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This problem involves optimizing a multivariable function under a given
constraint, a common scenario in calculus and mathematical optimization.
Specifically, we are asked to find the maximum and minimum values of the
function U(x, y, z) = x + y + z, subject to the condition that X + Y Z 1.
Before delving into the solution, it's important to clarify the nature of the
constraint, as the notation "X + Y Z 1" appears to be incomplete or possibly
a typographical error. Typically, such problems involve a constraint
expressed as an equation, such as X + Y Z = 1, or an inequality. Assuming the
most common case, the problem likely refers to the constraint:

X + Y Z = 1

where x, y, and z are real variables. If this is the case, the problem
becomes a classic constrained optimization problem that can be approached
using methods such as Lagrange multipliers.

In this article, we will explore the process step by step, covering the
formulation of the problem, the application of Lagrange multipliers, and the
analysis of the solutions to find the maximum and minimum of the function
U(x, y, z). We will also discuss potential variations and the significance of
the results.

---

Understanding the Problem and the Constraints

The Objective Function

The function to optimize is:

U(x, y, z) = x + y + z

This is a linear function in three variables, representing a plane in three-
dimensional space. Our goal is to find the points (x, y, z) on the constraint
surface for which U(x, y, z) attains its maximum and minimum values.

The Constraint

Assuming the constraint is:

x + y z = 1

This is a surface in three-dimensional space, and the problem reduces to
finding the extrema of U on this surface.

Note: If the original problem intended a different constraint, such as an



inequality or a different equation, the approach might vary. For the purpose
of this article, we proceed with the assumption that the constraint is:

x + y z = 1

---

Applying Lagrange Multipliers

Lagrange multipliers provide a systematic method to find the extrema of a
function subject to a constraint. The method involves setting up the
Lagrangian:

L(x, y, z, λ) = U(x, y, z) - λ (x + y z - 1)

where λ is the Lagrange multiplier.

Step 1: Write Down the Lagrangian

L(x, y, z, λ) = x + y + z - λ (x + y z - 1)

Step 2: Find the Partial Derivatives

Set the partial derivatives of L with respect to x, y, z to zero:

∂L/∂x = 1 - λ = 0 --> (1)

∂L/∂y = 1 - λ z = 0 --> (2)

∂L/∂z = 1 - λ y = 0 --> (3)

And also, the original constraint:

x + y z = 1 --> (4)

Step 3: Solve the System of Equations

From equations (1), (2), and (3):

(1) 1 - λ = 0 --> λ = 1

Substitute λ = 1 into (2):

1 - (1) z = 0 --> 1 - z = 0 --> z = 1

Similarly, from (3):

1 - (1) y = 0 --> y = 1

Now, use the constraint (4):

x + y z = 1

Substitute y = 1 and z = 1:

x + (1)(1) = 1 --> x + 1 = 1 --> x = 0



Step 4: Find the Critical Point

The point satisfying the above is:

x = 0, y = 1, z = 1

Calculate U at this point:

U(0, 1, 1) = 0 + 1 + 1 = 2

---

Determining Whether the Critical Point Is a
Maximum or Minimum

Given the linearity of U, the only critical point found through Lagrange
multipliers is a candidate for an extremum. To confirm whether this point
corresponds to a maximum or minimum, consider the nature of the function and
the constraint.

Extending the Analysis

Because the function U is linear and the constraint surface is a hyperbolic
paraboloid, the extremal values can be unbounded unless the domain is
restricted further. To explore the maximum and minimum values:

- Check for boundary behavior: As x, y, and z tend toward infinity or
negative infinity, evaluate U to see if it tends toward infinity or negative
infinity, subject to the constraint.

- Parametrize the constraint: For instance, express x in terms of y and z:

x = 1 - y z

then write U as:

U = (1 - y z) + y + z = 1 - y z + y + z

Analyze this expression to identify potential maximum and minimum values.

---

Alternative Approach: Parameterization and
Optimization

To better understand the extremal values, consider parameterizing the
constraint surface:

x = 1 - y z

Then,

U(y, z) = (1 - y z) + y + z



Rearranged as:

U(y, z) = 1 + y + z - y z

Now, treat y and z as variables and analyze the function:

U(y, z) = 1 + y + z - y z

Step 1: Fix one variable and analyze

For fixed z, U becomes a function of y:

U(y) = 1 + y + z - y z = 1 + z + y (1 - z)

Similarly, for fixed y:

U(z) = 1 + y + z - y z = 1 + y + z (1 - y)

Step 2: Find critical points

Set the partial derivatives with respect to y and z to zero:

∂U/∂y = 1 - z = 0 --> z = 1

∂U/∂z = 1 - y = 0 --> y = 1

Using y = 1, z = 1, we get:

x = 1 - (1)(1) = 0

and

U = 0 + 1 + 1 = 2

which matches the previous critical point.

Step 3: Explore boundary behavior

- If y or z tend toward infinity, observe the behavior of U:

For example, fixing z = 0:

U = 1 + y + 0 - y0 = 1 + y

As y → ∞, U → ∞

Similarly, for y fixed, z can tend to ±∞, making U unbounded.

