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Introduction to Ideals in Ring Theory and Polynomial
Rings

In the realm of abstract algebra, the concept of ideals plays a fundamental role in understanding the
structure of rings. An ideal is a special subset of a ring that facilitates the construction of quotient
rings and helps analyze the algebraic properties of the original ring. Extending this notion from
basic rings to polynomial rings is critical for various algebraic applications, including algebraic
geometry, polynomial factorization, and module theory.

This article explores the important theorem: If I is an ideal of a ring R, then I() (the set of all
polynomials with coefficients in I) is an ideal of the polynomial ring R[x]. We will delve into the proof
of this assertion, providing detailed explanations and insights to facilitate a comprehensive
understanding.

Understanding Ideals in Rings

Definition of an Ideal

An ideal I of a ring R (not necessarily commutative) is a subset of R satisfying the following
properties:

- Additive Subgroup: I is an additive subgroup of R; that is:

-Foralla,bel,a-bel

- I contains the zero element of R.

- Absorption Property: Forallr € Rand all a € I:

-r-a € [ and a'r € I (if R is non-commutative, the distinction is important; for commutative rings,
these are the same).

In many contexts, especially in commutative rings, the absorption property simplifies to r-a € I for all
reRandac€l



Examples of Ideals

- The set of even integers within the ring of integers, Z, is an ideal.

- The set of polynomials with zero constant term in R[x], denoted as (x) — the ideal generated by x.
- In the polynomial ring R[x], the set of all polynomials with coefficients in an ideal I of R forms a
notable ideal.

The Polynomial Ring R[x] and Its Ideals

Construction of R[x]

Given a ring R, the polynomial ring R[x] is the set of all polynomials with coefficients in R:

\[
R[x] =\left\{a 0 +a 1x+a 2x"2 +\dots + a nx"n \mid a i\in R, n \ge 0 \right\}
\]

The operations of polynomial addition and multiplication are defined similarly to standard
polynomial algebra, respecting the ring operations in R.

Ideals in R[x]

The structure of ideals in R[x] is more complex than in R. The key question addressed here is: Given
an ideal I of R, what is the set I() of polynomials with coefficients in I, and is it an ideal in R[x]?

Defining I() in Polynomial Rings

Given an ideal I in R, define the subset:

\[

I) =\left\{ f(x) =a 0+a 1x+a 2x”2 +\dots + a nx"n \in R[x] \mid a i\in I \text{ forall } i
\right\}

\]

This set consists of all polynomials with coefficients lying in I.

Our goal is to prove that I() is an ideal in R[x].



Proving that I() Is an Ideal in R[x]

Step 1: Show that I() is an additive subgroup of R[x]

- Closure under addition:
Take any two polynomials \(f(x), g(x) \in I()\):

\[

fix)=a 0+alx+\dots+a mx™m
\]

\[

gx)=b O0+blx+\dots+b nx"n
\]

with each \(a_ i, b j\in I\).

Adding these:

\[
fx) +gx)=(@0+b0)+(al+bl)x+\dots+ (a k+Dbk)x"k
\]

where \(k = \max(m, n)\). Since I is an additive subgroup of R:

\[

ai+bilinl

\]

for all i, and so \(f(x) + g(x) \in I()\).
- Existence of additive identity:

The zero polynomial:

\[

0x)=0+0x+ 0x"2 + \dots

\]

has all coefficients equal to 0, which is in I (since ideals contain zero). Hence, \(0(x) \in I()\).

- Existence of additive inverses:

For any \(f(x) \in I()\):



\[
-f(x) = (-a 0) + (-a_1) x + \dots + (-a m) x"m
\]

Since I is an additive subgroup, \(-a_i\in I\), thus \(-f(x) \in I()\).

Therefore, I() is an additive subgroup of R[x].

