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Understanding convolution is fundamental in signal processing, as it
describes how two signals combine to produce a third signal. This article
explores the concept of the convolution of the rectangular function with
itself, known as Rect(t) convolved with Rect(t), and addresses a related
query involving two specific signals: the unit step function u(t) and the
ramp function r(t). By examining these topics, we gain insights into their
mathematical properties and practical applications.

What Is Rect(t) and Its Significance?

Definition of Rect(t)

The rectangular function, denoted as Rect(t), is a simple, piecewise constant
function that is widely used in signal processing and communications. It is
defined as:

e Rect(t)

1 for |t] < 0.5

e Rect(t)

0 for |t| > 0.5

e At |t| = 0.5, the value can be defined as 0.5 (for continuity), but
often this is ignored in integral calculations.

The function essentially creates a rectangular pulse centered at the origin
with a width of 1 unit.

Applications of Rect(t)

Rect(t) functions serve as building blocks in digital signal processing,
filter design, and sampling theory. They are fundamental for representing
signals that are "on" for a finite duration and "off" elsewhere, facilitating
Fourier analysis and system response calculations.



Convolution of Rect(t) With Itself

Understanding Convolution

Convolution of two functions x(t) and y(t) is defined as:
\[ (x y)(t) = \int_{-\infty}*{\infty} x(\tau) y(t - \tau) d\tau \]

This operation measures the amount of overlap between x(t) and y(t - T) as T
varies over all real numbers, effectively "sliding" one function over the
other.

Convolution of Rect(t) With Itself

When we convolve Rect(t) with itself, we are essentially calculating:
\[ h(t) = (Rect Rect)(t) \I

Given the shape of Rect(t), this convolution results in a triangular
function, often called the "triangular pulse" or "tent" function.

Mathematical Derivation of Rect(t) Rect(t)

The convolution of two rectangular functions of width 1 yields a triangle
with a base width of 2 and a peak at t=0. The explicit form of h(t) is:

\ [

h(t) =

\begin{cases}

1 - |t], & |[t] \leg 1 \\
0, & |t] > 1

\end{cases}

\1]

This function is symmetric around t=0, with maximum height at t=0 (value=l),
decreasing linearly to zero at |t]|=l.

Graphical Representation and Interpretation

Visualizing h(t), the convolution produces a "tent-shaped" graph that peaks
at t=0 and tapers to zero at |t|=1. This is crucial in understanding how the
overlap of two rectangular pulses creates a smooth, triangular shape, which
is frequently encountered in filter responses and signal analysis.



Analyzing the Functions X(t)=u(t) and Y(t)=r(t)

Definitions of u(t) and r(t)

e Unit Step Function, u(t):

0 for t <0
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e Ramp Function, r(t):

t for t =0

¢}
-
—_
~+
~—

]

0 for t <0

o
-
—_
~+
~—

]

These functions are fundamental in describing causal signals and linearly
increasing signals, respectively.

What Is the Convolution H(t) of u(t) and r(t)?

Given:

\[ H(t) = (u r)(t) \]

the convolution involves integrating over the product of u(t) and r(t - T):
\[ H(t) = \int _{-\infty}~{\infty} u(\tau) r(t - \tau) d\tau \]

Since u(t) = 0 for Tt < 0, the limits of integration reduce to t from 0 to =,
but because r(t - t) is zero for t - T < 0, the effective limits depend on t.

Step-by-step Calculation:

1. For t < 0O:

- Since u(t)=0 for <0, and r(t - t)=0 for t - 1<0, which for t<0, means T >
t, but as t=0, the integral limits are from 0 to t (which is negative). So,
the convolution is zero for t<0.

2. For t = 0:
- The limits are from t=0 to t=t, because for T in [0, t], both u(t)=1 and
rctk -t =%t -1t=0.



- Therefore,
\[ H(t) = \int {0}"~{t} 1 \times (t - \tau) d\tau \]
3. Computing the integral:

\ [

H(t) = \int {0}~{t} (t - \tau) d\tau = t \tau - \frac{\tau"2}{2}
\Big| {0}7{t} = t \times t - \frac{t"2}{2} = t72 - \frac{t"2}{2} =
\frac{t"2}{2}

\1]

Final expression:

\ [

H(t) =

\begin{cases}

0, & t <0 \\
\frac{t"2}{2}, & t \geq O
\end{cases}

\1]

This quadratic function for t = 0 models the accumulated effect of the ramp
signal convolved with the step function.

Practical Implications and Applications

Signal Processing Significance

The convolution of signals like Rect(t), u(t), and r(t) helps design filters,
analyze system responses, and understand how signals combine over time. For
instance, the convolution of Rect(t) with itself resulting in a triangular
function is foundational in pulse shaping and filter design.

Applications in Communications and Control

- Pulse shaping: Convolution of rectangular pulses produces triangular shapes
useful in bandwidth management.

- System response analysis: Convolutions involving step and ramp functions
model how systems react to sudden changes or increasing inputs.

