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Understanding how to determine the equations of the elastic curve is
fundamental in structural engineering and mechanics of materials. When
analyzing beams subjected to various loads, engineers often need to derive
the deflection shape, or elastic curve, to assess the performance and safety
of structures. This article explores the process of calculating the elastic
curve's equation using two specific coordinates, Xi and Xz, under the
assumption that the flexural rigidity, EI, remains constant throughout the
beam. By the end, you'll have a comprehensive understanding of the
methodology, including the necessary boundary conditions and integration
steps.

Introduction to the Elastic Curve and Its
Significance

The elastic curve represents the deflection shape of a beam under load within
the elastic limit. It is a critical concept because it provides insight into
how a structure deforms under loading conditions. Engineers use the elastic
curve to:

- Predict maximum deflections and ensure they are within permissible limits.
- Identify points of maximum bending moments.
- Design safe and efficient structural elements.

The fundamental relation governing the elastic curve is derived from the
Euler-Bernoulli beam theory, which simplifies the analysis by assuming plane
sections remain plane and perpendicular to the neutral axis after bending.

Fundamental Equations and Assumptions

Before delving into the derivation, it is essential to understand the basic
assumptions and equations:

- Constant Flexural Rigidity (EI): The product of the modulus of elasticity
(E) and the moment of inertia (I) is uniform along the length of the beam.
- Loadings and Boundary Conditions: The type of load (point load, distributed



load, moment) and boundary conditions (simply supported, fixed, free)
influence the shape of the elastic curve.
- Differential Equation of the Elastic Curve:

\ [
\frac{d"2 y}{dx"2} = \frac{M(x)}{EI}
\1]

where:

- \( y \) is the deflection at point \( x \),
( M(x) \) is the bending moment at point \( x \),

( EI \) is the flexural rigidity (assumed constant).

~ - -

This differential equation forms the foundation for deriving the elastic
curve.

Using Coordinates X1 and Xz to Determine the
Elastic Curve

In practical applications, engineers often analyze the elastic curve between
two points \( X 1 \) and \( X 2 \). These points could correspond to
locations along the beam where boundary conditions or specific loadings are
applied. The goal is to find an explicit equation for \( y(x) \) within this
interval.

Step 1: Establish Boundary or Known Conditions

To solve the differential equation, boundary conditions at \( X 1 \) and \(
X 2 \) are necessary. These conditions may include:

- Known deflections \( y(X_ 1) \) and \( y(X_2) \),
- Known slopes \( y'(X 1) \) and \( y'(X 2) \),
- Or combinations thereof, depending on the support types and loading.

Common boundary conditions include:
- Fixed support: \(y =0 \), \(y' =0\),
)

- Simply supported: \(y =0 \),

- Free end: \( y' \) and \( y'"' \) may be specified.

The choice of boundary conditions influences the integration constants.



Step 2: Integrate the Differential Equation

Given the differential equation:

\ [
\frac{d"2 y}{dx"2} = \frac{M(x)}{EI}
\]

Assuming \( M(x) \) is known over the interval \( [X 1, X 2] \), integrate
twice:

1. First integration:

\ [
\frac{dy}{dx} = \int \frac{M(x)}{EI} dx + C 1
\1]

2. Second integration:

\ [
y(x) = \int \left[ \int \frac{M(x)}{EI} dx + C 1 \right] dx + C 2

\1

The constants \( C 1 \) and \( C 2 \) are determined by applying boundary
conditions.

Step 3: Expressing the Bending Moment \( M(x) \)

The bending moment \( M(x) \) depends on the loading and boundary conditions.
For example:

- For a simply supported beam with a point load \( P \) at mid-span, \( M(x)
\) can be expressed piecewise.

- For a uniformly distributed load \( w \), \( M(x) \) often takes a
quadratic form.

In many cases, \( M(x) \) can be written as a polynomial, simplifying
integration.