Step 2: Show that I() absorbs multiplication by arbitrary
polynomials in R[x]

Given an arbitrary polynomial \(f(x) \in I()\) and an arbitrary polynomial \(p(x) \in R[x]\), we need to
show:

\[
p(x) \cdot f(x) \in I()
\]

- Form of polynomials:

\[
fx)=a 0+alx+\dots+a mx™m
\]
\[
p(x)=c 0+c 1x+\dots +c kx"k
\]

with coefficients \(a i\in I\) and \(c_j \in R\).
- Product polynomial:

\[
p(x) \cdot f(x) = \sum {t=0}"{k+m} d tx"t
\]

where each coefficient:

\[

d t =\sum {i=0}"tc {ti}ai

\]

with the convention \(c j = 0\) if \(j > k\), \(a_i=0\) if \(i > m\).
- Coefficients in I:

Since \(a_i\in I\) and \(c_{t-i} \in R\), and I is an ideal of R, it follows that:

\[
c {ti}ailinI



\]

for all \(i, t-i\). The sum \(d _t\) is then a finite sum of elements in I, and since I is an ideal (hence
closed under addition), \(d_t\in I\).

Thus, every coefficient \(d t \in 1\), and:
\[

p(x) \cdot f(x) \in I()

\]

for all \(p(x) \in R[x]\) and \(f(x) \in I()\).

Conclusion: I() Is an Ideal in R[x]

From the above steps, we see that:

- I() is a subgroup of R[x] under addition.
- I() absorbs multiplication by arbitrary elements of R[x].

Therefore, I() is an ideal in R[x].

Significance and Applications of the Theorem

Understanding that the set of polynomials with coefficients in an ideal I forms an ideal in R[x] has
several important implications:

- It allows the transfer of ideal-theoretic properties from R to R[x], facilitating the study of
polynomial equations over rings.

- The construction of I() provides a way to generate ideals in polynomial rings directly from ideals in
coefficient rings.

- This theorem underpins many results in algebraic geometry, such as the correspondence between
algebraic sets and ideals.

Additional Remarks and Generalizations

- The proof relies on R being a ring (not necessarily commutative), but most applications assume
commutativity.



- The concept extends to multivariate polynomial rings R[x 1, x 2, ..., x n].
- For non-commutative rings, care must be taken with multiplication and the ideal properties, but
similar results hold under certain conditions.

Summary

- Given an ideal I of a ring R, the set I() of polynomials with coefficients in I is an ideal in the
polynomial ring R[x].

- The proof hinges on verifying that I() is an additive subgroup and that it absorbs multiplication
from R[x].

- This result is foundational in algebra, bridging ideal theory in rings with polynomial algebra, and
has broad applications across mathematics.

References for Further Reading

- Dummit, David S., and Richard M. Foote. Abstract Algebra. 3rd Edition, Wiley, 2004.
- Lang, Serge. Algebra. Springer, 2002.
- Hungerford, Thomas W. Algebra.

Frequently Asked Questions

What is the definition of an ideal in a ring R?

An ideal I of a ring R is a subset of R such that for all a, b in I, the difference a - b is in I, and for any
rin Rand ain I, both ra and ar are in I.

How is the ideal I in a ring R related to the ideal I[x] in the
polynomial ring R[x]?

The ideal I[x] consists of all polynomials in R[x] whose coefficients are all in I, forming an ideal in
R[x] because it is closed under addition, additive inverses, and multiplication by any polynomial in
R[x].

What is the main goal when proving that I[x] is an ideal in
R[x]?
The main goal is to show that I[x] is a subset of R[x], closed under addition and additive inverses,

and that multiplying any polynomial in R[x] by any polynomial in I[x] results in a polynomial still in
I[x].



Why does the fact that I is an ideal in R imply that I[x] is an
ideal in R[x]?

Because the coefficients of polynomials in I[x] are in I, and I is an ideal in R, it ensures closure under
polynomial addition, subtraction, and multiplication by elements of R[x], making I[x] an ideal in R[x].

How do you show that I[x] is closed under addition and
additive inverses?

Since the sum or difference of two polynomials with coefficients in I has coefficients in I (because I is
an ideal), I[x] is closed under addition and additive inverses.

What is needed to prove that for any p(x) in R[x] and q(x) in
I[x], their product p(x)q(x) is in I[x]?

