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Understanding the relationship between two sets, S and T, and the cardinality
of their union is a fundamental concept in set theory, which underpins many
areas of mathematics, computer science, and logic. The question of when the
size of the union equals the sum of the sizes of the individual sets is
intriguing because it touches on the core principles of set overlap and
disjointness. In particular, the condition |S ∪ T| = |S| + |T| holds under
specific circumstances related to the intersection of S and T. This article
explores the necessary and sufficient conditions for this equality, providing
a comprehensive analysis of the relationship between two sets that guarantees
the union's size equals the sum of their sizes.

---

Understanding Set Union and Cardinality

Before delving into the specific conditions, it is essential to clarify the
fundamental concepts involved:

What is Set Union?
- The union of two sets, S and T, denoted as S ∪ T, is the set containing all
elements that are in S, in T, or in both.
- Formally: S ∪ T = {x | x ∈ S or x ∈ T}.

What is Cardinality?
- The cardinality of a set, denoted as |S|, is the number of elements in the
set.
- For finite sets, this is simply the count of elements. For infinite sets,
it involves concepts of size of infinite sets, but here the focus is
primarily on finite sets for simplicity and clarity.

The Principle of Inclusion-Exclusion
- A foundational formula in set theory:



|S ∪ T| = |S| + |T| - |S ∩ T|

- It indicates that the size of the union accounts for the total elements in
both sets, but elements common to both are counted twice, so they are
subtracted once.

---

When Does |S ∪ T| = |S| + |T|?

Given the inclusion-exclusion principle, we see that:

|S ∪ T| = |S| + |T| - |S ∩ T|

Rearranged, the condition for the union's size equaling the sum of the sizes
becomes:

|S ∪ T| = |S| + |T| ⇔ |S ∩ T| = 0

This leads us to the critical insight:

Key Condition: Sets Must Be Disjoint
- The sets S and T must be disjoint, meaning they share no common elements.
- Formally: S ∩ T = ∅ (the empty set).

This is both a necessary and sufficient condition for the equality to hold.

---

Necessary and Sufficient Conditions for the
Equality

Let's analyze this relationship in detail.

Necessity of Disjointness
- If |S ∪ T| = |S| + |T|, then from the inclusion-exclusion principle:

|S ∪ T| = |S| + |T| - |S ∩ T| = |S| + |T|

- Simplifying:

|S ∩ T| = 0



- Therefore, S and T must have no elements in common, i.e., they are
disjoint.

Sufficiency of Disjointness
- Conversely, if S and T are disjoint:

S ∩ T = ∅

- Then:

|S ∪ T| = |S| + |T| - 0 = |S| + |T|

- Hence, the disjointness of S and T is sufficient for the equality.

Summary of the Condition
- The relation that must hold between S and T for the union's size to be the
sum of their sizes is:

S ∩ T = ∅

This is the key criterion. No overlap means the union's size is simply
additive.

---

Extended Scenarios and Special Cases

While the primary condition is straightforward, exploring related scenarios
provides deeper insight.

Case 1: S and T are Finite Sets
- For finite sets, the condition is simple: the sets must be disjoint.
- Example:

S = {1, 2, 3}

T = {4, 5}

S ∩ T = ∅, so |S ∪ T| = 3 + 2 = 5.



Case 2: Infinite Sets
- The principle extends to infinite sets, but the concept of disjointness
remains the same.
- For example, the set of natural numbers and the set of even natural numbers
are not disjoint; their intersection is infinite, so the union's size is less
than the sum of their sizes in a finite sense but equal in terms of
cardinalities in infinite sets.

Case 3: Sets with Overlap
- If S and T are not disjoint, then:

|S ∪ T| < |S| + |T|

- The degree of overlap reduces the union's size relative to the sum of
individual sizes.

Implication for Set Operations
- The disjointness condition emphasizes the importance of understanding
overlaps when calculating union sizes.
- It also underpins the design of algorithms or data structures where the
union's size matters, such as in database joins or set operations in
programming.

---

Visualizing the Relationship: Venn Diagrams

Venn diagrams are valuable tools to visualize the relationship between two
sets and understand the union.

Disjoint Sets
- Two non-overlapping circles.
- The total area (number of elements) is the sum of individual areas.

Overlapping Sets
- Circles intersecting.
- The overlapping region accounts for shared elements.
- The union is less than the sum of individual sets because shared elements
are counted once.



Diagram Interpretation
- Disjoint sets: no intersection.
- Sets with intersection: |S ∪ T| = |S| + |T| - |S ∩ T|.

