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Understanding the structure of groups in abstract algebra is essential for mathematicians and
students alike. When analyzing a cyclic group G generated by an element a with order O(a) = 45, it
becomes important to identify its generators, subgroups, and the behavior of powers such as a™6.
This article provides a detailed examination of these aspects, offering insights into the structure of G

and its properties, all presented in an accessible manner for learners and enthusiasts of group
theory.

1. All Generators of G

A fundamental concept in group theory is the notion of generators. For a cyclic group G = (a), where
G is generated by the element a, the entire group consists of the powers of a: G = {e, a,a”2, ...,
a”™{n-1}}, with n = O(a) = 45 in this case.

Understanding Generators in Cyclic Groups

In a cyclic group of order n, an element g is a generator if and only if its order is n. Equivalently, g
generates G if the smallest positive integer k such that g™~k = e is k = n. The set of all generators of
G corresponds to those elements a”k where k is coprime to n, meaning gcd(k, n) = 1.

Finding the Generators of G

Given that O(a) = 45, the generators are precisely the elements a”™k with 1 < k < 45, where gcd(k,
45) = 1.

- Step 1: Find all integers k between 1 and 45 that are coprime to 45.
- Step 2: For each such k, the element a”~k is a generator.

Since 45 factors as 372 5, the totient function ¢(45) gives the number of generators:
©(45) =45 (1-1/3) (1 -1/5) =45 (2/3) (4/5) = 45 (8/15) = 24.

Therefore, there are 24 generators, corresponding to the 24 integers k in {1, 2, ..., 45} satisfying
gcd(k, 45) = 1.



Listing the Generators

The integers k that are coprime to 45 are:
1,2,4,7,8,11,13, 14, 16, 17, 19, 22, 23, 26, 28, 29, 31, 32, 34, 37, 38, 41, 43, 44.
Correspondingly, the generators are:

-a™1

-a™2

-a™4

-a™7

-a™8

-a™~{11}
-a~{13}
-a™~{14}
-a™~{16}
-a™~{17}
-a™{19}
-a™~{22}
-a~{23}
-a™ {26}
-a™~{28}
-a™{29}
-a™{31}
-a~{32}
-a~{34}
-a™{37}
-a™{38}
-a™{41}
-a~{43}
-a™~{44}

Each of these elements generates the entire group G.

2. All Subgroups of G

Subgroups of cyclic groups have a well-understood structure. Every subgroup of a cyclic group is
itself cyclic, and the order of each subgroup divides the order of the entire group.

Divisors of 45 and Corresponding Subgroups

Since O(G) = 45, the divisors of 45 are:

1,3,5,9, 15, 45.



For each divisor d, there exists a unique subgroup of order d, generated by a™{45/d}.

Listing All Subgroups

- Subgroup of order 1:

-{e} = = ={e}

- Subgroup of order 3:

- = ={e,a™ {15}, a"{30}}

- Subgroup of order 5:

- = ={e,a™{9},a~{18}, a~ {27}, a”{36}}

- Subgroup of order 9:

- = ={e, a”™{5},a~{10}, a~{15}, a~ {20}, a~ {25}, a~ {30}, a~ {35}, a~{40}}
- Subgroup of order 15:

- = ={e,a™{3}, a~{6}, ..., a~{42}} (with 15 elements)
- Subgroup of order 45:

- The entire group G itself: = G

In total, G has exactly six subgroups corresponding to each divisor of 45, aligning with the
fundamental theorem of cyclic groups.

3. Order of a”6: O(a"6)

Understanding the order of a power of a generator provides insights into the subgroup structure and
element properties within G.

Computing O(a”™6)

The order of an element a”k in a cyclic group of order n is given by:
O(a”™k) = n/gcd(n, k)

Applying this to a™6:

-n =45



-k=6

Calculate gcd(45, 6):
- gcd(45,6) =3
Therefore,
O(@a"6)=45/3=15

Conclusion: The element a”6 has order 15 in G.

Implications of O(a™6)

Since a”6 has order 15, it generates a subgroup of G of order 15:

- Subgroup = {e, a”6,a”~{12}, a~{18}, a~{24}, a~ {30}, a~ {36}, a~ {42}, a~ {48}, a”~ {54},
a™~{60}, a~{66}, a~{72}, a~{78}, a"~{84}}

This subgroup is cyclic of order 15, and it is a proper subgroup of G, reflecting the structure of the
larger group.

Summary

In examining G = (a) with order 45, we find:

- Generators: The 24 elements a”k where gcd(k, 45) = 1, including elements like a~1, a”2, a™4,
etc.

