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Introduction

In computer science and algorithm analysis, understanding how functions grow relative to each
other is crucial. This understanding helps optimize algorithms, predict performance, and analyze
computational complexity. Big O notation, in particular, provides a way to classify algorithms based
on their growth rates as input size increases. When analyzing functions, a common task is to
determine whether a particular function \( F(x) \) is bounded above by another function, such as \(
0(x"2)\).

In this article, we will examine three functions:

-\(F)=17x+ 11)
-\( F(x) =x\log x )
-\( F(x) = \frac{x~4}{2}\)

Our goal is to determine whether each of these functions is \( O(x"2) \). To do so, we will review the
concept of Big O notation, analyze each function's growth rate, and establish whether they are
bounded above by a quadratic function as \( x \to \infty \).

Understanding Big O Notation
What Is Big O Notation?

Big O notation describes the upper bound of an algorithm's running time or a function's growth rate.
Formally, a function \( F(x) \) is said to be \( O(g(x)) \) if there exist positive constants \( C \) and \(
x 0) such that:

\[
F(x) \leq C \cdot g(x) \quad \text{for all} \quad x \geq x 0
\]

In simpler terms, beyond some point \( x_0\), \( F(x) \) does not grow faster than a constant multiple
of \( g(x) \).

Why Is This Important?



Understanding whether a function is \( O(x”~2) \) helps determine if the function's growth rate is
quadratic or slower. This is vital in selecting efficient algorithms for large input sizes, as algorithms
with lower growth rates are generally faster and more scalable.

Analyzing the Functions

Now, let's analyze each of the three functions to determine whether they are \( O(x"2) \).

Function 1: \( F(x) = 17x + 11)
Growth Rate Analysis

The function \( F(x) = 17x 4+ 11) is a linear function with a constant term. As \( x \to \infty \), the
dominant term is \( 17x\).

Is\(F(x) V\(0(x"2)\)?

- Since linear functions grow slower than quadratic functions, it is intuitive that \( 17x + 11 \) should
be \( O(x"2) ).

- To formally verify, we need to find constants \( C\) and \( x_0) such that:

\[
17x + 11 \leq C \cdot x~2 \quad \text{for all} \quad x \geq x 0

\]

- For large \( x\), the \( +11 ) can be ignored, and the inequality simplifies to:

\[
17x \leq C \cdot x"2

\]
- Dividing both sides by \( x \) (assuming \( x > 0 )):

\[
17 \leq C \cdot x

\]

- To satisfy this inequality, choose:

\[
C\geq \frac{17}{x}
\]

- As \( x \to \infty \), \( \frac{17} {x} \to 0\). Therefore, for any \( C \geq 17 \), the inequality holds for
all sufficiently large \( x \).



- For instance, pick \( C = 18\). Then, for \( x \geq x 0):
\[

17x + 11 \leq 18x"2

\]

- To find \(x 0), solve:

\[

17x + 11 \leq 18x"2

\]

- Dividing both sides by \( x \):

\[

17 + \frac{11}{x} \leq 18x

\]

-For\(x\geq 1\), \(\frac{11}{x} \leq 11). So:

\[

17 + 11 \leq 18x \Rightarrow 28 \leq 18x \Rightarrow x \geq \frac{28} {18} \approx 1.56
\]

- Therefore, for \( x \geq 2 \), the inequality holds.

Conclusion

Since there exist constants \( C = 18 \) and \( x 0 = 2\) such that:
\[

17x + 11 \leq 18x"2 \quad \text{for all} \quad x \geq 2

\]

the function \( F(x) = 17x + 11 \) is \( O(x"2) \).

Function 2: \( F(x) = x \log x\)
Growth Rate Analysis

The function \( x \log x \) grows faster than linear but slower than polynomial functions of degree
greater than 1.

- As \( x \to \infty \), \( \log x \) increases without bound, but very slowly.
- The overall growth rate of \( x \log x\) is superlinear but sub-quadratic.

IS\(F(x) ) \(0(x"2)\)?



- To verify, find constants \( C \) and \( x 0 ) such that:

\[

x \log x \leq C x"2

\]

for all \( x \geqx 0).

- Dividing both sides by \( x \):

\[

\log x \leq C x

\]

- Since \( \log x \) grows much slower than \( x ), for large enough \( x\), this inequality holds.

- For example, choose \( C = 1). Then, the inequality becomes:

\[
\log x \leq x
\]

- This inequality is true for all \( x \geq 1), since \( \log x \leq x \) for all \( x \geq 1 ).
- To find the specific \( x_0), note that:

\[
\log x \leq x
\]

- For \( x\geq 1)), this is always true because:

\[

\log1 =0\leq1

\]

and as \( x ) increases, the inequality continues to hold.

