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When considering the question of coverage on an infinite plane by squares of different sizes—large,
medium, or small—it might seem straightforward at first glance. However, this problem delves into
fundamental concepts of geometry, measure theory, and the behavior of infinite sets. Understanding
which set of squares covers more of the plane involves analyzing their sizes, arrangements, and the
mathematical properties that govern their union. In this article, we will explore these aspects in detail,
providing a comprehensive reasoning process to determine which configuration covers more of the
plane.

Understanding the Problem: Covering the Plane with
Squares

Before diving into the specifics, it's essential to clarify what is meant by "covering the plane." For this
discussion, we interpret covering as the union of a collection of squares—each a geometric shape with
four right angles and equal sides—placed somewhere on the plane, such that every point on the plane
is either inside at least one of these squares or arbitrarily close to one.

The question asks: given three sets of squares, one large, one medium, and one small, which one
covers more of the plane? The key considerations include:

- The sizes of the individual squares.

- The arrangement or placement of the squares.

- The density of the squares—how many are placed per unit area.
- The total measure of the union of these squares.

Size and Scale of the Squares

Let’s define the squares more precisely:

- Large squares: Each with side length \(L\).
- Medium squares: Each with side length \(M\).
- Small squares: Each with side length \(S\).

Assume \(L > M > S > 0\), and that the collection of squares in each category is infinite in number,
placed according to some rule or pattern.



Key question: Does the size of the individual squares directly determine the total area covered?

Answer: Not necessarily. While larger squares cover more area individually, the total coverage
depends heavily on how they are arranged and how many are used per unit area.

Arrangement and Density: How Squares Cover the
Plane

The way the squares are arranged profoundly impacts the total coverage. Two extreme arrangements
are:

1. Sparse Arrangement: Squares are placed very far apart, leaving large gaps.
2. Dense Arrangement: Squares are placed so that they overlap minimally, or are packed closely
together, filling the plane more effectively.

Coverage depends on the density of the placement:

- If the squares are arranged densely and regularly, the union can approach the entire plane.
- If arranged sparsely, the union covers only a small fraction of the plane, regardless of square size.

Examples:

- Grid Pattern: Squares aligned in a regular grid with spacing less than or equal to their side length.
This arrangement can densely cover the plane by ensuring overlaps or adjacency.

- Random Placement: Squares scattered randomly; coverage depends on the density of placement.
The concept of covering density is crucial here:

- Covering density refers to the proportion of the plane covered by the union of the squares.
Implications:

- For large squares, fewer are needed to cover a given area if placed densely.

- For small squares, more are needed to achieve the same coverage because each covers less area
individually.

Measuring Coverage: The Role of Measure Theory

From a mathematical perspective, the measure (specifically, Lebesgue measure in the plane) helps
quantify how much of the plane is covered.

Key idea: The measure of the union of the squares depends on:
- The total area of all squares combined.

- The overlaps between the squares.
- The arrangement pattern.



If the squares are packed without overlaps (disjoint):
Total coverage area = number of squares \(\times\) area of one square.

If overlaps are present:
Total coverage area is less than or equal to the sum of individual areas, with overlaps reducing total
coverage.

In the limit, if the collection of squares is arranged so that their union densely covers the plane, the
total measure of the union can be made arbitrarily close to the measure of the entire plane (which is
infinite).

But since the plane is infinite, the question becomes: which configuration covers the most of the
plane in a finite region? Or, more generally, which set of squares can be arranged to cover the
greatest proportion of the plane?

Comparison of Large, Medium, and Small Squares

Now, let’s analyze the coverage potential for each size category:
Large Squares

- Advantages:

- Each square covers a large area.

- Fewer squares needed to cover a given region.

- Challenges:

- To cover the entire plane, an infinite number of large squares are needed, arranged carefully to
minimize gaps.

- Fewer squares per unit area mean potentially more gaps unless arranged densely.

Medium Squares

- Advantages:

- Balance between size and number.

- Easier to arrange densely than very large squares.

- Challenges:

- Still require a significant number of squares for full coverage.

Small Squares

- Advantages:

- Small size allows for highly dense arrangements, filling gaps efficiently.

- Easier to approximate a uniform coverage of the plane with many small squares.

- Challenges:

- Requires an enormous number of small squares to cover large regions, which can be impractical.

Mathematically, if the goal is to cover as much of the plane as possible, the smaller the squares and
the denser their arrangement, the closer the union can approximate the entire plane.



Which Covers More of the Plane? The Theoretical
Perspective

Given the considerations above, we analyze the problem under idealized assumptions:

- The squares are arranged to maximize coverage.
- The arrangement is dense enough to approximate full coverage in any finite region.

In this idealized scenario:

- Large squares can cover large regions with fewer pieces, but achieving full coverage of the plane
requires an infinite arrangement.

- Small squares can be packed more densely, filling gaps effectively, and thus, in theory, can cover
more of any finite region, approaching full coverage as the number increases.