- Signal synthesis: Combining basic functions like u(t) and r(t) allows the
creation of complex signals for various applications.



Summary

- The convolution of Rect(t) with itself results in a triangular function
with a width of 2 and maximum height of 1 at t=0.

- The convolution of u(t) and r(t) yields a quadratic function, specifically
\( t72/2 \) for t = 0, and zero elsewhere.

- These operations underscore key principles in signal processing, from pulse
shaping to system analysis.

Conclusion

Understanding convolution, especially involving fundamental functions like
Rect(t), u(t), and r(t), is essential for engineers and scientists working in
signal processing, communications, and systems engineering. The ability to
compute and interpret these convolutions enables the design of more effective
filters, controllers, and communication schemes, bridging the gap between
mathematical theory and practical application.

Keywords: Rect(t), convolution, signal processing, unit step function, ramp
function, triangular pulse, system response, pulse shaping, Fourier analysis

Frequently Asked Questions

What does convolving a function with itself mean in
signal processing?

Convolving a function with itself, known as autocorrelation, measures how
similar the function is to a shifted version of itself, often used to analyze
signal features like periodicity or to find the signal's energy distribution.

In the context of the question, what is Rect(t)?

Rect(t) is the rectangular function, which equals 1 for |t| = 0.5 and 0
elsewhere; it's commonly used to model signals with finite duration or pulse
shapes.

How do you compute Rect(t) convolved with itself?

The convolution of Rect(t) with itself results in a triangle function, often
called a 'triangular pulse,' which has a peak at t=0 and linearly decreases
to zero at =#1.



What is the significance of the convolution of
Rect(t) with itself in signal processing?

This convolution illustrates how pulse signals combine, and the resulting
triangular shape is useful in understanding system responses, filter design,
and pulse shaping.

Given X(t) = u(t) and Y(t) = r(t), what is H(t)?

H(t) is the convolution of the unit step function u(t) with the rectangular
function r(t), which results in a function that ramps up from zero,
representing the integral of r(t) starting at t=0.

What is the mathematical expression for H(t) when
X(t)=u(t) and Y(t)=r(t)?

H(t) = (u r)(t) = Je™t r(t) dt, which equals the integral of the rectangular
pulse from @ to t, resulting in a piecewise function that increases linearly
during the pulse duration.

How does the convolution of u(t) with r(t) relate to
system responses?

Convolving u(t) with r(t) models the response of a system to a rectangular
pulse input, resulting in a ramp function that describes how the system
accumulates the input over time.

What is the shape of H(t) when convolving u(t) with
r(t)?

H(t) is a trapezoidal or ramp-like function that increases linearly during
the duration of r(t) and remains constant afterward, representing the
accumulated effect of the input.

Why is understanding the convolution of basic
functions like Rect(t) and u(t) important in
engineering?

These convolutions form the foundation for analyzing and designing systems,
filters, and signals, helping engineers predict system behavior and
manipulate signals effectively.

Additional Resources

What Is Rect(t) Convolved With Itself? B) If X(t)=u(t) And Y(t)=r(t), What Is
H(t)?



Convolution is a fundamental concept in signal processing, integral to
understanding how signals interact, combine, and transform through systems.
It forms the backbone of filtering, system response analysis, and many
applications across engineering, physics, and applied mathematics. When
examining specific functions such as the rectangular pulse, denoted as
Rect(t), and their convolutions, the operation reveals the combined effects
and shapes that emerge from simple signals interacting.

This article explores two interconnected questions: first, what is the result
when a rectangular function is convolved with itself? second, given specific
signals—namely, the unit step function u(t) and the ramp function r(t)-what
is the convolution of these two functions? By dissecting these questions, we
will deepen our understanding of convolution's practical implications and
mathematical underpinnings.

Understanding the Building Blocks: Rect(t), u(t), and r(t)

Before diving into convolutions, it's essential to understand the basic
functions involved.

The Rectangular Function, Rect(t)

The Rect(t) function is a simple, piecewise-defined function often used in
signal processing:

- It is typically defined as:

AN

Rect(t)
Rect(t)

1, for |t}
0, for |t
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- Alternatively, some definitions normalize the width differently, but the

core idea remains: a pulse of unit height over a finite interval.

- Visualized, Rect(t) looks like a flat-topped rectangle centered at the
origin, with width 1 (or as per the specific definition).

The Unit Step Function, u(t)
The unit step function, u(t), is fundamental in control and signal theory:

- Defined as:
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- It acts as an on/off switch, turning signals on at t = 0.
The Ramp Function, r(t)
The ramp function, r(t), increases linearly over time:

- Defined as:

-

—_
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|

=0, for t <0
r(t) = t, for t =

- It represents a linearly increasing signal starting from zero at t = 0.

Convolution: The Heart of Signal Interaction

Convolution combines two functions to produce a third, reflecting how one
function modifies or "smears" another.