Thus, the function U is unbounded above and below on the constraint surface,
implying that:

- The maximum value of U is unbounded (tends to +∞)
- The minimum value of U is unbounded (tends to -∞)

---



Conclusion: The Extrema of U(x, y, z) Under the
Constraint

Based on the analysis, the key points are:

- The critical point (x=0, y=1, z=1) yields U = 2, which can be a candidate
for a local extremum.
- Due to the unbounded nature of the function when allowing y and z to tend
to infinity or negative infinity, U does not have a finite global maximum or
minimum under the given constraint unless further restrictions are imposed.

Final Remarks

- If the domain of variables is restricted to bounded regions, the maximum
and minimum can be determined explicitly within those bounds.
- In the unconstrained case, or with the current assumptions, the function U
is unbounded, and the maximum and minimum values are infinite in magnitude.

---

Summary of Key Points

- The problem involves maximizing and minimizing a linear function under a
nonlinear constraint.
- Applying Lagrange multipliers identified a critical point at (x=0, y=1,
z=1) with U = 2.
- The analysis reveals that the function U can tend toward infinity or
negative infinity depending on the values of y and z, indicating no finite
global extrema without additional constraints.
- Additional restrictions or domain limitations are necessary to find finite
maximum and minimum values.

This problem exemplifies the importance of understanding the domain and the
nature of the constraint surface in optimization problems. Properly applying
techniques like Lagrange multipliers provides critical points, but analyzing
the behavior at the boundaries or at infinity is essential for determining
the global extrema.

---

In conclusion, the maximum and minimum of the function U(x, y, z) = x + y +
z, subject to the constraint x + y z = 1, are unbounded in the absence of
further restrictions. The critical point at (0, 1, 1) yields a finite value
of 2, but the function can grow without bound

Frequently Asked Questions

What is the given constraint in the problem involving
variables X, Y, and Z?

The constraint is that X + Y + Z = 1.



What is the function U(x, y, z) that needs to be
maximized and minimized?

The function is U(x, y, z) = X + Y + Z.

How can the problem of finding the maximum and
minimum of U subject to the constraint be approached?

Since U = X + Y + Z and the constraint is X + Y + Z = 1, U is constant and
equals 1, so its maximum and minimum are both 1.

Does the function U(x, y, z) depend on the individual
values of X, Y, and Z beyond their sum?

No, because U = X + Y + Z, which is fixed at 1 due to the constraint, so U is
constant regardless of the individual values of X, Y, and Z.

What are the maximum and minimum values of U under
the given constraint?

Both the maximum and minimum values of U are 1.

Is there any variation in the value of U, given the
constraint X + Y + Z = 1?

No, U remains constant at 1 for all values of X, Y, and Z satisfying the
constraint.

Additional Resources
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Understanding the optimization of functions under constraints is a
fundamental aspect of calculus and mathematical analysis, especially in
fields like economics, engineering, and physics. In this context, the problem
involves finding the maximum and minimum values of the function U(x, y, z) =
x + y + z, subject to the constraint given by the relation X + Y Z 1.
Although the exact form of the constraint appears ambiguous due to the
notation "X + Y Z 1," it is common to interpret such expressions as either an
equality or inequality involving the variables. For the purpose of this
discussion, we will explore the case where the constraint is X + Y Z = 1,
which is a typical form in optimization problems.

This problem exemplifies the use of techniques such as Lagrange multipliers,
substitution, and boundary analysis to locate extrema of functions within
given constraints. The insights gained from solving it can be extended to a
broad class of constrained optimization problems.

---



Understanding the Problem Statement

Before delving into the solution methods, it is critical to interpret the
problem accurately.

The Objective Function
The function to optimize is:
\[ U(x, y, z) = x + y + z \]
This is a linear function in three variables and represents a sum of the
variables.

The Constraint
Assuming the intended constraint is:
\[ x + y z = 1 \]
or, in other possible interpretations:
- \( x + y z \leq 1 \)
- \( x + y z \geq 1 \)
- \( x + y + z = 1 \)

Given the context, the most common and mathematically tractable form is the
equality:
\[ x + y z = 1 \]

This defines a surface in the 3D space over which the extrema of \( U \) are
sought.

---

Mathematical Approach to the Problem

To find maximum and minimum values of \( U \) subject to the constraint, we
need to employ methods suited for constrained optimization problems.

Method 1: Substitution
If possible, express one variable in terms of others using the constraint and
substitute into \( U \).

Method 2: Lagrange Multipliers
A more systematic approach, especially when the constraint is complex, is the
method of Lagrange multipliers.

---



Applying the Method of Lagrange Multipliers

The Lagrangian function is constructed as:
\[ \mathcal{L}(x, y, z, \lambda) = x + y + z - \lambda (x + y z - 1) \]

Here, \(\lambda\) is the Lagrange multiplier enforcing the constraint \( x +
y z = 1 \).

