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IF YOU'RE STUDYING DIFFERENTIAL EQUATIONS AND WANT TO FIND THE EQUATION OF A SPECIFIC CURVE GIVEN ITS DERIVATIVE
AND A POINT, YOU'RE IN THE RIGHT PLACE. IN THIS ARTICLE, WE'LL EXPLORE HOW TO FIND THE EQUATION OF A CURVE WHEN THE
DerIVATIVE \(\FRAC{DYHDx3\) 15 Given A \(63 ¥ X*6\), AND THE CURVE PASSES THROUGH THE POINT WHERE \(Y=5\)
wHEN \(x=0\). THIS PROBLEM IS A CLASSIC EXAMPLE OF SOLVING FIRST-ORDER DIFFERENTIAL EQUATIONS USING SEPARATION
OF VARIABLES AND APPLYING INITIAL CONDITIONS TO FIND THE PARTICULAR SOLUTION.

UNDERSTANDING THE DIFFERENTIAL EQUATION \(\FrAc{DY}{DX} = 63 v
x*6\)

BEFORE JUMPING INTO SOLVING THE DIFFERENTIAL EQUATION, IT'S IMPORTANT TO UNDERSTAND WHAT IT REPRESENTS.

WHAT DOES THE DERIVATIVE TELL US?

- The perIVATIVE \(\Frac{oY}H{px} = 63 v x*6\) InDicaTes How \(Y\) cHANGES wiITH RESPECT To \(X\).
- NOTICE THAT THE RATE OF CHANGE OF \(Y\) Is ProPorRTIONAL To BOTH \(Y\) ITSELF anD \(Xx"6\).

TYPE OF DIFFERENTIAL EQUATION

- THIS IS A SEPARABLE DIFFERENTIAL EQUATION BECAUSE IT CAN BE WRITTEN IN THE FORM \(DY/Y = \TexT{FuNcTION OF } X \,

ox\).

STeEP-BY-STEP SOLUTION PROCESS

ToO FIND THE EQUATION OF THE CURVE, FOLLOW THESE STEPS!

1. REWRITE THE DIFFERENTIAL EQUATION IN SEPARABLE FORM

\[
\rrac{oy}{bx} = 63 v x"6
\]

DivipING BoTH siDes BY \(¥\) (assuming \(y \ne@ OV)):
\[

\rrAC{ 13}{¥} \rrac{py}{px]} = 63 x"6

\]

WHICH CAN BE WRITTEN AS:

\[
\rrac{pY}{v} = 63 x"6 bx
\]



2. INTEGRATE BOTH SIDES

INTEGRATE WITH RESPECT TO THEIR VARIABLES:

\[

\INT \FrRrAc{ 13}{¥} by = \INT 63 x"6 DX
\]

CALCULATING EACH INTEGRAL:

- LEFT SIDE:

\[
\INT \rRAC{ 1}{¥} DY = \inlv| + C_1
\]

- RIGHT sIDE:

\[

\INT 63 X6 bx = 63 \TIMes \rrAC{Xx7}{7}+C 2=9x"7+C
\]

wHere \(C = C_2 - C_1\), A COMBINED CONSTANT OF INTEGRATION.

3. WRITE THE GENERAL SOLUTION

\[

\LnlY| = 9 x*7 + C

\]

EXPONENTIATING BOTH SIDES:

\[

Iyl =9 x*7 + C} =e™MC3e™{9 x"7}
\]

LeT \(A = e™{C}\), WHICH IS A POSITIVE CONSTANT. THEREFORE:
\[

vy =\pm A M9 x"7}

\]

SINCE THE PROBLEM STATES THE INITIAL CONDITION \(Y\)-INTERCEPT 1S 5 (MEANING \(Y(0) = 5\)), AND THE EXPONENTIAL
FUNCTION IS ALWAYS POSITIVE, WE TAKE THE POSITIVE BRANCH:

\[

\BOXED{

vy =AeM9 x"7}
}

\]

APPLYING THE INITIAL CONDITION

THE INITIAL CONDITION STATES:

\[
v(0)=5
\]

SuesTiITuTE \(x=0\):

\[
5=AeM9 \1iMes 0"73 = Ae™{0} = A \Times 1
\]



THUS, THE PARTICULAR SOLUTION IS:

\l

\Boxen{

v =59 x"7}
}

\]

FINAL EQUATION OF THE CURVE

THE EQUATION OF THE CURVE THAT SATISFIES \(\FRAC{DY DX} = 63 ¥ x"6\) AND PASSES THROUGH THE POINT \((O, 5)\)
Is:

\[

\Boxen{
\BOXED{

vy =59 x"7}
}

}

\]

THIS EXPONENTIAL FUNCTION DESCRIBES THE BEHAVIOR OF \(Y\) IN RELATION To \(x\), WITH RAPID GROWTH AS \(x\)
INCREASES DUE TO THE \(E™{9 X" 7}\) Term.