---

Practical Applications and Examples

Understanding this relationship has numerous practical implications:

Data Management
- When merging datasets, ensuring they are disjoint guarantees no duplication
of data points.
- For example, merging customer lists from two non-overlapping regions.

Algorithm Design
- In algorithms involving set operations, knowing when unions are additive
simplifies complexity analysis.
- For instance, in search algorithms or data filtering.

Mathematical Proofs and Theorems
- Many proofs rely on the disjointness of sets to establish equality
conditions.
- For example, in proofs involving measures, probability, or combinatorics.

Real-World Examples
- Two departments with completely different employee lists.
- Non-overlapping sets of features in two software modules.
- Disjoint categories in classification problems.

---

Summary and Key Takeaways

To conclude, the core result can be summarized as follows:

- The relation between two sets S and T that guarantees |S ∪ T| = |S| + |T|
is that they are disjoint.



- Necessity: If the union's size equals the sum, then the sets must not share
elements.
- Sufficiency: If the sets are disjoint, then the union's size is exactly the
sum of their sizes.

In essence:

|S ∪ T| = |S| + |T| ⇔ S ∩ T = ∅

This fundamental principle guides many mathematical and practical
applications across various disciplines, emphasizing the importance of
understanding set overlaps and their impact on combined data.

---

Final Thoughts

Recognizing the importance of disjointness in set theory enhances our ability
to analyze and manipulate collections of elements efficiently. Whether in
theoretical mathematics, computer science, or real-world data management, the
condition that sets must be disjoint to satisfy |S ∪ T| = |S| + |T| is a
cornerstone concept. It underscores a fundamental truth: the size of a union
reflects the total elements when there is no overlap, simplifying
calculations and conceptual understanding alike.

Frequently Asked Questions

What is the key condition for the size of the union
of two sets S and T to be equal to the sum of their
sizes?
The sets S and T must be disjoint, meaning they have no elements in common,
so that |S ∪ T| = |S| + |T|.

If |S ∪ T| equals |S| plus |T|, does it imply that S
and T are disjoint? Why?
Yes, because if the union's size equals the sum of their sizes, it indicates
there are no common elements, so S and T are disjoint.

Can the equality |S ∪ T| = |S| + |T| hold if S and T
overlap? Why or why not?
No, because overlapping elements would be counted twice, making |S ∪ T| less



than |S| + |T|, so the equality only holds when S and T are disjoint.

What is the relationship between intersection and
union of sets when |S ∪ T| = |S| + |T|?
The intersection of S and T must be empty; that is, S ∩ T = Ø.

How does the concept of disjoint sets relate to the
principle of addition in set theory?
Disjoint sets allow for the direct addition of their sizes because they share
no elements, ensuring |S ∪ T| = |S| + |T|.

In terms of set theory, what would be a necessary
and sufficient condition for the union size to be
the sum of individual set sizes?
The sets must be disjoint, meaning their intersection is empty: S ∩ T = Ø.

Additional Resources
Relation Between Two Sets S and T Must Hold So That |S ∪ T| = |S| + |T|?

Understanding the relationship between two sets S and T that results in the
equality |S ∪ T| = |S| + |T| is a fundamental question in set theory and
combinatorics. This equality is not merely a numerical coincidence but
reflects a specific structural property of the sets involved. At its core,
this condition indicates that the union of the two sets has a size equal to
the sum of their individual sizes, which suggests a particular kind of
relationship between S and T—namely, that they are disjoint sets. This
article explores the various facets of this relation, the conditions under
which the equality holds, and the broader implications for set theory and
related fields.

---

Understanding the Basic Concepts: Sets, Union,
and Cardinality

Before delving into the specific relation between S and T, it’s essential to
clarify some foundational notions:

- Set: A collection of distinct objects, called elements.
- Union (∪): The set containing all elements that are in S, in T, or in both.



- Cardinality (| · |): The number of elements in a set.

The question revolves around the relationship between the sizes of the sets
and their union. The key formula in question is:

|S ∪ T| = |S| + |T|.

This formula hints at a situation where the union's size equals the sum of
the individual sizes, which is significant because, in general, the size of
the union is less than or equal to this sum, with equality holding under
specific circumstances.

---

When Does |S ∪ T| Equal |S| + |T|>? The Role of
Disjoint Sets

The Principle of Inclusion-Exclusion

The starting point to understand this relationship is the principle of
inclusion-exclusion, which states:

|S ∪ T| = |S| + |T| - |S ∩ T|.