- Subgroups: Six subgroups corresponding to divisors of 45, generated by powers of a such as
a™{15}, a~{9}, a~{5}, and so on.

- Order of a”~6: The element a”6 has order 15, forming a cyclic subgroup of size 15 within G.

A detailed understanding of these aspects reveals the elegant structure of cyclic groups and the
interplay between elements, subgroups, and their orders. Whether you're a student exploring group
theory or a mathematician delving into the properties of cyclic groups, these principles serve as
foundational concepts that underpin much of algebraic theory.

Keywords: cyclic group, generators, subgroups, group order, element order, group theory, algebra,
finite groups, subgroup structure, powers of an element

Frequently Asked Questions



Given a finite group G with order O(a) = 45, how do we
determine all generators of G?

To find all generators of G, identify elements whose order equals 45, i.e., elements of maximum
order. Since 45 = 372 5, generators are elements whose order is 45. The number of generators is
©(45) = 24, where o is Euler's totient function. These are elements with order 45, which generate G.

What are the all possible subgroups of a group G with order
457

By Lagrange's theorem, subgroups of G have orders dividing 45. The divisors are 1, 3, 5, 9, 15, and
45. Therefore, G has exactly one subgroup of each order dividing 45: the trivial subgroup, subgroups
of orders 3, 5, 9, 15, and G itself. These can be constructed from elements of corresponding orders.

How do we find the order of the element a”6 in G where |a| =
45?

The order of a”6 is given by |a”6| = |a| / gcd(|a|, 6) = 45 / gcd(45, 6). Since gcd(45, 6) = 3, the
order ofa”~6is45/3 = 15.

Is the group G with order 45 necessarily cyclic?

Not necessarily. A group of order 45 can be cyclic or non-cyclic. If G is cyclic, it is generated by a
single element of order 45. If not, it could be a product of groups of smaller orders, such as a direct
product of cyclic groups of orders 9 and 5.

How many generators does a cyclic group of order 45 have?

A cyclic group of order 45 has @(45) = 24 generators, where ¢ is Euler's totient function,
representing elements of order 45.

What is the structure of subgroups of G of order 9?

Subgroups of order 9 in G are cyclic of order 9 if G is cyclic, generated by elements of order 9. If G is
not cyclic, the structure may vary, but in a cyclic group, there's exactly one subgroup of each divisor
order, including order 9.

How to compute O(a”6) when |a| = 45?
0(a™6) = 45 / gcd(45, 6) = 45/ 3 = 15.

Can an element a in G with order 45 satisfy a”6 having order
15?

Yes. Since |a”6| = |a| / gcd(|al, 6) = 15, the element a”6 has order 15, which is a divisor of 45.



Are all subgroups of G cyclic if |G|=45?

In a finite group of order 45, all subgroups are cyclic if G itself is cyclic. If G is non-cyclic, some
subgroups may be non-cyclic, but for order dividing 45, subgroups are typically cyclic or direct
products of cyclic groups.

What is the significance of Euler’s totient function in
analyzing G with |a|=45?

Euler's totient function ¢(45) helps determine the number of generators of a cyclic group of order
45, which is 24. It also aids in understanding the structure and the number of elements of various
orders within G.

Additional Resources
Group Theory Analysis: Exploring the Structure of G with O(a) = 45

In the fascinating realm of abstract algebra, group theory offers a structured lens through which
mathematicians analyze symmetry, structure, and the fundamental properties of algebraic systems.
Today, we delve into a specific finite group G characterized by the element a with an order of 45,
denoted as O(a) = 45. Our goal is to comprehensively examine this group by identifying its
generators, subgroups, and the order of powers of its elements, specifically a”6. This exploration
not only deepens our understanding of G's intrinsic properties but also exemplifies the analytical
methodology used in modern algebra.

Understanding the Foundations: Group G and Its
Element a

Before we proceed to the detailed analysis, it’s crucial to establish a clear understanding of the
parameters:

- G is a finite group containing an element a such that O(a) = 45.

- The order of an element, denoted O(a), is the smallest positive integer n such that a”n = e, where e
is the identity element of G.

- The order of G itself is at least as large as the order of its elements, and in many cases, the
structure of G is heavily influenced by the orders of its generators.

Given that a has order 45, G is necessarily a finite group whose structure is compatible with the
properties of cyclic groups generated by elements of order 45. Our task involves exploring the
implications of this order, particularly regarding the generators, subgroups, and the order of powers
of a.



Part 1: All Generators of G

What Are Generators and Why Do They Matter?