- Therefore, for \( x \geq 1), the original inequality:

\[

x \log x \leq x \cdot x = x"~2

\]

- So, choosing\(C=1\)and\(x 0 =1\):

\[

x \log x \leq 1 \cdot x~2 \quad \text{for all} \quad x \geq 1
\]

Conclusion



The function \( F(x) = x \log x \) is \( O(x"2) \) because it is bounded above by \( x~2\) for sufficiently
large \( x \).

Function 3: \( F(x) = \frac{x"~4}{2} )

Growth Rate Analysis

This is a polynomial function of degree 4 scaled by a constant \( \frac{1}{2} ).
- As \( x \to \infty \), the dominant term is \( \frac{x~4}{2} ).

Is\(F(x) ) \(0(x"2)\)?

- Since the degree of the polynomial is 4, which is higher than 2, it grows faster than any quadratic
function.

- To be \( O(x"~2) ), there would need to be constants \( C\) and \( x 0\) such that:

\[

\frac{x"4}{2} \leq C x"2

\]

for all \( x \geqx 0)).

- Dividing both sides by \( x"~2 \):

\[

\frac{x"4}{2 x*2} = \frac{x"2}{2} \leq C
\]

- For this inequality to hold as \( x \to \infty \):

\[
\frac{x"~2}{2} \leq C
\]

- But \(\frac{x"2}{2} \to \infty \) as \( x \to \infty \). Therefore, no finite \( C \) can satisfy this
inequality for sufficiently large \( x \).

Conclusion

The function \( F(x) = \frac{x~4}{2} ) is not \( O(x"2) \). Its growth rate exceeds quadratic bounds,
and it is instead \( O(x"4) \).

Summary of Results

| Function | Is \( F(x) \) \( O(x™2) \)? | Explanation |



[ | | = |
[\(17x + 11) | Yes | Linear functions are bounded by quadratic functions for large \( x ). |
| \(x\log x\

Frequently Asked Questions

How do I determine if the function F(x) = 17x + 11 is O(x?)?

Since 17x + 11 grows linearly and x? grows quadratically, F(x) = 17x + 11 is O(x?) because linear
functions are dominated by quadratic functions as x approaches infinity.

Is the function F(x) = x log x considered O(x2)?

Yes, because x log x grows slower than x2 for large x, so F(x) = x log x is O(x?).

How can I confirm whether F(x) = x*/ 2 is O(x2?)?

Since x* grows faster than x?, F(x) = x*/ 2 is not O(x?). It is actually O(x*).

What is the general approach to determine if a function is
0o(x?)?

Compare the growth rates of the function and x? as x approaches infinity. If the function grows no
faster than some constant multiple of x?, then it is O(x?).

Can functions like x log x be considered O(x2)?

Yes, because x log x grows asymptotically slower than x2, so it is O(x2).

Why is F(x) = 17x + 11 considered O(x?)?

Because the dominant term 17x grows slower than x?, and constants don't affect Big O classification,
so F(x) = 17x + 11 is O(x?).

Additional Resources

Asymptotic Analysis of Functions: Determining if They are O(x?)

Understanding the growth rates of functions is fundamental in algorithm analysis, computational
complexity, and mathematical modeling. When analyzing how functions behave as their input size
grows large, the concept of Big O notation provides a formal way to classify their asymptotic
behavior. In this article, we delve into three specific functions:

-\(Fx)=17x+ 11)
-\(F(x) = x\log x\)



-\(F(x) = \frac{x"~4}{2}\)

Our goal is to determine whether each of these functions is O(x2?) — that is, whether their growth
rate is asymptotically bounded above by a constant multiple of \( x”~2\) as \( x \to \infty \). This
exploration provides insight into how these functions compare to quadratic growth and offers a
detailed methodology applicable across various analyses.

Understanding Big O Notation and Its Importance

Before diving into the specific functions, it’s essential to clarify what it means for a function to be
0(x?).

Big O notation describes an upper bound on the growth rate of a function. Formally, a function \(
F(x)\) is O(g(x)) if there exist positive constants \( C \) and \( x 0) such that:

\[
|F(x)| \leq C \cdot g(x) \quad \text{for all} \quad x \geq x 0
\]

In our context, \( g(x) = x"2\). So, saying \( F(x) = O(x™2) \) means that beyond some large enough
\(x_0), the function \( F(x) \) does not grow faster than a constant multiple of \( x"2\).

This classification allows us to compare the efficiency or resource consumption of algorithms,
especially for large inputs. If \( F(x) \) is \( O(x"2) \), then it is considered "quadratic time" or

"quadratic growth," which is generally manageable for moderate sizes but may become expensive
for very large \( x\).

Analyzing Each Function for \( O(x"2) \) Classification

Now, we examine each function individually, applying formal limits and inequalities to determine
whether they are \( O(x"2) \).

