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Introduction to the KKT Conditions

The Karush-Kuhn-Tucker (KKT) conditions are fundamental tools in nonlinear optimization, providing
necessary conditions for a solution to be optimal in problems involving constraints. They extend the
method of Lagrange multipliers to handle inequality constraints effectively, making them
indispensable in fields like operations research, economics, engineering, and machine learning.

In the context of constrained optimization, the KKT conditions help identify candidate points that
could minimize or maximize the objective function, especially in problems where the constraints are
nonlinear or involve inequalities.

Understanding the Optimization Problem

The problem at hand is:

Minimize
F(x,y) =(x-1) +(y-3)

Subject To
l.x+y=s2
2.y =X

This problem involves two variables, x and y, with constraints that form a feasible region in the xy-
plane. Let's analyze each component:

- The objective function, F(x, y), is linear. Minimizing it involves finding the point(s) in the feasible
region where the sum (x - 1) + (y - 3) is as small as possible.
- The constraints are inequalities, defining a feasible region where solutions must lie.



Reformulating the Constraints

To apply the KKT conditions, it is crucial to express the constraints explicitly as functions:

-0ux, y):x+y=s2
-02(y, X):y-x=0

Note: Inequality constraints are usually written in the form g _i(x) = 0. So, rewriting:

-0ix,y)=x+y-2=<0
-020x,y)=x-y=0

The constraints are thus:

-0ux,y)=x+y-2=<0
-020x,y)=x-y=0

Applying the KKT Conditions

The KKT conditions provide a set of equations and inequalities that must be satisfied at the optimal
point:

1. Stationarity:
VF(X, y) + MVQga(x, y) + A2Vga(x,y) =0

2. Primal feasibility:

gilx,y) =0

g2(x,y) <0

3. Dual feasibility:

AM=0

A=0

4. Complementary slackness:

A gl(x, y) =0
A2 gz(X, y) =0

Step 1: Compute the Gradients

The gradients of the objective and constraint functions are:

- VF(x, y) = [oF/ox, oF/ay] = [1, 1]



- Vai(x, y) = [091/9X, 0g1/ay] = [1, 1]
- Vga(x, y) = [892/9X, g2/3y] = [1, -1]

Step 2: Set up Stationarity Conditions

The stationarity condition:
[1, 1] + A [1, 1] + A2 [1, -1]1 =[O, O]
Breaking down into components:

- For x:
1+M1+A1=0-1+M+A=0

- Fory:
l1+M1l+A(-1)=0-1+M-A=0

Step 3: Solve the System of Equations

From the two equations:

1.1+M+A=0
2.1+ A-A2=0

Subtract equation 2 from equation 1:

(I+M+A)-(1+A-A)=0-0
51 +Mm+A)-1-M1+A=0
=>(A+A)=0

=2202=0

=>A=0

Now, substitute A> = 0 into equation 2:

1+M-0=0
M =-1



Interpreting the Lagrange Multipliers

The solution yields:

-h=-1
-A=0

Since A1 is negative, it violates the dual feasibility condition (A1 = 0). This indicates that the candidate

point obtained from stationarity does not satisfy all KKT conditions, meaning the point is not a valid
optimal solution considering the inequality constraints.

Checking the Constraints and Boundary Conditions

Because the stationarity conditions are not satisfied with non-negative multipliers, we need to analyze
the feasible region's boundary points where constraints are active (i.e., g_i(x, y) = 0).

Potential boundary points:

1. When gi(x, y) = 0:
X+ty=2

2. When gz(x, y) = 0:
X-y=0-y=x

Case 1: On the boundary x +y =2

Express y in terms of x:

y=2-X

Objective function:

Fix,y) =(x-1)+((2-x)-3)=(x-1)+(-x-1)=-2

Notice this simplifies to -2, which is constant regardless of x along this boundary.
Feasible x values must satisfy the other constraint y = x:

Since 'y = 2 - X, inequality y = x becomes:

2-X=2x-22=2x-»>x<1



Also, from the constraint x + y < 2:
X + (2 - x) = 2 = 2, which is always true.

Hence, along this boundary:

The value of the objective function is constant at -2, indicating all points on this boundary segment
have the same objective value.

Case 2: On the boundary y = x

Substitute y = x into the first constraint:
X+Xx<2-2x<2-x=s1

Feasible x values: x = 1

Objective function:

Fix, x)=(x-1)+(x-3)=2x-4

To minimize F(x, x), since the coefficient of x is positive (2), the minimal value occurs at the smallest
X in the feasible region.

Given x = 1, and no lower bound other than the constraints, the smallest x is constrained by the
feasible region's other limits.

- The constraints do not specify a lower bound for x, but from the original constraints, the feasible
region is bounded by the intersection points.

Atx =1:
F(1,1)=2(1)-4=-2

At x approaching -, F(x, x) approaches -«, but outside the feasible region because the constraints
restrict xto x = 1.