Step 4: Integrate to Find \( y(x) \) Using Known \(
M(x) \)

Suppose \( M(x) \) is known and integrable; then the deflection equation
becomes:

\[



y(x) = \frac{1}{EI} \int {X 1}~{x} \int {X 1}~{\xi} M(\eta) d\eta d\xi + C 1
(x - X1) +C2
\1

The integration constants \( C 1 \) and \( C 2 \) are found by applying
boundary conditions at \( X 1 \) and \( X 2 \).

Determining Constants Using Boundary Conditions

Applying boundary conditions at \( X 1 \) and \( X 2 \):
- For deflection:

\[
y(X 1) =y 1 \quad \text{and} \quad y(X 2) =y 2
\1

- For slope:

\ [
y'(X 1) =y 1' \quad \text{and} \quad y'(X 2) =y 2'
\1

Using these, solve the resulting system of linear equations to find \( C 1 \)
and \( C 2 \).

Example:
Suppose at \( X 1 \), the beam is simply supported, so \( y(X 1) = 0 \), and

at \( X 2 \), the deflection is also zero, \( y(X 2) = 0 \). The boundary
conditions simplify the calculation.

Practical Application: Step-by-Step Procedure

To determine the elastic curve equations between \( X 1 \) and \( X 2 \),
follow this systematic approach:

1. Identify loading and boundary conditions: Determine the type of support,
loads, and known displacements or slopes at \( X 1 \) and \( X 2 \).

2. Express the bending moment \( M(x) \): Derive \( M(x) \) from the load
distribution and boundary conditions.

3. Integrate \( M(x) \): Perform the first and second integrations to
obtain \( y(x) \), including integration constants.



4. Apply boundary conditions: Use known \( y \) and \( y' \) at \( X 1\)
and \( X 2 \) to solve for the constants \( C 1 \) and \( C 2 \).

5. Write the final equation: Express \( y(x) \) explicitly over \( [X 1,
X 2] \).

Example Calculation: Simply Supported Beam with
Uniform Load

Suppose a simply supported beam of length \( L \) is subjected to a uniform
load \( w \), and we want to find the elastic curve between two points \( X 1
\) and \( X_2 \).

Step 1: Bending Moment \( M(x) \):
\ [

M(x)
\1]

\frac{w}{2} x (L - x)

Step 2: Integrate \( M(x) \):

\ [
\frac{dy}{dx} = \frac{1}{EI} \int M(x)
\frac{w}{2} \int x(L - x) dx \right) +
\1

dx + C 1 = \frac{1}{EI} \left(
c1

Calculate the integral:

\ [
\int x(L - x) dx = \int (Lx - x72) dx = \frac{L}{2} x*2 - \frac{1l}{3} x*3 + C
\1

Thus:

\ [

\frac{dy}{dx} = \frac{w}{2 EI} \left( \frac{L}{2} x*2 - \frac{1}{3} x"3
\right) + C_ 1

\1

Step 3: Find \( y(x) \):

\ [

y(x) = \int \frac{dy}{dx} dx + C 2
\1

which involves integrating the expression for \( dy/dx \).



Step 4: Apply boundary conditions:

At \( X 1=0\), \(y(®) =0\); at \( X2 =1L\), \(y(L) =0\). Use these
to solve for \( C 1 \) and \( C 2 \).

Frequently Asked Questions

How do you set up the differential equation for the
elastic curve when EI is constant?

When EI is constant, the differential equation for the elastic curve is given
by EI d?y/dx? = M(x), where M(x) is the bending moment at position x. This
simplifies to d2?y/dx? = M(x)/EIL.

What are the steps to determine the elastic curve
between two points X1 and X2?

First, derive the bending moment equation M(x) over the interval [X1, X2],
then integrate twice to obtain the elastic curve y(x). Apply boundary
conditions at X1 and X2 to solve for integration constants, ensuring the
curve accurately reflects the beam's deflection between those points.

How can boundary conditions be applied to find the
constants when determining the elastic curve?

Boundary conditions such as known deflections and slopes at X1 and X2 are
used to set up equations. Substituting these conditions into the integrated
form of y(x) allows solving for the unknown constants, ensuring the elastic
curve satisfies the physical constraints at the endpoints.