Mathematically, the convolution of functions f(t) and g(t) is:

(f 9)(t) = J {-w}{=} f(1) g(t - 1) drt

Intuitively, it measures the overlap between f(t) and a time-reversed and
shifted version of g(t - t), as T varies over all real numbers.

Why is convolution important?

- It models the output of a linear time-invariant (LTI) system when driven by

a given input.
- It helps analyze system responses, filter outputs, and signal interactions.

Part A: What Is Rect(t) Convolved With Itself?

The Convolution Process

Calculating Rect(t) Rect(t) involves integrating the product of two
rectangular pulses, one shifted by t:

( Rect Rect )(t) = [ {-x}"{o} Rect(t) Rect(t - 1) dt

Given the nature of Rect(t), the convolution results in a function known as
the triangular function, often denoted as Tri(t).



Step-by-Step Derivation

- Rect(t) is non-zero only when |T| < 0.5.

- Rect(t - 1) is non-zero when |t - T| < 0.5.

- The integrand is non-zero when both conditions are satisfied
simultaneously.

This intersection defines the limits of integration:

For a fixed t, the limits are where the overlapping regions occur:

T € [max(-0.5, t - 0.5), min(0.5, t + 0.5)]

The length of this overlap determines the value of the convolution.

The resulting Tri(t) function is:

Tri(t) = { (1 - |t]|), for |t| =1
0, otherwise }

- Visually, the convolution produces a triangle centered at zero, rising
linearly from zero at |t| = 1, peaking at t = 0 with a value of 1, and
symmetrically decreasing.

Significance and Applications

- The triangular shape of Rect(t) Rect(t) indicates how two rectangular
pulses "smear" each other, producing a smoother, broader shape.

- This operation models how a rectangular signal, when passed through a

system that itself has a rectangular impulse response, results in a
triangular output—a concept used in filter design and system analysis.

Part B: Convolution of u(t) and r(t): What Is H(t)?

Now, consider the second question: if X(t) = u(t) and Y(t) = r(t), what is
H(t) = (u r)(t)?

This convolution combines the step function with the ramp function, resulting
in a new function H(t) that encapsulates how a step input interacts with a
linearly increasing signal.

Mathematical Formulation

The convolution is:



H(t) = [ {-«}™{o} u(T) r(t - 1) dt

Since u(t) =0 for Tt <0, and r(t - t) =0 fort - t <0 (i.e., T > t), the
limits of integration become:

T E [0, t], for t = 0O

- For t < 0, the convolution is zero because u(t) is zero for T < 0, and the
limits don't make sense.

Thus:

H(t) = J {0}~{t} r(t - t) dt, for t = 0

Recall r(t - t) =t - t, for t - T = 0, which is true within the limits.
Computing H(t)

- The integral becomes:
H(t) = J_{0}~{t} (t - 1) dt
- Integrate:

H(t) = [ tt - (t2)/2 [ _{0}~{t} = t-t - (t*)/2 - (0 - 0) = t2 - (t?)/2 =
(t2)/2

- Therefore, for t = 0:

- For t < 0, H(t) = 0.

Final Expression for H(t):

H(t) = (1/2) t2 u(t)



where u(t) ensures the function is zero for negative t.

Implications and Applications of the Results

Understanding these convolutions offers insights into how signals combine and
evolve through systems:

- Rect(t) Rect(t):
Produces a triangular pulse, which is fundamental in pulse shaping, filter
design, and understanding how signals broaden or smooth out when combined.

- Convolution of u(t) and r(t):

Produces a quadratic function scaled by 1/2, reflecting how a step input
gradually "builds up" a ramp function over time, relevant in system response
analysis, especially in control systems and differential equations.

Real-World Relevance

1. Signal Filtering and Pulse Shaping:

Convolving rectangular pulses to produce triangular signals is common in
digital communications, where pulse shaping minimizes bandwidth and
intersymbol interference.

2. System Response Analysis:
Convolving step and ramp functions helps analyze how systems respond to
different inputs, especially in mechanical and electrical systems.

3. Control Systems:
Understanding how inputs like step and ramp signals interact through
convolution aids in designing controllers and predicting system behaviors.

4. Image Processing and Data Smoothing:
Convolution principles extend beyond 1D signals, being vital in 2D image
filtering and data analysis.

Concluding Remarks

Convolution serves as a bridge connecting simple mathematical functions to
complex system behaviors. The case of Rect(t) convolved with itself reveals
how a basic pulse broadens into a triangular shape, illustrating the
smoothing effect of convolution. Meanwhile, convolving the step function u(t)
with the ramp r(t) results in a quadratic function, showcasing how inputs
initiate gradual system responses.

By mastering these fundamental operations, engineers and scientists can
better analyze, design, and optimize systems across various disciplines. The
elegance of convolution lies in its ability to transform simple building



blocks into intricate, meaningful signals—a testament to the power of
mathematical analysis in understanding the world around us.
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