Key TAKEAWAYS FOR SOLVING SIMILAR DIFFERENTIAL EQUATIONS

SePARABLE DIFFERENTIAL EQUATIONS

- THese EQUATIONS cAN BE WRITTEN AS \( \FrAac{oY}{Dx} = 6(¥) H(x) \).
- THE SOLUTION INVOLVES SEPARATING VARIABLES \( ¥ \) AND \( X \) AND INTEGRATING BOTH SIDES.

APPLYING INITIAL CONDITIONS

- ALWAYS SUBSTITUTE THE GIVEN POINT INTO THE GENERAL SOLUTION TO FIND THE CONSTANT OF INTEGRATION.
- INITIAL CONDITIONS HELP CONVERT THE GENERAL SOLUTION INTO A PARTICULAR SOLUTION.

HANDLING EXPONENTIAL FUNCTIONS

- WHEN INTEGRATING, CONSTANTS OF INTEGRATION TRANSFORM INTO MULTIPLICATIVE CONSTANTS AFTER EXPONENTIATION.
- ALWAYS CONSIDER THE ABSOLUTE VALUE WHEN DEALING WITH \(\LNlYl\)I BUT CHOOSE THE SIGN BASED ON INITIAL
CONDITIONS.



CoNCLUSION

FINDING THE EQUATION OF A CURVE FROM A DIFFERENTIAL EQUATION INVOLVES UNDERSTANDING THE TYPE OF EQUATION,
SEPARATING VARIABLES, INTEGRATING, AND THEN APPLYING INITIAL CONDITIONS TO FIND THE SPECIFIC SOLUTION. IN THIS CASE,
wiTH \(\rRAC{DYHDx} = 63 ¥ X" 6\) AND THE Y-INTERCEPT AT 5, THE SOLUTION IS:

\[

\BOXED{

vy =5€eM9 x"7}
}

\]

THIS PROCESS HIGHLIGHTS THE POWER OF SEPARATION OF VARIABLES AND THE IMPORTANCE OF INITIAL CONDITIONS IN
DIFFERENTIAL EQUATIONS. W/HETHER YOU'RE TACKLING HOMEWORK, PREPARING FOR EXAMS, OR WORKING ON REAL-\WORLD
MODELING, MASTERING THESE TECHNIQUES IS ESSENTIAL FOR SOLVING FIRST-ORDER DIFFERENTIAL EQUATIONS EFFECTIVELY.

FREQUENTLY AskeD QUESTIONS

\WHAT IS THE DIFFERENTIAL EQUATION GIVEN IN THE PROBLEM?

THE DIFFERENTIAL EQUATION IS DY/DX =63 v x"6.

\WHAT IS THE INITIAL CONDITION PROVIDED FOR THE CURVE?

THE Y-INTERCEPT IS 5, WHICH MEANS WHEN X = O, ¥ = 5.

How DO WE SEPARATE VARIABLES TO SOLVE THE DIFFERENTIAL EQUATION DY/DX =
63 v x"6?

\WE REWRITE IT AS DY/Y = 63 X6 DX TO SEPARATE VARIABLES.

\WHAT IS THE INTEGRAL FORM NEEDED TO FIND THE SOLUTION FOR Y?

INTEGRATE BOTH SIDES: (1/v) oy = 63 x™6 px.

\WHAT IS THE RESULT OF INTEGRATING ] (1/v) pY?

THe INTEGRAL IS LNJY| + C 1.

WHAT IS THE INTEGRAL oF 63 X6 px?

THE INTEGRAL 1S 63 (x*7/7) + C2, wHicH siMPLIFIES TO 9 X7 + C.

\WHAT IS THE GENERAL SOLUTION OF THE DIFFERENTIAL EQUATION?

LNY] = 9 x*7 + C, wHicH iMpLIES ¥ = A {9 X" 73 wHere A = e"C.



How DO WE DETERMINE THE CONSTANT A USING THE Y-INTERCEPT CONDITION?

SuesTITUTE x=0 AND Y=5 NTOo ¥ = A E™{9 x*7} ToGeT 5 = AE"0,so A = 5.

\WHAT IS THE FINAL EQUATION OF THE CURVE SATISFYING THE GIVEN CONDITIONS?

THE EQUATION IS ¥ = 5 EN{9 X7}

W/HY IS THE EXPONENTIAL FUNCTION USED IN THE SOLUTION?

BECAUSE THE DIFFERENTIAL EQUATION IS SEPARABLE AND LINEAR IN Y, LEADING TO AN EXPONENTIAL SOLUTION AFTER
INTEGRATION.