- Medium squares fall between the two in both size and coverage efficiency.

Conclusion:
In the limit, and under optimal dense arrangements, small squares can cover more of the plane than

large ones because their small size allows for finer, more comprehensive coverage.

However, this conclusion is nuanced: if the squares are arranged randomly or sparsely, then the size
alone doesn't determine coverage; density and arrangement are critical.

Practical Considerations and Real-World Applications

In practical applications—such as tiling, sensor placement, or resource coverage—the size and
arrangement of coverage units matter:

- Large coverage units are efficient for covering large areas quickly but may leave gaps.
- Small coverage units allow for precise filling of gaps but are resource-intensive.

In many real-world scenarios, a combination of sizes might be used to optimize coverage.

Summary and Final Thoughts

Which set of squares covers more of the plane?

In a purely theoretical, idealized sense, small squares can be arranged densely enough to cover
arbitrarily close to the entire plane, surpassing large squares in coverage potential due to their ability
to fill in gaps effectively. Conversely, large squares, while covering more area per individual piece,
require fewer pieces and less dense arrangements, but achieving full coverage is more challenging
because fewer large squares can fill the intricate details of the plane.

Key points:

- The total coverage depends not only on the size of the squares but also crucially on how densely and



systematically they are arranged.

- In the limit of infinite dense arrangements, small squares can cover more of the plane because they
allow for finer control over the coverage.

- In real-world or practical applications, a balance between size, density, and resource constraints
determines coverage efficiency.

Final note:

The theoretical conclusion aligns with the principle that finer partitions (smaller squares) can
approximate the entire plane more closely than coarser partitions (larger squares), provided the
arrangement is sufficiently dense.
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Frequently Asked Questions

Which square, large, medium, or small, covers more of the
plane, and why?

The large square covers more of the plane because it has the greatest dimensions, thus occupying a
larger area compared to the medium and small squares.

If all three squares are the same size, which one covers more
of the plane?

If all three squares are identical in size, then each covers the same area, so they all cover the same
portion of the plane.

How does the size of a square affect the amount of the plane
it covers?

The larger the square, the more of the plane it covers, since area increases with the square of the
side length, meaning bigger sides result in larger coverage.

Can the small square ever cover more of the plane than the
large square? Why or why not?

No, the small square cannot cover more of the plane than the large square because its dimensions



are smaller, resulting in a smaller area and coverage.

What factors determine which square covers the most of the
plane?

The primary factor is the size of the square; larger squares cover more area. Other factors include
how the squares are positioned or overlapped, but when comparing sizes directly, the largest square
covers the most.

Additional Resources

Which Square—Large, Medium, or Small—Covers More of the Plane? Explain Your Reasoning.

Introduction

The question of which square—large, medium, or small—covers more of the plane might seem trivial
at first glance, but it provokes a fascinating exploration into geometric principles, area calculations,
and the concept of coverage. This inquiry touches on fundamental mathematical ideas such as scale
invariance, measure theory, and the infinite nature of the plane. To understand the answer
comprehensively, we need to clarify what "covering the plane" entails, examine the properties of
squares at different sizes, and analyze the implications of infinite sets and density. This article aims to
dissect this problem thoroughly, providing both intuitive explanations and rigorous reasoning.

Defining the Problem
Before delving into the core analysis, it's essential to establish precise definitions and assumptions:

- Coverage: For this discussion, "covering the plane" refers to the total area of the plane occupied by
a collection of squares placed in some configuration. Since the plane is infinite, the question implicitly
involves measures of sets, densities, and limits.

- Square Sizes: The terms "large," "medium," and "small" are relative, but for analytical clarity, we
assign representative side lengths:

- Large square: side length \( L \)

- Medium square: side length \( M \)

- Small square: side length \( S\\)

- Coverage Metrics: To compare which size covers more of the plane, we consider:
- The total area covered by a finite or infinite collection of squares of each size.
- The density of coverage, i.e., the proportion of the plane covered in the limit.

Given the infinite nature of the plane, the critical distinction is whether the squares are arranged
finitely or infinitely, and whether they are disjoint or overlapping.



The Fundamentals of Area and Coverage
Area of a Single Square

The area of a square with side length \( a ) is:
\[

A=a"2

\]

Thus, larger squares have greater individual areas, but the question is about coverage when many
such squares are placed.

Finite vs. Infinite Collections

- Finite collections: Placing finitely many squares, regardless of their sizes, covers a finite total area.
As the total area is finite, it cannot cover the entire plane.

- Infinite collections: To cover more of the plane, an infinite collection of squares is necessary. The
total coverage then depends on how the squares are arranged and whether they overlap.

Arrangement Strategies and Their Impact

The core of the problem hinges on the arrangement of the squares:

1. Disjoint Placement

Placing squares so that they do not overlap maximizes the total area covered for a finite number of
squares. However, in an infinite plane, any finite or countably infinite collection of disjoint squares will
only cover a measure-zero subset unless the collection is carefully constructed.