In group theory, a generator of a group G is an element from which every other element of G can be
derived through successive applications of the group operation. In the case of cyclic groups, the
generators are elements that have the same order as the group itself, i.e., they generate the entire
group.

For a cyclic group G of order n, the generators are precisely those elements with order n. The

number of generators in a cyclic group of order n is given by Euler’s totient function ¢(n), which
counts the positive integers up to n that are coprime with n.

Generators in the Context of G with O(a) = 45

Given that a has order 45, and considering that G contains a, it’s natural to investigate whether G is
cyclic or whether it possesses other generating elements.

Case 1: G is cyclic of order 45
- If G is cyclic and generated by a, then:

-G [J C 45, the cyclic group of order 45.
- The generators of G are elements a”k where k is coprime with 45, i.e., gcd(k, 45) = 1.

- The number of generators is @(45).
Calculating @(45):

- Factor 45: 45 =325
- Euler's totient function:

\[

\phi(45) = 45 \times \left(1 - \frac{1}{3}\right) \times \left(1 - \frac{1}{5}\right) = 45 \times
\frac{2}{3} \times \frac{4}{5} = 45 \times \frac{8}{15} = 45 \times \frac{8}{15}

\]

Simplify:

\[

45 \times \frac{8}{15} = 3 \times 8 = 24
\]

- Therefore, there are 24 generators of G in this case.



Generators of G:

- All elements a”k such that gcd(k, 45) = 1.
- Explicitly, k can be any integer from 1 to 44 satisfying gcd(k, 45) = 1.

List of the values of k coprime with 45 (from 1 to 44):
-1,2,4,7,8,11, 13, 14, 16, 17, 19, 22, 23, 26, 28, 29, 31, 32, 34, 37, 38, 41, 43, 44.
Summary:

- All generators of G are elements a”k where k belongs to this coprime set.
- Each such element has order 45, and together they generate the entire group.

Case 2: G is not necessarily cyclic

- If G is non-cyclic but contains an element of order 45, then G could be a direct product or a more
complex structure.

- However, without additional information, the simplest and most natural assumption is that G is
cyclic, especially given the focus on generators tied to the element a.

Conclusion:
- All generators of G are precisely those elements a”k with gcd(k, 45) = 1.

- The number of such generators is 24.
- These elements are the "building blocks" of G, as they can generate G entirely.

Part 2: All Subgroups of G

Subgroup Structure in Cyclic Groups

In cyclic groups, the subgroup structure is well-understood and elegant:

- Every subgroup of a cyclic group of order n is itself cyclic.
- There is exactly one subgroup of order d for each divisor d of n.
- These subgroups are generated by a”™{n/d}.

Given G [] C 45 (assuming cyclicity based on the previous section), the subgroups correspond
directly to the divisors of 45.



Divisors of 45 and Corresponding Subgroups

The divisors of 45 are:
-1,3,5,9, 15, 45.
For each divisor d, there exists a unique subgroup of order d:

| D | Subgroup | Generator | Description |

| I | |
{e} | a~{45/1} = a~{45} = e | The trivial subgroup containing only the identity |
(a~{45/3}) = (a~{15}) | a~{15} | Subgroup of order 3 |
(a~{45/5}) = (a~{9}) | a~{9} | Subgroup of order 5 |
(
| (
|

a”~{45/9}) = (a”~{5}) | a~{5} | Subgroup of order 9 |
a”~{45/15}) = (a”~{3}) | a~ {3} | Subgroup of order 15 |

I
I
I
I
I
I
| G itself | a | Subgroup of order 45, generated by a |

1]
3|
5 |
9|
15
45

Note:

- Each subgroup is cyclic, generated by a”~{n/d}, where n=45.
- The total number of subgroups is equal to the number of divisors of 45, which is 6.

Summary:
- The subgroups of G are:

. The trivial group: {e}
.{(a~{15}) of order 3
.(@a™{9}) of order 5
.(@a”™{5}) of order 9
.{a”{3}) of order 15

. G itself, (a), of order 45
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Part 3: Order of a6 (O(a”™6))

Understanding the Order of a Power

The order of a”~k in a finite group is given by:

\[
O(a”k) = \frac{O(a)}{\gcd(O(a), k) }
\]

where O(a) is the order of a.



Given O(a) = 45, we compute O(a™6):
\[

O(a”6) = \frac{45}{\gcd(45, 6)}

\]

Calculating gcd(45, 6):

- 45 factors: 372 5
- 6 factors: 2 3

Common factors:
-gcd(45,6) = 3

Therefore:

\[

0(a”™6) = \frac{45}{3} =15
\]

Implication:

- The element
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