ADDITIONAL RESOURCES

FIND AN EQUATION OF THE CURVE THAT SATISFIES \(\FrAC{DY DX} = 63 ¥ X" 6\) AND WHOSE Y-INTERCEPT IS 5 IS A
CLASSIC PROBLEM IN DIFFERENTIAL EQUATIONS, ILLUSTRATING HOW CALCULUS LINKS THE RATE OF CHANGE OF A FUNCTION TO
ITS ORIGINAL FORM. THIS PROBLEM REQUIRES US TO FIND THE EXPLICIT EQUATION OF A CURVE BASED ON ITS DERIVATIVE AND A
SPECIFIC INITIAL CONDITION. SUCH PROBLEMS ARE CENTRAL IN MANY FIELDS, INCLUDING PHYSICS, ENGINEERING, AND
MATHEMATICS, WHERE UNDERSTANDING THE RELATIONSHIP BETWEEN VARIABLES IS CRUCIAL. IN THIS ARTICLE, WE WILL WALK
THROUGH A DETAILED, STEP-BY-STEP PROCESS TO SOLVE THIS DIFFERENTIAL EQUATION, INTERPRET THE CONDITIONS, AND
DERIVE THE EXPLICIT EQUATION OF THE CURVE.

(UNDERSTANDING THE PROBLEM
AT ITS CORE, THE PROBLEM ASKS US TO:

- Fino THE expLICIT FUNCTION \( Y(X) \) THAT SATISFIES THE DIFFERENTIAL EQUATION:

\[

\rrac{py}{box3 = 63 v x"6

\]

- ENSURE THAT THIS FUNCTION PASSES THROUGH THE POINT WHERE \( ¥ \)-INTERCEPT IS 5, WHICH MEANS:
\[

v(0)=5

\]

THE KEY POINTS TO NOTE ARE:

- THE DIFFERENTIAL EQUATION INVOLVES THE PRODUCT OF \( ¥ \) AND \( X"6 \), HINTING AT THE POSSIBILITY OF A
SEPARABLE DIFFERENTIAL EQUATION.

- Tre INITIAL conpiTion \( Y(0) = 5 \) ALLOWS US TO SOLVE FOR THE CONSTANT OF INTEGRATION AFTER FINDING THE
GENERAL SOLUTION.

STEP 1: RECOGNIZING THE T YPE OF DIFFERENTIAL EQUATION

THE GIVEN DIFFERENTIAL EQUATION:

\[
\rrac{oy}{bx} = 63 v x"6
\]



IS A SEPARABLE DIFFERENTIAL EQUATION BECAUSE IT CAN BE WRITTEN AS:

\[
\rrAc{1}{v} by = 63 x"6 DX
\]

SEPARABLE EQUATIONS ARE STRAIGHTFORWARD TO SOLVE AS THEY INVOLVE FUNCTIONS oF \( ¥ \) anp \( x \) THAT can B
INTEGRATED SEPARATELY.

STEP 2: SEPARATING THE V ARIABLES

REARRANGING THE DIFFERENTIAL EQUATION:

\[
\rrac{ov}{box} =63 v x"6
\]

WE ISOLATE THE VARIABLES:

\[
\rrAC{ 1}{¥} bY = 63 x"6 DX
\]

THIS SEPARATION ALLOWS US TO INTEGRATE BOTH SIDES INDEPENDENTLY:

- LerT sioe wiTH RespecT To \( v \)
- RIGHT sIDE wITH ResPeCT To \( x \)

STEP 3: INTEGRATING BOTH SIDES

INTEGRATE THE LEFT SIDE:

\[
\INT \FrRAC{ 1}{¥} DY = \INT 63 X"6 DX
\]

TrHe INTEGRAL oF \( \FRAC{ 13{¥3} \) wiTH respecT TOo \( ¥ \) Is:

\[
\en v+ C 1
\]

WHERE \( C_1\) IS THE CONSTANT OF INTEGRATION (THOUGH WE WILL CONSOLIDATE CONSTANTS LATER).

INTEGRATE THE RIGHT SIDE:

\[
\INT 63 X6 bx = 63 \INT x™6 DX

\]

THe INTEGRAL oF \( x*6 \) Is:

\[
\rRAC{x{73}{7}
\]



SO/ THE RIGHT SIDE BECOMES:

\[
63 \1iMes \rrAc{x{73}{7} = 9 x*{7}
\]

STeP 4: WRITE THE GENERAL SOLUTION

PUTTING BOTH INTEGRALS TOGETHER:

\[
\tn Y =9 x™M7}+ C
\]

wHERE \( C \) IS THE COMBINED CONSTANT OF INTEGRATION.

To exPress \( Y \), EXPONENTIATE BOTH SIDES:

\[
IV =e"{9 x*{7} + C} = eM{CI {0 x"{7}}
\]

LeT \( A =€e™{C} \), WHICH IS AN ARBITRARY POSITIVE CONSTANT:

\[
vy = AeM9 xM73}
\]

NOTE: SINCE \( Y \) CAN BE POSITIVE OR NEGATIVE, BUT THE INITIAL CONDITION WILL DETERMINE THE SIGN.

