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Understanding how to find a set of positive integers that satisfy specific statistical properties can be
both an intriguing and challenging mathematical puzzle. In this article, we will explore the problem
of identifying five positive integers with particular characteristics: an mode of 3 and 4, a median of
4, and a mean of 6. We will break down each of these conditions, analyze their implications, and
demonstrate a systematic approach to finding such integers. Whether you're a student practicing
problem-solving techniques or a math enthusiast interested in the application of basic statistics, this
guide aims to provide clear insights into this problem.

---

Understanding the Problem Statement

Before delving into solutions, let's clarify what each of these terms means in the context of our
problem:

Mode
- The mode of a data set is the number that appears most frequently.
- The problem specifies that the mode is both 3 and 4, which indicates the set is bimodal, having two
modes of equal frequency.

Median
- The median is the middle value when the data set is arranged in ascending order.
- The median is given as 4.

Mean
- The mean (average) is the sum of the numbers divided by the count of numbers.
- The mean is 6.

Additional Constraints
- The integers are positive, meaning each number is greater than zero.
- The set contains exactly five integers.



---

Breaking Down the Conditions

To find the integers, we need to understand the implications of each condition:

Condition 1: The Mode Is 3 and 4
- The set must contain the numbers 3 and 4.
- Both 3 and 4 must occur more frequently than any other number.
- Since there are two modes, 3 and 4, they must appear with the same highest frequency.

Condition 2: The Median Is 4
- When the five integers are arranged in ascending order, the third number is 4.
- This means the set, ordered from smallest to largest, looks like: \[a_1, a_2, 4, a_4, a_5\].

Condition 3: The Mean Is 6
- The sum of the five integers must be \(6 \times 5 = 30\).

Additional Observations
- Since the integers are positive, the smallest possible values are 1, 2, 3, etc.
- The presence of 3 and 4 and the median being 4 suggest the set includes these numbers and
possibly others.

---

Step-by-Step Approach to Find the Set

Now, let's proceed to determine the integers systematically.

Step 1: Establish the Basic Structure
- The set is ordered: \[a_1, a_2, 4, a_4, a_5\].
- Both 3 and 4 are modes with equal frequency; thus:
- 3 appears 'f' times.
- 4 appears 'f' times.
- Total modes: 2f.



Step 2: Determine the Frequency of 3 and 4
- Since the set has 5 integers, and both 3 and 4 are modes, possible distributions include:

| Number of occurrences | 3's | 4's | Total |
|------------------------|-------|-------|--------|
| 2 each | 2 | 2 | 4 |
| 3 each | 3 | 3 | 6 |

- But since total elements are 5, the only feasible scenario is:
- 3 appears twice.
- 4 appears twice.
- The remaining one number is the fifth element.

- Therefore, the set contains:
- Two 3's,
- Two 4's,
- One other number.

Step 3: Construct Possible Ordered Sets
- The set must include two 3's and two 4's.
- The median is 4, which is the third element when sorted.
- The two 3's and two 4's must be arranged to satisfy the median condition.

Possible arrangements for the set (ordered):

1. \[a_1, a_2, 4, a_4, a_5\]
2. With two 3's and two 4's, the set could look like:

- \[3, 3, 4, 4, x\]
- \[3, 4, 4, 3, x\]
- \[3, 3, 4, x, y\], etc.

But the key is that the third element must be 4, so:

- The first two elements are less than or equal to 4.
- Two 3's and two 4's are present.

---

Constructing the Set Based on Conditions

Let's piece together a possible set, keeping in mind:

- Total sum must be 30.
- Mode of 3 and 4 each occurs twice.
- Median is 4.



Example Construction
Suppose the set is:

\[3, 3, 4, 4, x\]

- Sum so far: \(3 + 3 + 4 + 4 = 14\).
- The total sum must be 30, so:

\[x = 30 - 14 = 16\]

- The set is:

\[3, 3, 4, 4, 16\]

- Sorted, it is:

\[3, 3, 4, 4, 16\]

- The median (third element) is 4 — satisfies the median condition.

- The modes are 3 and 4, both appearing twice, satisfying the bimodal condition.

- Sum: \(3 + 3 + 4 + 4 + 16 = 30\).

- Mean: \(30/5 = 6\).

- All numbers are positive integers.

Check all conditions:

- Mode: 3 and 4, both appear twice — yes.
- Median: third element is 4 — yes.
- Mean: 6 — yes.
- All positive integers — yes.

Conclusion: The set \(\boxed{\{3, 3, 4, 4, 16\}}\) satisfies all conditions.

---

Additional Valid Sets

Is the above the only solution? Let's explore whether other arrangements are possible.

Alternative Construction with Different Fifth Element

Suppose we try:



\[3, 4, 4, 4, x\]

- Sum of known: \(3 + 4 + 4 + 4 = 15\).
- Total sum: 30.
- \(x = 15\).

Sorted set:

\[3, 4, 4, 4, 15\]

- Median is the third element: 4 — satisfies.
- Mode: 4 appears three times, 3 appears once, so the mode is 4 only.

But this violates the bimodal condition of having modes 3 and 4 both. Therefore, this set is invalid.