Why is it important to consider the coordinates X1
and X2 when determining the elastic curve?

X1 and X2 define the segment of the beam under analysis. Knowing these
coordinates allows for precise integration of the bending moment over that
interval and ensures the elastic curve accurately models the deflection
between specific points, especially when loadings and support conditions are
localized.

How does the assumption of constant EI simplify the
process of determining the elastic curve?

Assuming EI is constant simplifies the differential equation to a linear
form, making integration straightforward. It eliminates the need to account
for variable flexural rigidity, allowing direct integration of the bending



moment divided by EI to find the deflection curve between X1 and X2.

Additional Resources

Determine The Equations Of The Elastic Curve Using The Coordinates X1 And X2.
EI Is Constant.

Understanding the elastic behavior of beams and structural elements is
fundamental in structural engineering and mechanics of materials. One common
challenge faced by engineers and students alike is determine the equations of
the elastic curve using the coordinates X1 and X2, with EI being constant.
This process involves deriving the deflection curve of a beam subjected to
various loads, ensuring that the design and safety requirements are met. In
this article, we will explore a comprehensive, step-by-step guide to derive
the elastic curve equations considering the given coordinates and constant
flexural rigidity, EI.

Introduction to the Elastic Curve

The elastic curve, also known as the deflection curve, describes the shape
that a beam takes under load when it deforms elastically. Its importance
cannot be overstated, as it directly influences the structural integrity and
serviceability of a beam.

Key Concepts:

- Elasticity: The ability of a material to return to its original shape after
load removal.

- Deflection: The displacement of a point on the beam from its original
position.

- EI (Flexural Rigidity): The product of the modulus of elasticity (E) and
the moment of inertia (I). When EI is constant, the beam's material and
cross-sectional properties are uniform along its length.

Fundamental Principles and Equations
The Differential Equation of the Elastic Curve

The elastic curve \( y(x) \) of a beam under bending is governed by the
differential equation:

\ [
\frac{d"2 y}{dx"2} = -\frac{M(x)}{EI}
\1

where:
- \( y(x) \) is the deflection at position \( x \),



- \( M(x) \) is the bending moment at \( x \),
- \( EI \) is the flexural rigidity, assumed constant.

This fundamental relation links the curvature of the beam to the bending
moment distribution.

Relationship to Slope and Deflection

The first derivative of the elastic curve gives the slope:

\ [
\frac{dy}{dx} = \theta(x)
\1

and the second derivative relates to the curvature:

\ [
\frac{d”2 y}{dx"2} = \frac{d \theta}{dx}
\1

Using Coordinates X1 and X2 in the Elastic Curve

When analyzing a beam, often the points \( X 1 \) and \( X 2 \) are critical
locations along the beam's length where boundary conditions or specific
displacements are known. These points might correspond to supports, load
application points, or points of interest where deflections are measured or
prescribed.

What Does Using X1 and X2 Entail?

- Given points \( X 1 \) and \( X 2 \) with known deflections or boundary
conditions.

- The goal is to determine the overall equation of the elastic curve between
these points, considering the loadings and boundary conditions.

Step-by-Step Guide to Derive the Elastic Curve Equation
Step 1: Establish Boundary Conditions

Identify and list known conditions at \( X 1 \) and \( X 2 \). These could
include:

- Deflections: \( y(X 1) \) and \( y(X 2) \)
- Slopes: \( \theta(X 1) \) and \( \theta(X 2) \)

- Support conditions (simply supported, fixed, roller, etc.)

Step 2: Determine the Bending Moment Equation \( M(x) \)



Depending on the loading (point loads, distributed loads, moments), derive
the expression for \( M(x) \) in the interval \( [X 1, X 2] \).

- For point loads, use static equilibrium equations.
- For distributed loads, integrate the load distribution to obtain \( M(x)
\).