From this, it's clear that:

|S ∪ T| = |S| + |T| if and only if |S ∩ T| = 0.

This directly implies that the sets S and T must be disjoint—that is, they
share no common elements—for the union's size to equal the sum of their
sizes.

Disjoint Sets: The Necessary and Sufficient
Condition

- Necessity: If |S ∪ T| = |S| + |T|, then |S ∩ T| must be zero, meaning S and
T are disjoint.
- Sufficiency: If S and T are disjoint, then their intersection is empty, and
the formula simplifies to the equality in question.

Key Takeaway:
Two sets S and T satisfy |S ∪ T| = |S| + |T| if and only if S and T are
disjoint.



---

Exploring the Implications of Disjointness

Understanding that disjointness is both necessary and sufficient opens up
several avenues to analyze the sets' relationships.

Features of Disjoint Sets

- No shared elements: The fundamental feature is that S ∩ T = ∅.
- Union as a simple combination: The union is essentially just the
concatenation of the two sets without any overlap.
- Cardinality additive: The sizes add up directly without any correction for
intersection.

Examples

- S = {1, 2, 3}, T = {4, 5}, then |S ∪ T| = 5, and |S| + |T| = 3 + 2 = 5.
- S = {a, b}, T = {b, c} (not disjoint), then |S ∪ T| = 3, but |S| + |T| = 2
+ 2 = 4, so the equality does not hold.

---

Beyond Disjoint Sets: When Can the Equality
Hold?

While the straightforward case is when S and T are disjoint, one might wonder
whether there are other scenarios where the equality |S ∪ T| = |S| + |T| is
achieved—particularly in more complex or abstract contexts.

Reconsidering the Inclusion-Exclusion Formula

Recall:

|S ∪ T| = |S| + |T| - |S ∩ T|.

- To have equality, |S ∩ T| must be zero.
- Therefore, disjointness remains the only condition for this equality in
standard set theory.



Special Cases and Variations

- Multisets: If we consider multisets (collections allowing repeated
elements), the equality may hold under different conditions, but standard set
theory requires disjointness.
- Infinite Sets: For infinite sets, similar logic applies; the key is the
intersection's size. Infinite disjoint sets still satisfy the equality.
- Subsets and Supersets: If T is a subset of S or vice versa, the
intersection isn't empty, so the equality doesn't hold.

---

Applications and Significance of the
Relationship

Understanding this relationship has practical implications across various
fields.

Applications in Combinatorics and Probability

- Counting independent events: When events are mutually exclusive (disjoint),
their probabilities sum directly.
- Partitioning sets: Partitioning a set into disjoint subsets ensures the
union's size is the sum of subset sizes.
- Designing data structures: Ensuring sets are disjoint can optimize storage
and query efficiency.

Implications in Logic and Computer Science

- Database design: Disjoint sets prevent data overlap, simplifying union
operations.
- Parallel processing: Tasks assigned to disjoint sets can be executed
independently without conflicts.
- Error detection: Disjointness can help identify data inconsistencies or
overlaps.

---

Pros and Cons of Disjointness as a Condition

Pros:



- Simplicity: The condition is straightforward to verify.
- Mathematically elegant: It provides a clear-cut criterion for the equality.
- Facilitates counting and partitioning: Critical in combinatorial problems.

Cons:

- Restrictive: It limits the sets to be completely non-overlapping.
- Less applicable in overlapping real-world data: Many practical datasets
contain overlaps.
- May require additional steps: Ensuring disjointness might involve
transforming or modifying datasets.

---

Conclusion and Broader Perspectives

The relationship between two sets S and T that guarantees |S ∪ T| = |S| + |T|
is rooted fundamentally in the concept of disjointness. Disjoint sets are the
cornerstone of this equality, as the principle of inclusion-exclusion
simplifies beautifully in this scenario. Recognizing this property is vital
in combinatorics, probability, computer science, and many applied fields
where set operations are fundamental.

While the core condition is clear-cut, exploring variations—such as in
multiset theory or infinite sets—can deepen our understanding of how set
relationships influence their unions and intersections. In practical terms,
ensuring disjointness can streamline computations, optimize data management,
and clarify the structure of complex systems. Conversely, the restriction of
disjointness might not always be feasible or desirable, prompting the need
for more nuanced approaches in overlapping contexts.

In summary, the key relation between two sets S and T for which |S ∪ T| = |S|
+ |T| is that S and T must be disjoint. This fundamental property underscores
the importance of set intersection in understanding union sizes and forms a
basis for many theoretical and practical applications across disciplines.
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