The necessary conditions for extrema are obtained by setting the partial
derivatives to zero:

\[
\begin{cases}
\frac{\partial \mathcal{L}}{\partial x} = 1 - \lambda = 0 \\
\frac{\partial \mathcal{L}}{\partial y} = 1 - \lambda z = 0 \\
\frac{\partial \mathcal{L}}{\partial z} = 1 - \lambda y = 0 \\
\frac{\partial \mathcal{L}}{\partial \lambda} = -(x + y z - 1) = 0
\end{cases}
\]

Let's analyze these equations step-by-step.

---

Solving the System of Equations

From the first equation:
\[ 1 - \lambda = 0 \implies \lambda = 1 \]

Using \(\lambda = 1\) in the second and third equations:

\[
\begin{cases}
1 - (1) z = 0 \implies z = 1 \\
1 - (1) y = 0 \implies y = 1
\end{cases}
\]

Now, substitute \( y = 1 \) and \( z = 1 \) into the constraint:

\[
x + y z = 1 \implies x + (1)(1) = 1 \implies x + 1 = 1 \implies x = 0
\]

Thus, the critical point is:

\[
(x, y, z) = (0, 1, 1)
\]

Evaluating \( U \) at this point:

\[
U(0, 1, 1) = 0 + 1 + 1 = 2
\]



---

Finding the Extrema: Is This a Maximum or
Minimum?

Since \( U \) is linear and unbounded in the space, the maximum and minimum
values can tend toward infinity unless restricted further. To determine
whether this critical point corresponds to a maximum or minimum, we analyze
the nature of the function over the constrained surface.

---

Boundary Analysis and Unboundedness

Given the linearity of \( U \), the function is unbounded unless the domain
is restricted. For example, if there are no bounds on \( x, y, z \), then:

- \( U \to +\infty \) as \( x, y, z \to +\infty \) along certain directions
satisfying the constraint.
- Similarly, \( U \to -\infty \) as these variables tend toward negative
infinity.

Therefore, the nature of maximum and minimum depends heavily on the domain
restrictions.

---

Additional Constraints and Real-World
Boundaries

In practical problems, variables are often restricted to certain domains—like
non-negativity or upper bounds. If we impose:

\[
x, y, z \geq 0
\]

then the problem becomes bounded, and the extrema can be located on the
boundary of the domain.

---

Examining the Boundary Conditions

Let's analyze the behavior at the boundary:

- When \( x = 0 \), the constraint reduces to \( y z = 1 \), with \( y, z
\geq 0 \).



The sum:
\[
U = y + z
\]
To maximize \( y + z \), given \( y z = 1 \), note that by AM-GM inequality:

\[
y + z \geq 2 \sqrt{ y z } = 2
\]

with equality at \( y = z = 1 \). The minimum occurs when \( y \to 0^+ \), \(
z \to \infty \), or vice versa, making the sum arbitrarily large, indicating
unboundedness.

- When \( y = 0 \), then \( x + 0 \times z = 1 \implies x = 1 \), and \( U =
1 + 0 + z \). As \( z \to \infty \), \( U \to \infty \). Similarly, for \(
z=0 \), \( x=1 \), \( y \) can tend to infinity, making the sum unbounded.

This analysis shows that without domain restrictions, the function \( U \)
can tend to infinity in either direction, indicating no finite maximum or
minimum exists globally.

---

Conclusion: Summary of Results

- The critical point found via Lagrange multipliers at \((x, y, z) = (0, 1,
1)\) yields \( U = 2 \). This is a stationary point under the constraint \( x
+ y z = 1 \).
- Without restrictions, the function \( U \) is unbounded, and both maximum
and minimum values do not exist in the classical sense.
- Imposing domain constraints (such as non-negativity) leads to a bounded
feasible region, within which the minimum occurs at the stationary point, and
the maximum can tend towards infinity in certain directions.
- The problem exemplifies the importance of boundary analysis and domain
considerations in optimization.

---

Features, Pros, and Cons of the Approach

Features:

- Utilizes the method of Lagrange multipliers to systematically find critical
points.
- Combines algebraic and inequality analysis to understand the behavior of
the function.
- Highlights the importance of domain restrictions in optimization problems.

Pros:

- Provides a clear framework for solving constrained optimization problems.
- Capable of handling complex constraints beyond simple substitution.
- Offers insight into the nature of solutions (maxima/minima) via critical



point analysis.

Cons:

- Sensitive to the interpretation of the constraint notation.
- May yield extraneous solutions if domain restrictions are not considered.
- In unbounded domains, the method alone cannot determine global extrema
without additional constraints.

---

Final Remarks

The problem of maximizing or minimizing \( U(x,y,z) = x + y + z \) under the
constraint \( x + y z = 1 \) encapsulates core concepts in multivariable
calculus. It demonstrates how the method of Lagrange multipliers identifies
stationary points, while boundary and domain considerations are crucial for
understanding the true nature of extrema. In real-world applications,
constraints often come with natural bounds—such as non-negativity or physical
limits—which turn an unbounded problem into a bounded one, enabling the
determination of meaningful maximum and minimum values
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