Similarly, attempts to have 3 appear three times and 4 once will violate the condition that both are
modes.

Thus, the only viable set with both 3 and 4 as modes appearing twice each is:

\[
\boxed{\{3, 3, 4, 4, 16\}}
\]

---

Summary of the Solution

- The key was understanding the mode condition requiring both 3 and 4 to occur equally often.
- The median condition set the third element as 4.
- The sum constraint dictated the total of the integers.
- Constructing the set with two 3's, two 4's, and one larger number (16) satisfied all conditions.

---

Final Thoughts and Tips for Similar Problems

Solving problems involving multiple statistical properties requires a systematic approach:

1. Clarify each condition: Understand what each term (mode, median, mean) implies for the data set.
2. Determine the possible frequencies: Especially for modes, identify how often key numbers must
appear.
3. Arrange the data set logically: Use ordering to satisfy median conditions.
4. Use algebra to find unknowns: Sum constraints help determine the missing element.
5. Verify all conditions: Ensure the constructed set satisfies mode, median, mean, and positivity.



This problem exemplifies how combining statistical concepts with logical reasoning leads to elegant
solutions. Whether you're tackling homework, preparing for exams, or just enjoy mathematical
puzzles, mastering these techniques enhances your problem-solving toolkit.

---

Conclusion

In conclusion, finding five positive integers with an mode of 3 and 4, a median of 4, and a mean of 6
involves understanding the interplay between these statistical measures. The set \(\{3, 3, 4, 4, 16\}\)
perfectly fits all the criteria, demonstrating how multiple conditions can be harmonized through
careful reasoning. Such problems not only

Frequently Asked Questions

What are the five positive integers that have a mode of 3 and
4, a median of 4, and a mean of 6?
One possible set is {3, 3, 4, 4, 14}.

How do you determine the set of five integers with the given
mode, median, and mean?
By using the mode to identify frequently occurring numbers, the median as the middle value, and the
mean to find the total sum, then constructing the set accordingly.

Why must the set include multiple 3s and 4s to satisfy the
mode conditions?
Because the mode is the most frequently occurring number; having both 3 and 4 as modes implies
each appears at least twice.

What constraints do the median and mean impose on the
possible integers?
The median being 4 means the third number when sorted is 4; the mean of 6 implies the total sum is
30.

Can the set contain integers other than 3, 4, and one large
number? If so, what is the large number?
Yes, to reach a total sum of 30 with the other numbers, the large number could be 14.



Is it possible to have multiple solutions for this problem?
Yes, different arrangements of numbers can satisfy the conditions, such as varying the large number
while keeping the mode, median, and mean consistent.

How do the mode and median influence the arrangement of
the integers?
They dictate the frequency and order of certain numbers, ensuring 3 and 4 appear multiple times
and that 4 is the middle value in the sorted set.

What is the significance of the mean in solving this problem?
The mean helps determine the total sum of the integers, which guides the selection of individual
values.

Could the five integers include other numbers besides 3 and 4
while meeting all conditions?
No, because including other numbers would alter the mode or mean, making it impossible to satisfy
all conditions simultaneously.

What is the key approach to solving this type of problem?
Identify the constraints from mode, median, and mean, then systematically construct or test sets of
numbers that meet all criteria.

Additional Resources
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In the realm of mathematics, especially in the study of integers and their properties, problems that
involve multiple conditions often serve as intriguing puzzles that challenge our logical reasoning and
analytical skills. One such problem asks us to find five positive integers that satisfy a set of statistical
constraints: they must have modes of 3 and 4, a median of 4, and an average (mean) of 6. While the
problem might seem straightforward at first glance, its layered conditions invite a deeper
exploration into concepts like modes, medians, and means, as well as the strategies needed to satisfy
multiple criteria simultaneously.

This article aims to dissect this problem thoroughly, providing clarity on each condition, illustrating
the reasoning process, and ultimately demonstrating how to identify such a set of integers. Along the
way, we'll delve into the fundamental concepts involved, explore potential pitfalls, and highlight the
logical steps necessary to arrive at the solution. Whether you're a student honing your problem-
solving skills or a math enthusiast interested in the elegance of number properties, this exploration
offers insights into the beauty of mathematical reasoning.

---



Understanding the Conditions: Breaking Down the
Problem

Before attempting to find the set of integers, it’s essential to understand each of the conditions
specified:

- Amode of 3 and 4: The set of integers must have both 3 and 4 as modes. The mode of a set is the
number or numbers that occur most frequently. Having modes of 3 and 4 indicates a bimodal
distribution with these two numbers sharing the highest frequency.

- Median of 4: When the integers are arranged in ascending order, the middle number (or the
average of the two middle numbers if the set has an even number of elements) must be 4.

- Mean of 6: The sum of the five integers divided by 5 must be 6, meaning the total sum of all five
integers must be 30.

Understanding these constraints lays the foundation for constructing the set.

---

Deciphering the Mode Condition: The Challenge of
Bimodality

The requirement that the set has modes of both 3 and 4 is particularly interesting because it implies
that both numbers must appear with the highest frequency, and this frequency must be the same for
both.