We need to show that the coefficients of p(x)q(x) are linear combinations of coefficients in I, with
coefficients from R, which, due to I being an ideal, ensures the coefficients remain in I.

Can you provide a brief outline of the proof that I[x] is an ideal
of R[x]?

Yes. First, show that I[x] is a subset of R[x], closed under addition and additive inverses. Then, for
any p(x) in R[x] and q(x) in I[x], demonstrate that p(x)q(x) has coefficients in I, thus p(x)q(x) is in I[x],
confirming that I[x] is a two-sided ideal.

Are there any conditions on R or I for I[x] to be an ideal in
R[x]?

The main condition is that I must be an ideal in R. There are no additional restrictions; this property
holds generally for any ideal I in R.

How does the proof that I[x] is an ideal help in understanding
polynomial rings and their ideals?

It illustrates how ideals in base rings extend naturally to polynomial rings, allowing the transfer of
ideal properties and facilitating the study of algebraic structures and quotient rings in polynomial
contexts.

Additional Resources
1. If Iis an Ideal of a Ring R, Prove That I[x] Is An Ideal of The Polynomial Ring R[x]
Understanding the structure of polynomial rings and their ideals is fundamental in algebra,

especially in ring theory and algebraic geometry. The statement that if I is an ideal of a ring R, then
I[x] is an ideal of the polynomial ring R[x], is a classical and important result. It demonstrates how



ideals extend naturally from a ring to its polynomial extension, preserving many algebraic properties
and facilitating the construction of quotient rings and algebraic varieties. This article aims to
provide a comprehensive, detailed proof of this fact, exploring the underlying concepts, steps
involved, and implications in algebra.

Background and Definitions

Before delving into the proof, it’s essential to clarify key definitions and concepts that form the
foundation of our discussion.

Rings and Ideals

- Ring (R): A set equipped with two binary operations, addition (+) and multiplication (-), satisfying
certain axioms such as associativity, distributivity, and the existence of an additive identity and
additive inverses.

- Ideal (I) of a ring R: A subset I C R that is an additive subgroup of R and is closed under
multiplication by any element of R. Formally:

- Iis a subgroup of (R, +).

-Forallr € Randi €1, both ri and i'r are in I (in commutative rings, these are equivalent).

Polynomial Rings

- Polynomial ring R[x]: The set of all polynomials with coefficients in R, denoted as R[x], equipped
with polynomial addition and multiplication. Elements are expressions of the form:

\[

fx)=a0+alx+a?2x”2+\dots +a nx™n,

\]

where each \(a i\in R\) and \( n \geq 0\).

- Operations in R[x]: Addition and multiplication are defined as usual for polynomials, with
coefficients added or multiplied component-wise.

The Main Theorem

> Theorem: If I is an ideal of a ring R, then the set

>\[

> I[x] = \left\{ \sum {i=0}"{n} a i(x) \cdot f i(x) \quad \text{where} \quad a i(x) \in I, \quad { i(x)
\in R[x], \quad n \geq 0 \right\}



>\]

> is an ideal in R[x].

In simpler terms, I[x] consists of all polynomials whose coefficients come from the ideal I.

Constructing I[x]

The set I[x] can be viewed as the set of all polynomials with coefficients in I, i.e., polynomials where
each coefficient is an element of I. Formally,

\[
I[x] = \left\{ \sum {k=0}"na kx"k\mid a k\in I, \ n\ge 0 \right\}.
\]

This aligns with the intuitive idea that I[x] extends the ideal I into the polynomial setting by
"coefficient-wise" extension.

Proving I[x] Is an Ideal of R[x]

The proof hinges on verifying that I[x] satisfies the two main properties of an ideal:

1. I[x] is an additive subgroup of R[x].
2. I[x] is closed under multiplication by arbitrary elements of R[x].

We will proceed step by step.