STeP 5: APPLYING THE INITIAL CONDITION

GIVEN THAT THE Y-INTERCEPT IS 5, MEANING:

\[
v(0)=5
\]

Pruc N \(x=0\):
\l

y(0) =A™ \1iMes O 73} = A0} =A\TiMes 1 = A
\]

THEREFORE:

THE EXPLICIT SOLUTION IS:

\[
v(x) =5 ™Mo xN71}
\]



FINAL EQUATION OF THE CURVE

THe CURVE SATISFYING THE DIFFERENTIAL EQUATION \(\FRac{DY}{DX3} = 63 ¥ x*6\) WITH THE Y-INTERCEPT OF 5 IS:

\l

\BOXED{

\Quab v(x) = 5 M9 xN{73}3
}

\]

ADDITIONAL INSIGHTS AND APPLICATIONS
WHY Is THIS SOLUTION IMPORTANT?

THIS SOLUTION EXEMPLIFIES HOW DIFFERENTIAL EQUATIONS MODEL EXPONENTIAL GROWTH OR DECAY PROCESSES WHERE THE
RATE DEPENDS ON THE CURRENT STATE. HERE, THE DEPENDENCE ON BOTH \( ¥ \) AND \( X" 6 \) CREATES A SCENARIO WHERE
THE GROWTH RATE ACCELERATES RAPIDLY AS \( X \) INCREASES, ESPECIALLY GIVEN THE EXPONENTIAL NATURE OF THE RESULT.

ReaL-W orLD CONTEXTS

- POPULATION DYNAMICS: IN SOME MODELS, THE GROWTH RATE OF A POPULATION COULD DEPEND ON BOTH THE CURRENT
poPULATION SIZE (\( ¥ \)) AND SOME ENVIRONMENTAL VARIABLE MODELED AS \( x™6 \).

- RADIOACTIVE DECAY OR GROWTH: EXPONENTIAL FUNCTIONS ARE COMMON IN NUCLEAR PHYSICS, WHERE THE RATE OF DECAY
OR GROWTH DEPENDS PROPORTIONALLY ON THE CURRENT QUANTITY.

SUMMARY OF STEPS
TO RECAP, SOLVING FOR THE EQUATION OF THE CURVE INVOLVED:

1. RECOGNIZING THE DIFFERENTIAL EQUATION AS SEPARABLE.

2. SePARATING VARIABLES: \(\FRAC{ 1}{¥]} bY = 63 x"6 bx\).

3. INTEGRATING BOTH siDES: \(\LN |Y] = 9 x*7 + C\).

4. ExPoNeNTIATING TO SoLVE FOorR \( ¥ \): \( v = A {9 x*73 \).

5. APPLYING THE INITIAL conpiTioN \( Y(0) =5 \) Torno \( A =5 \).
6. PRESENTING THE FINAL EXPLICIT FUNCTION: \( Y(x) = 5 e™{9 x"7} \).

FINAL THOUGHTS

THE PROCESS OF SOLVING DIFFERENTIAL EQUATIONS LIKE \(\FRAC{DY}{Dx} = 63 ¥ X" 6\) UNDERSCORES THE ELEGANCE OF
CALCULUS IN UNCOVERING THE UNDERLYING RELATIONSHIPS BETWEEN VARIABLES. RECOGNIZING THE TYPE OF DIFFERENTIAL
EQUATION, APPLYING APPROPRIATE INTEGRATION TECHNIQUES, AND USING INITIAL CONDITIONS TO FIND SPECIFIC SOLUTIONS ARE
ESSENTIAL SKILLS IN MATHEMATICAL PROBLEM-SOLVING. \W/HETHER MODELING NATURAL PHENOMENA OR DESIGNING ENGINEERING
SYSTEMS, THESE METHODS FORM THE BACKBONE OF ANALYTICAL PROBLEM SOLVING IN SCIENCE AND MATHEMATICS.

IF YOU ENCOUNTER SIMILAR PROBLEMS, REMEMBER TO:

- LOOK FOR SEPARABILITY OR OTHER RECOGNIZABLE FORMS.

- CAREFULLY PERFORM INTEGRATIONS, PAYING ATTENTION TO CONSTANTS.
- USE INITIAL OR BOUNDARY CONDITIONS TO DETERMINE CONSTANTS.

- INTERPRET THE SOLUTION IN THE CONTEXT OF THE PROBLEM.



BY MASTERING THESE STEPS, YOU'LL BE WELL-EQUIPPED TO TACKLE A WIDE RANGE OF DIFFERENTIAL EQUATIONS WITH
CONFIDENCE.
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