Determining the Optimal Solution

From the above boundary analysis:



- Along the boundary x + y = 2, the objective function is constant at -2.
- Along y = x, the objective function reaches its minimum at x = -, but in the feasible region, the
boundary x = 1 applies, and no further lower limit is specified.

Given the constraints, the minimum value of F(x, y) is -2, achieved at any point along the boundary x
+y=2withx=1.

Specifically:
- Points on the boundary: (x, y) wherey = 2 - x, with x = 1.
For example:

-Whenx=1,y=1,thenF(1,1) =-2
- When x approaches -« (theoretically), F tends to -, but outside the feasible region, so the minimal
feasible value is at x = -« if unbounded, which is unlikely in real-world problems.

In typical constrained problems, the feasible region is bounded, and so the minimum is at the
boundary where the objective function is lowest.

Summary of the Solution

- The candidate optimal points lie along the boundary x + y = 2, with the objective function value
constant at -2.
- The point (

Frequently Asked Questions

What is the primary goal when applying KKT conditions to
minimize the function F(x, y) = (x - 1) + (y - 3) under the given
constraints?

The main goal is to find the values of x and y that minimize F(x, y) while satisfying the constraints X +
Y =2 and Y = X, by using the Karush-Kuhn-Tucker (KKT) conditions to handle the inequality
constraints.

How do the constraints X + Y = 2 and Y = X influence the
solution when using KKT conditions?

These constraints define the feasible region for (x, y). The KKT conditions incorporate these
constraints by introducing Lagrange multipliers, which help identify potential optimal points on the
boundary or interior of this region where the minimum of F(x, y) occurs.



What role do the Lagrange multipliers play in solving this
constrained optimization problem with KKT conditions?

Lagrange multipliers quantify the sensitivity of the objective function to the constraints. They are
used to form the KKT system, allowing us to find candidate solutions where the gradient of F(x, y)
aligns with the gradients of the active constraints, indicating potential minima.

How can we interpret the solution obtained from applying KKT
conditions to this problem?

The solution indicates the point(s) where the objective function is minimized within the feasible region
defined by the constraints. If a KKT point satisfies all conditions with non-negative multipliers, it is
considered an optimal solution for the constrained problem.

What are the steps involved in solving this problem using KKT
conditions?

First, formulate the Lagrangian incorporating the constraints. Then, derive the stationarity, primal
feasibility, dual feasibility, and complementary slackness conditions. Solve this system to find
candidate points, and verify which satisfy all conditions to identify the minimum of F(x, y).

Additional Resources

Using KKT Conditions: An In-Depth Analysis of Constrained Optimization for the Function F(x, y) = (x -
1)+ (y-3)

When tackling constrained optimization problems, the Karush-Kuhn-Tucker (KKT) conditions serve as
a powerful mathematical framework that enables us to find optimal solutions efficiently. In this article,
we explore how to apply the KKT conditions to minimize the function F(x, y) = (x - 1) + (y - 3) subject
to the constraints X + Y = 2 and Y < X. Through detailed analysis, step-by-step derivations, and
critical insights, we aim to elucidate the process, benefits, challenges, and nuances of employing KKT
conditions in such problems.

Understanding the Optimization Problem

Before diving into the KKT conditions, it is essential to clearly define and understand the problem at
hand.

Problem Statement

The objective function is:



\LF(x, y) = (x-1) + (y-3)\]

which simplifies to:

\LF(x, y) =x+y-4]\]

The goal is to minimize \(F(x, y)\) subject to the constraints:

1. \(X + Y \geq 2\) (inequality constraint)
2. \(Y \leq X\) (inequality constraint)

This is a constrained linear optimization problem with two inequalities, and understanding the feasible
region defined by these constraints is foundational for applying KKT conditions effectively.

Feasible Region Visualization

- The inequality \(X + Y \geq 2\) describes the half-plane above (or on) the line \(X + Y = 2\).
- The inequality \(Y \leq X\) describes the region below (or on) the line \(Y = X\).

The feasible region is thus the intersection of these two half-planes, which forms a convex set suitable
for KKT analysis.

Formulating the KKT Conditions

The KKT conditions extend the method of Lagrange multipliers to handle inequality constraints,
providing necessary conditions for optimality in constrained problems.

Constructing the Lagrangian

Let’s introduce Lagrange multipliers:

-\(\lambda \geq 0\) for the constraint \(X + Y \geq 2\)
-\(\mu \geq 0\) for the constraint \(Y \leq X\)

Note: Since the constraints are inequalities, the multipliers must be non-negative, and the
complementary slackness conditions will be crucial.

The Lagrangian function is:

\[
\mathcal{L}(x, y, \lambda, \mu) = (x - 1) + (y - 3) + \lambda (2 - x - y) + \mu (Y - X)

\]



which simplifies to:

\[
\mathcal{L}(x, y, \lambda, \mu) = x + y -4 + \lambda (2 - x - y) + \mu (y - x)

\]

Deriving Necessary Conditions for Optimality

The KKT conditions involve stationarity, primal feasibility, dual feasibility, and complementary
slackness.