Step 1: I[x] is an Additive Subgroup of R[x]

To show that I[x] is an additive subgroup:

- Closure under addition: Take any \(f(x), g(x) \in I[x]\). Since each has coefficients in I,

\[
f(x) =\sum {k=0}"m a k x"k, \quad a k\in I,
\]
\[
g(x) =\sum {k=0}"nb kx"k, \quad b k\inI.
\]

- The sum:



\[

f(x) + g(x) = \sum {k=0}"{\max(m, n)} (a_k + b k) x7k,

\]

where \(a_k = 0\) if \(k > m\), and \(b_k = 0\) if \(k > n\).

- Since I is an additive subgroup of R, \(a_k + b _k\in I\). Therefore, \(f(x) + g(x) \in I[x]\).

- Existence of additive inverses: For any \(f(x) \in I[x]\),

\[
- f(x) = \sum {k=0}"m (-a_k) x"k,
\]

and because [ is an additive subgroup, \(-a_k \in I\). Thus, \(-f(x) \in I[x]\).

- Conclusion: I[x] is an additive subgroup of R[x].

Step 2: Closure under Multiplication by R[x]

To establish that I[x] is an ideal, we need to show that for any \(f(x) \in I[x]\) and any \(r(x) \in R[x]\),
both \(r(x)f(x)\) and \(f(x)r(x)\) are in I[x].

- Left multiplication: For any \(f(x) \in I[x]\), \(r(x) \in R[x]\),

\[

r(x) =\sum {j=0}"mr jx*j,\quadr j\in R,
\]

\[

f(x) = \sum {k=0}"na kx"k, \quad a k\in L.
\]

- The product:

\[

r(x)f(x) = \left(\sum {j=0}"mr jx"~j \right) \left( \sum {k=0}"n a k x~k \right) = \sum {j=0}"m
\sum {k=0}"nr ja kx~{j + k}.

\]

- Each coefficient in the resulting polynomial is of the form \(\sum {j=0}"mr ja k\). Since \(a_k \in
I\) and I is an ideal of R, it is closed under multiplication by elements of R. Therefore,

\[
rjak\inl,
\]

and the sum over j:

\[



\sum {j=0}"mr ja k\in],
\]

because I is an additive subgroup, and closed under R-multiplication.

- Result: All coefficients of \(r(x)f(x)\) are in I, so \(r(x)f(x) \in I[x]\).

- Right multiplication: Similarly, for \(f(x)r(x)\),

\[

f(x) r(x) = \sum {k=0}"na k x~k\left(\sum {j=0}"mr jx~j\right) =\sum {k=0}"n
\sum {j=0}"ma kr jx~{k +j},

\]

with coefficients \(a_k r j\in I\), since I is an ideal and closed under multiplication by R.

- Conclusion: Multiplying any polynomial in I[x] by any polynomial in R[x] results in a polynomial still
in I[x].

Summary of the Proof

Combining these steps, we have established:

- I[x] is an additive subgroup of R[x].
- For any \(f(x) \in I[x]\) and \(r(x) \in R[x]\), the products \(r(x)f(x)\) and \(f(x)r(x)\) are in I[x].

In particular, in a commutative ring R, the two products are the same, so closure under
multiplication by R[x] is straightforward. In non-commutative rings, one would need to verify both

sides separately, but the same reasoning applies.

Therefore, I[x] satisfies the conditions to be an ideal in R[x].

Implications and Applications

This result has several important implications:

- Ideal extension: It confirms that ideals extend naturally from R to R[x], allowing algebraists to build
larger structures while preserving ideal properties.

- Quotient rings: The ideal I[x] can be used to construct quotient rings \( R[x]/I[x] \), which
correspond to polynomial rings over quotient rings \( R/I'\). This is fundamental in algebraic
geometry and polynomial factorization.



- Prime and maximal ideals: The behavior of prime and maximal ideals in polynomial rings can often
be studied via their contraction and extension properties, with I[x] serving as a key example.

Features, Pros, and Cons

Features:

- Extends the concept of ideals from rings to polynomial rings.

- Preserves algebraic structure, facilitating quotient constructions.

- Applicable in various fields like algebraic geometry and number theory.

Pros:

- Provides a
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