Implications:

- Both 3 and 4 appear at least as many times as any other number in the set.
- Other numbers may appear, but their counts cannot equal or exceed the counts of 3 and 4.

Possible frequency patterns:

- 3 and 4 both appear twice, and the remaining number appears once (since total is 5).
- Or, 3 and 4 both appear three times, which would exceed the total of five elements, so that's
impossible here.

Given the total of five integers, the most plausible scenario is:

- 3 appears twice
- 4 appears twice
- The fifth number appears once

This distribution ensures that 3 and 4 are both modes, each with a frequency of two, which is higher
than any other number's frequency.



---

Incorporating the Median Condition

The median is the middle value when the set is ordered from smallest to largest. The condition
states:

> The median of the set is 4.

Since there are five numbers, the median is the third number when arranged in order:

- Positions: 1, 2, 3, 4, 5

The third number must be 4.

Implication:

- The third number in sorted order is 4.
- All numbers before the median are less than or equal to 4, and all after are greater than or equal to
4.

Given that 4 appears twice in the set (from the mode assumption), and the median is 4, at least one
of the 4s must be in the middle position (third element).

Possible arrangements:

- The first two numbers are less than or equal to 4.
- The third number is 4.
- The fourth and fifth numbers are greater than or equal to 4.

This helps narrow down potential values for the other elements.

---

Ensuring the Mean of 6: Calculating the Sum

The mean of 6 for five numbers implies:

Total sum = 5 × 6 = 30

This total sum constrains the possible values of the integers.

Key points:

- All integers are positive.
- The sum of the five integers must be exactly 30.



- The values should be consistent with the mode and median conditions.

---

Constructing the Set: Step-by-Step Approach

Now, let's synthesize all these conditions to find a concrete set of five positive integers.

Step 1: Establish the mode counts

- Both 3 and 4 appear twice each, to satisfy the bimodal condition, with the remaining number
appearing once.
- Total of five numbers: 2 (for 3) + 2 (for 4) + 1 (for the remaining number) = 5.

Step 2: Arrange the numbers to satisfy the median

- Sorted order: _a, b, c, d, e_
- The median is the third number: c = 4

Given that 4 appears twice, and the median is 4 (the third number), at least one 4 must be in
position 3. The other 4 could be in position 4 or 5, but to satisfy the mode counts, the second 4
should be in position 4 or 5.

Step 3: Assign the positions

One possible arrangement:

- Positions 1 and 2: numbers less than or equal to 4
- Position 3: 4 (median)
- Position 4: 4
- Position 5: remaining number

Step 4: Determine the remaining number

- The total sum must be 30.
- Sum of known numbers: 3 (twice) + 4 (twice) + remaining number = 30

Let’s denote:

- The numbers as: x1, x2, 4, 4, x5

Sum:

x1 + x2 + 4 + 4 + x5 = 30

Simplify:

x1 + x2 + x5 = 22



Considering the positions:

- x1 and x2 are less than or equal to 4 (since they come before the median 4), so they are in [1, 4].
- x5 is greater than or equal to 4, since it comes after the median.

Let's choose possible values:

Suppose:

- x1 = 2
- x2 = 3
- x5 = ?

Sum:

2 + 3 + x5 = 22

So,

x5 = 22 - 5 = 17

Check if this fits the constraints:

- x5 = 17 (which is greater than or equal to 4, so acceptable)
- The set: 2, 3, 4, 4, 17

Sorted: 2, 3, 4, 4, 17

Median: third number = 4 (matches the condition)

Modes: 4 appears twice, 3 appears once, 2 appears once, 17 appears once.

But this violates the mode condition: only 4 is the mode; 3 and 4 are not both modes.

Conclusion: The initial assumption that both 3 and 4 are modes with equal frequency (twice each)
may not be optimal here.

---

Refining the Approach: Ensuring Both 3 and 4 Are
Modes

To satisfy both modes of 3 and 4, both must appear at least twice.

Suppose:

- 3 appears twice
- 4 appears twice



- Remaining number appears once

Total sum:

Sum = (3 + 3 + 4 + 4 + x) = 30

Sum:

14 + x = 30

x = 16

Set:

3, 3, 4, 4, 16

Sorted: 3, 3, 4, 4, 16

Median: third number = 4 (matches the median condition)

Mode: Both 3 and 4 appear twice - they are the modes.

Sum check:

3 + 3 + 4 + 4 + 16 = 30

Mean: 30/5 = 6 (matches the average condition)

Mode check:

- 3 appears twice
- 4 appears twice
- Other numbers appear once

So, the modes are both 3 and 4.

---

Final Validation and Summary

The set:

3, 3, 4, 4, 16

meets all the conditions:

- Modes of 3 and 4: Both appear twice, sharing the highest frequency.
- Median of 4: When ordered, the third number is 4.
- Average of 6: Sum is 30, and 30/5 = 6.



- All are positive integers.

This set exemplifies how multiple conditions can be satisfied simultaneously through logical
deduction, combinatorial reasoning, and a clear understanding of statistical properties.

---

Broader Implications and Mathematical Insights

Problems like this highlight the interconnectedness of basic statistical concepts
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