Stationarity Conditions

Partial derivatives of the Lagrangian with respect to \(x\) and \(y\) should vanish at the optimal point:

\[
\frac{\partial \mathcal{L} } {\partial x} = 1 - \lambda - \mu = 0 \quad (1)
\]
\[
\frac{\partial \mathcal{L}} {\partial y} = 1 - \lambda + \mu = 0 \quad (2)

\]

From these, we derive:

\[
1 -\lambda - \mu = 0 \quad \Rightarrow \quad \lambda + \mu =1
\]

\[
1 -\lambda + \mu = 0 \quad \Rightarrow \quad \lambda - \mu = -1

\]

Adding the two equations:

\[
(\lambda + \mu) + (\lambda - \mu) = 1 + (-1) \Rightarrow 2\lambda = 0 \Rightarrow \lambda = 0

\]

Substituting back:

\[
0 + \mu = 1 \Rightarrow \mu =1

\]

Hence, the multipliers are:



\[
\lambda = 0, \quad \mu =1

\]

Primal Feasibility

The constraints must be satisfied:

-\(X + Y\geq 2\)
-\(Y \leg X\)

Dual Feasibility and Complementary Slackness

- \(\lambda \geq 0 \Rightarrow 0 \geq 0\) (satisfied)
-\(\mu \geq 0 \Rightarrow 1 \geq 0\) (satisfied)
- Complementary slackness:

\[

\lambda (X +Y-2)=0
\]

\[

\mu (Y-X)=0

\]

Since \(\lambda = 0\), the first condition becomes:

\[
0 \times (X + Y - 2) = 0 \quad \text{(always satisfied)}
\]

For \(\mu = 1\), the second condition:

\[
1 \times (Y - X) = 0 \Rightarrow Y - X = 0 \Rightarrow Y = X
\]

Finding the Optimal Point

From the above, the optimal point must satisfy:



-\(Y = X\)
- The other constraints: \(X + Y \geq 2\)

Substituting \(Y = X\):

\[

X + X\geq 2 \Rightarrow 2X \geq 2 \Rightarrow X \geq 1
\]

Since the objective function is:

\[
Fix,y)=x+vy-4
\]

and \(Y = X\), the objective simplifies to:

\[
FIX) =X+ X-4=2X-4
\]

To minimize \(F(X)\), note that:

\[
\text{minimize } 2X - 4 \quad \text{subject to } X \geq 1
\]

which is minimized at the smallest feasible \(X\):

\[
X=1
\]

Correspondingly, \(Y = 1\).

Verifying the Solution

Check whether the candidate point \((X, Y) = (1, 1)\) satisfies all constraints:

-\(X+Y=1+1=2\geq 2\) (satisfied)
-\(Y \leg X \Rightarrow 1 \leq 1\) (satisfied)

Objective value:

\[
F(1,1)=1+1-4=-2
\]



Since the objective decreases with decreasing \(X\) beyond \(1\), and constraints restrict \(X \geq 1\),
this is indeed the optimal point.

Analysis of Results and Insights

Applying the KKT conditions systematically led us to the optimal solution efficiently. Here are some
key takeaways:

Features and Strengths

- Systematic approach: The KKT framework provides a structured way to incorporate constraints
directly into the optimization process.

- Handling inequality constraints: It seamlessly manages the inequalities, including slackness
conditions, ensuring that only active constraints influence the solution.

- Convex problems: For convex functions and convex feasible regions, KKT conditions are both
necessary and sufficient for optimality.

Limitations and Challenges

- Complexity with multiple constraints: As the number of constraints increases, solving the system of
equations becomes more involved.

- Non-convex problems: For non-convex functions or regions, KKT conditions only give necessary
conditions, not necessarily global optima.

- Slackness assumptions: Proper identification of active/inactive constraints is crucial;
misinterpretation can lead to incorrect solutions.

Features Summary

- Versatile: Applicable to various types of constrained problems (linear, nonlinear).

- Efficient: Reduces the problem to solving a system of equations with multipliers and slackness
conditions.

- Insightful: Provides dual variables that offer economic or sensitivity interpretations.

Conclusion

Using KKT conditions to solve the optimization problem \( \min_{X, Y} (x - 1) + (y - 3) \) under the
constraints \(X + Y \geq 2\) and \(Y \leq X\) demonstrates the power and elegance of the method. The



process involves formulating the Lagrangian, deriving stationarity, primal feasibility, dual feasibility,
and slackness conditions, and then analyzing these to find the optimal point.

The optimal solution, \((X, Y) = (1, 1)\), minimizes the objective function to \(-2\), satisfying all
constraints and the KKT conditions. This example highlights the practical utility of the K
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