Step 3: Integrate the Differential Equation

Given:

\ [
\frac{d"2 y}{dx"2} = -\frac{M(x)}{EI}
\]

integrate twice to find \( y(x) \):

\ [
\frac{dy}{dx} = \theta(x) = -\frac{1}{EI} \int M(x) dx + C 1
\1

\ [

y(x) = -\frac{1}{EI} \int \left( \int M(x) dx \right) dx + C 1 x + C 2

\1

where \( C 1 \) and \( C 2 \) are constants of integration to be determined.
Step 4: Apply Boundary Conditions to Solve for Constants

Use the known values at \( X 1 \) and \( X 2 \):

y(X_1)
y(xX 2) =
\theta(X
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Substitute these into the integrated equations to solve for \( C 1 \) and \(
C2\).

Example: Determining the Elastic Curve Between Two Points
Let's consider a practical example to illustrate this process.

Assumptions:

- The beam is simply supported at \( X 1 =0 \) and \( X 2 =L \).

- A uniform distributed load \( w \) acts along the entire span.

- The deflections at supports are zero: \( y(0) =0 \), \( y(L) =0 \).
- \( EI \) is constant along the length.



Step 1: Bending Moment Equation
For a simply supported beam with uniform load:

\ [
M(x) = \frac{w}{2} x (L - x)
\1

Step 2: Integrate to Find \( y(x) \)
Calculate:

\ [
\frac{dy}{dx} = -\frac{1}{EI} \int M(x) dx + C 1
\1

\ [
\int M(x) dx = \int \frac{w}{2} x (L - x) dx
\1

which simplifies to:

\ [

\int \frac{w}{2} (xL - x72) dx = \frac{w}{2} \left( \frac{L x"2}{2} -
\frac{x"3}{3} \right) + C

\1

So,

\[

\frac{dy}{dx} = -\frac{1}{EI} \times \frac{w}{2} \left( \frac{L x"2}{2} -

\frac{x"3}{3} \right) + C 1
\]

Integrate again:

\ [

y(x) = -\frac{1}{EI} \int \left[ \frac{w}{2} \left( \frac{L x"2}{2} -
\frac{x"3}{3} \right) \right] dx + C 1 x + C 2

\1

which involves straightforward polynomial integrations.
Step 3: Apply Boundary Conditions

At \( x=0 \):

\ [

y(0) = 0 \Rightarrow \text{gives an equation to solve for constants}
\1]



At \( x=L \):

\ [
y(L) = 0 \Rightarrow \text{another equation}
\1

Solve these simultaneously to find \( C 1 \) and \( C 2 \).

Step 4: Final Equation

(x) \).

Substitute \( C 1 \) and \( C 2 \) back into the expression for \( y
=0 \) and \(

The resulting formula describes the elastic curve between \( X 1
X 2=L \).

Special Cases and Additional Considerations

1. Non-Uniform Loads

If the load distribution varies along the span, \( M(x) \) becomes more
complex, involving piecewise functions or variable load functions. The
integration process remains similar but may require piecewise integration.

2. Multiple Supports or Point Loads

Use superposition principles and divide the beam into segments, solving for
each segment's elastic curve and ensuring continuity conditions at junctions.

3. Fixed or Cantilever Beams

Boundary conditions change, affecting the constants \( C 1 \) and \( C 2 \).
For example, fixed supports impose zero deflection and slope at the support.

Practical Tips for Engineers and Students

- Always verify boundary conditions before solving for constants.

- Use symbolic or numerical integration tools when dealing with complex
loadings.

- Check the units throughout the process to avoid errors.

- Ensure continuity of deflection and slope at points where segments meet.
- Validate your results by comparing with known solutions or finite element
simulations.

Conclusion

Determine the equations of the elastic curve using the coordinates X1 and X2,



with EI being constant, is a fundamental task in structural analysis. The
process hinges on understanding the relationship between bending moments,
curvature, and deflections, and systematically applying integration with
boundary conditions. Whether dealing with simple supported beams,
cantilevered structures, or complex loadings, this approach provides a solid
foundation for analyzing and designing safe and efficient structures.

By mastering these steps, engineers and students can confidently predict beam
deflections, optimize structural performance, and ensure compliance with
safety standards.
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