2. Overlapping Placement

Allowing overlaps can lead to higher coverage of the plane in a measure-theoretic sense, especially
when deploying infinitely many squares with dense arrangements.

3. Dense and Periodic Arrangements

- Lattice arrangement: Squares placed in a regular grid pattern.
- Dense packing: Squares placed so that every region of the plane is arbitrarily close to some square.

Analyzing Coverage: Large, Medium, or Small Squares?
Case 1: Finite Collections

Suppose we have 100 squares of each size:



- Large: side length \( L \), total area \( 100L"2)
- Medium: side length \( M \), total area \( 100M~2)
- Small: side length \( S\), total area \( 1005"2)

Assuming \( L > M > S)\), the largest total area coverage is from the large squares, but this is trivial
because the total area scales with the number of squares and their side lengths.

However, finite collections cannot cover the entire plane; they only cover a finite measure subset.

Case 2: Infinite Collections and Coverage Density
In the infinite case, the question becomes:

Can an arrangement of infinitely many squares of a given size produce a set of full measure (i.e.,
cover the plane almost entirely)?

Key insight: To approach full coverage of the plane, the collection must be dense and overlapping,
with the total area of the squares approaching infinity in some manner.

The Concept of Density and Measure
Lebesgue Measure and Coverage

In measure theory, the Lebesgue measure assigns a size (area) to subsets of the plane. Infinite
collections of squares can produce sets with various measures, depending on their arrangement.

- Total measure of the union of squares: If the sum of the areas of all squares is finite, the total
coverage measure is finite; the plane remains mostly uncovered.

- Infinite sum of areas: If the sum diverges, the total measure of the union can approach the entire
plane (full measure).

Constructing Coverings for the Plane

1. Covering with Large Squares

Suppose we select a sequence of large squares that are arranged to cover the plane densely:

- Place large squares in a grid pattern with spacing less than \( L), overlapping significantly.

- As the number of squares increases, the union approaches full coverage, but since large squares are
fewer in number to cover the entire plane, it's impossible to cover more than a measure-zero subset

unless infinitely many are used.

2. Covering with Small Squares



Small squares, placed densely and with overlaps, can approximate the entire plane more finely:

- By choosing a countable dense set of small squares, their union can approximate the plane
arbitrarily closely.

- The total area of these small squares can be made to diverge, leading to coverage approaching full
measure.

Comparing Coverage: Which Square Size Covers More?
Based on the preceding analysis, we can infer:

- Large squares: Fewer in number for a given area, but each covers more. To cover significant
portions of the plane, many large squares are needed, and overlaps can be minimized but never
eliminate gaps unless infinitely many are used.

- Small squares: More numerous for the same total area, and, when arranged densely, can
approximate the entire plane arbitrarily well. Infinite collections of small squares can result in
coverage with measure approaching the entire plane.

- Medium squares: Their coverage characteristics are intermediate, depending on the number and
arrangement.

Conclusion:
In the context of infinite arrangements and dense placements, small squares are more capable of
covering a larger portion of the plane than large or medium squares. This is because infinitely many

small squares can be arranged to approximate the entire plane with arbitrarily high precision, leading
to full measure coverage in the limit.

The Role of Scale and Density

It's important to note that the size of the squares influences how quickly coverage approaches the
entire plane:

- Larger squares cover more area individually but require fewer to reach a given total area.
- Smaller squares need many more to reach the same total area, but they can be packed densely,
filling in gaps more effectively.

This interplay suggests that small squares, when used in infinite, dense arrangements, are most
effective in covering the plane.

Practical Implications and Limitations

While the mathematical idealization suggests that small squares can cover more of the plane in the
limit, real-world constraints such as physical size, placement, and overlaps affect coverage in



practice. Nonetheless, from a purely theoretical perspective rooted in measure theory and geometric
arrangements, the conclusion holds.

Final Reflection: Which Square Covers More of the Plane?
In summary:

- When considering finite collections, larger squares cover more area per unit.

- When considering infinite arrangements aimed at maximizing coverage, small squares, arranged
densely and with overlaps, can approximate the entire plane arbitrarily closely.

- Therefore, small squares are more effective in covering a larger portion of the plane in the limit.

This conclusion aligns with fundamental principles in measure theory, where the ability to
approximate sets with finer elements (smaller squares) enables near-complete coverage, contrasting
with the limitations inherent in larger, coarser elements.
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Conclusion

The investigation into which square—large, medium, or small—covers more of the plane reveals deep
insights into geometric measure theory, arrangements, and the nature of infinity. While intuitively
larger squares seem more effective individually, the power of dense, infinite arrangements of smaller
squares demonstrates that, in the limit, small squares can achieve near-complete coverage of the
plane. This illustrates a fundamental principle: finer elements, when used in infinite, dense
configurations, can approximate total coverage more effectively than coarser ones.
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