1.\(Fx) =17x + 11)

Intuition and Growth Behavior

This is a linear function: as \( x \to \infty \), the dominant term is \( 17x\). The constant \( 11 )
becomes negligible in the asymptotic sense.



Formal Analysis

To verify whether \( F(x) \) is \( O(x~2) \), we need to determine if there exist constants \( C > 0)
and \( x 0) such that:

\[
17x + 11 \leq C x"2 \quad \text{for all} \quad x \geq x 0

\]

Rearranged:

\[
17x + 11 \leq C x"2

\]
Dividing both sides by \( x \) (for \( x \geq 1 \)):

\[
17 + \frac{11}{x} \leq C x
\]

As \( x \to \infty \), \( \frac{11}{x} \to 0), so the inequality simplifies to:

\[
17 \leq C x
\]

To satisfy this for all sufficiently large \( x \), choose \( C \geq 17 \) and \( x 0 \geq 1\). Specifically,
for any \( C \geq 17 ), the inequality holds once:

\[
x \geq \frac{17}{C}
\]

Since \( C ) can be any constant greater than or equal to 17, pick \( C = 17), then:

\[
x\geq 1
\]

Thus, for all \( x \geq 1\):

\[
17x + 11\leq 17x + 11 \leq 17x + 11 \leq 17x + 11 \quad (\text{obvious})

\]

More formally, for \( x \geq 1 \):

\[
17x + 11\leq 17x + 11 \leq 17x + 11 \leq 17x + 11

\]



And since \( 17x + 11 \leq 17x + 11), and for large \( x \), \( 17x\) dominates, it is clear that:

}:"[(X) = 17x + 11 \leq C x~2, \quad \text{with} \quad C = 17
\]

for sufficiently large \( x \).

Conclusion

Yes, \( F(x) = 17x + 11 ) is \( O(x"2) \).

In fact, linear functions are O(x), which is a subset of \( O(x"2) \). Therefore, linear functions are
also \( O(x"2)\).

2.\(F(x) =x\log x)

Intuition and Growth Behavior

The function \( x \log x \) grows faster than linear but slower than polynomial functions of degree
greater than 1, such as \( x"2\).

Formal Analysis

To check whether \( x \log x \) is \( O(x"~2) \), we analyze the limit:

\[

\lim_{x \to \infty} \frac{x \log x}{x"~2} = \lim {x \to \infty} \frac{\log x} {x}
\]

Applying the limit:

\[

\lim {x \to \infty} \frac{\log x} {x}

\]

Since \( \log x\) grows much slower than \( x\), the limit is:

\[

\lim {x \to \infty} \frac{\log x}{x} = 0

\]

This indicates that \( x \log x \) grows asymptotically slower than \( x"~2\).

Constructing the Bound

Given that the limit is zero, for sufficiently large \( x\), the ratio \( \frac{x \log x}{x"~2} \) is less than
any positive constant \( \varepsilon \). This implies:



\[

x \log x \leq C x™2

\]

for some \( C\), when \( x) is large enough.

Specifically, choose \( C ) such that:

\[

x \log x \leq C x"2

\]

Dividing both sides by \( x \):

\[
\log x \leq C x
\]

For any \( C > 0), there exists an \( x 0) such that for all \( x \geqx 0):

\[
\log x \leq C x
\]

This inequality is true because \( \log x \) grows much slower than \( x \). For example, choosing \( C
= 1)), the inequality:

\[

\log x \leq x

\]

holds for all \( x \geq 1 ).

Thus, for sufficiently large \( x \):

\[
x \log x \leq x \cdot x = x"2
\]

which confirms that;:

\[

x \log x \leq 1 \cdot x"2

\]

for all \( x \geq 1\). Therefore, \( F(x) = x \log x\) is O(x?).

Conclusion

Yes, \( F(x) = x\log x \) is \( O(x"2) \).
Moreover, it is strictly smaller than \( x"2 \) asymptotically, making it a "less than quadratic" growth



rate.

3. \( F(x) = \frac{x~4}{2} )

Intuition and Growth Behavior

This function is a polynomial of degree 4. As \( x \to \infty \), \( x4 \) dominates lower-degree terms.
The question is whether this growth rate stays within the bounds of \( x~2 ).

Formal Analysis
Calculate the limit:

\[

\lim {x \to \infty} \frac{\frac{x"~4}{2}}{x"2} =\lim {x \to \infty} \frac{x"~4}{2 x~2} = \lim {x \to
\infty} \frac{x"~2}{2} = \infty

\]

Since the limit diverges to infinity, the function \( \frac{x~4}{2} \) grows faster than any constant
multiple of \( x™2\). Therefore, it cannot be bounded above by \( C x*2\) for any finite \( C ).

Implication

This means:

\[

\frac{x~4}{2} \not\leq C x~2 \quad \text{for any finite} \quad C
\]

for sufficiently large \( x \).

Conclusion

No, \( F
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