's perform precise calculations to find the correct
numbers.

What are the precise steps to solve for the three



numbers in this problem?
Let the three numbers be a - d, a, and a + d. Set up the equations: sum = 3a = 27, so a =
9; sum of squares = (a - d)^2 + a^2 + (a + d)^2 = 341. Expand and simplify to find d.

What are the three numbers after solving the equations
based on the given sum and sum of squares?
The three numbers are 3, 9, and 15.

How do you verify the numbers 3, 9, and 15 satisfy the
original conditions?
Sum: 3 + 9 + 15 = 27; Sum of squares: 9 + 81 + 225 = 315, which is still not 341,
indicating need for further adjustments. Let's solve systematically to find the exact
numbers.

Additional Resources
Mathematics: Unlocking the Mystery of Three Numbers in an Arithmetic Progression

---

Introduction

Mathematics often feels like a puzzle box—full of intriguing patterns and relationships
waiting to be uncovered. Among these, arithmetic progressions (APs) are a foundational
concept, representing sequences where each term increases by a constant difference.
When these sequences comprise three numbers, they offer an elegant playground for
problem-solving, especially when given specific conditions like sums and sums of squares.

Today, we delve into a classic problem that exemplifies this: "The three numbers in an AP
whose sum is 27 and the sum of their squares is 341 are—". This problem is not just an
exercise in calculation but a window into the beauty of algebraic relationships and their
applications.

---

Setting the Stage: Understanding the Problem

Before we jump into solving, it’s essential to clearly understand what’s being asked:

- Three numbers in an AP: Let's denote these as \( a - d \), \( a \), and \( a + d \), where:
- \( a \) is the middle term.
- \( d \) is the common difference.

- Sum of the three numbers equals 27:
\[ (a - d) + a + (a + d) = 27 \]



- Sum of their squares equals 341:
\[ (a - d)^2 + a^2 + (a + d)^2 = 341 \]

Our goal is to find the specific values of these three numbers.

---

Breaking Down the Conditions

1. Sum of the Terms

Starting with the sum:

\[
(a - d) + a + (a + d) = 27
\]

Simplify:

\[
a - d + a + a + d = 27
\]

\[
( a + a + a ) + ( -d + d ) = 27
\]

\[
3a + 0 = 27
\]

\[
\boxed{a = 9}
\]

This is a critical step: the middle term of the AP is 9.

---

2. Sum of Squares

Next, consider the sum of the squares:

\[
(a - d)^2 + a^2 + (a + d)^2 = 341
\]

Expand each:

\[
(a^2 - 2ad + d^2) + a^2 + (a^2 + 2ad + d^2) = 341



\]

Combine like terms:

\[
a^2 - 2ad + d^2 + a^2 + a^2 + 2ad + d^2 = 341
\]

Notice the \(-2ad\) and \(+2ad\) cancel out:

\[
( a^2 + a^2 + a^2 ) + ( d^2 + d^2 ) = 341
\]

\[
3a^2 + 2d^2 = 341
\]

Substitute \( a = 9 \):

\[
3 \times (9)^2 + 2d^2 = 341
\]

\[
3 \times 81 + 2d^2 = 341
\]

\[
243 + 2d^2 = 341
\]

Solve for \( d^2 \):

\[
2d^2 = 341 - 243
\]

\[
2d^2 = 98
\]

\[
d^2 = 49
\]

Thus,

\[
d = \pm 7
\]



---

Identifying the Three Numbers

Now, with \( a = 9 \) and \( d = \pm 7 \), the three terms are:

- For \( d = 7 \):

\[
a - d = 9 - 7 = 2
\]
\[
a = 9
\]
\[
a + d = 9 + 7 = 16
\]

- For \( d = -7 \):

\[
a - d = 9 - (-7) = 16
\]
\[
a = 9
\]
\[
a + d = 9 + (-7) = 2
\]

In essence, the three numbers are 2, 9, and 16—the same set, just ordered differently.

---

Verifying the Results

Let's verify the key conditions:

Sum:

\[
2 + 9 + 16 = 27
\]

Correct.

Sum of squares:

\[
2^2 + 9^2 + 16^2 = 4 + 81 + 256 = 341
\]



Matching the problem statement precisely.

---

Final Answer: The Three Numbers

The three numbers in the arithmetic progression are:

2, 9, and 16

or equivalently,

16, 9, and 2

---

Exploring the Conceptual Significance

This problem exemplifies how algebraic manipulation and understanding of properties of
arithmetic progressions can lead to elegant solutions. The key steps involved:

- Recognizing the structure of an AP and expressing terms accordingly.
- Applying sum conditions to find the middle term.
- Using sum of squares to determine the common difference.
- Verifying the solutions through substitution.

---

Broader Applications and Variations

While this problem is straightforward, the methodology extends well beyond:

- Higher-order sequences: Similar techniques can analyze sequences with more terms,
using sum and sum of powers.
- Optimization problems: Finding sequences that satisfy specific sum and variance
constraints.
- Real-world modeling: In fields like economics or physics, sequence analysis helps model
phenomena with consistent incremental change.

Variations for Practice:

1. If the sum of three numbers in an AP is 30, and the sum of their squares is 410, what are
the numbers?
2. Suppose the three numbers in an AP have a sum of 18, and their squares sum to 150.
Find the numbers.

These reinforce the understanding of the relationships and deepen problem-solving skills.

---

Final Thoughts



Mathematics isn't just about crunching numbers—it's about uncovering relationships,
patterns, and structures that reveal the hidden harmony in numbers. Problems like this
showcase the beauty of algebraic reasoning and analytical thinking.

The key takeaway: By leveraging the properties of arithmetic progressions and algebra,
complex-looking problems unravel into simple, elegant solutions. Whether you're a student
mastering foundational concepts or an enthusiast exploring the depths of number theory,
such problems serve as a testament to the power of logical reasoning.

---

In summary, the three numbers in the given AP are 2, 9, and 16, a trio that beautifully
satisfies the conditions of sum and sum of squares, illustrating the harmony of algebra and
sequence properties.
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