FIND THE EQUATION OF THE TANGENT To THe CIRCLE
X +y*=25 AT THeroINT P(4,-3) ON THe CIRCLE

Fino THe EQUATION OF THe TANGENT To THE CIRCLE X2 + ¥*2 = 25 AT THe PoiNT P(4, -3) ON THe CIRCLE

UNDERSTANDING HOW TO FIND THE TANGENT LINE TO A CIRCLE AT A GIVEN POINT IS A FUNDAMENTAL CONCEPT IN COORDINATE
GEOMETRY. |T COMBINES KNOWLEDGE OF THE CIRCLE'S EQUATION, THE POINT OF CONTACT, AND THE PRINCIPLES OF
DIFFERENTIATION OR GEOMETRIC PROPERTIES. IN THIS ARTICLE, WE WILL EXPLORE THE STEP-BY-STEP PROCESS TO DETERMINE THE
EQUATION OF THE TANGENT LINE TO THE CIRCLE \( X2 + ¥"2 = 25 \) AT THE POINT \( P(4, -3) \), WHICH LIES ON THE
CIRCLE. THIS EXAMPLE WILL ALSO SERVE AS A COMPREHENSIVE GUIDE FOR SOLVING SIMILAR PROBLEMS INVOLVING CIRCLES AND
TANGENT LINES.

UNDERSTANDING THE EQUATION OF A CIRCLE

BEFORE DIVING INTO THE SOLUTION, IT IS CRUCIAL TO UNDERSTAND THE GENERAL FORM OF A CIRCLE'S EQUATION AND THE
SIGNIFICANCE OF ITS PARAMETERS.

THE STANDARD EQUATION OF A CIRCLE

THE STANDARD FORM OF A CIRCLE'S EQUATION IS:

\[
(x-HW"*2+(vy-K)"2=r"2
\]

WHERE:
= \((H, k)\) IS THE CENTER OF THE CIRCLE,
- \(R\) Is THE RADIUS.

IN oUR CASE, THE CIRCLE'S EQUATION IS:

\[
x"2 +vy*2=25
\]
WHICH INDICATES:

- Center AT \((O, O)V),
- Rabius \(r = 5\).

VEerIFYING THE POINT \( P(4, -3) \) Lies on THe CIRCLE

BEFORE FINDING THE TANGENT, VERIFY THAT THE POINT \( P(4, -3) \) INDEED LIES ON THE CIRCLE.

CALCULATE:

\l
X2+ 2=4"2+(-3)"2=16+9=25
\]



SINCE THIS EQUALS THE CIRCLE'S RADIUS SQUARED, THE POINT \( P(4, -3) \) IS ON THE CIRCLE.

MeTHODS To FIND THE EQUATION OF THE T ANGENT LINE

THERE ARE PRIMARILY TWO METHODS TO FIND THE TANGENT LINE AT A POINT ON A CIRCLE:

1. GeoMeTrIC MeTHOD (USING THE PERPENDICULAR RADIUS)

- THE RADIUS DRAWN FROM THE CIRCLE'S CENTER TO THE POINT OF TANGENCY IS PERPENDICULAR TO THE TANGENT LINE.
- THE SLOPE OF THE RADIUS \( OP \) IS USED TO FIND THE SLOPE OF THE TANGENT, WHICH IS THE NEGATIVE RECIPROCAL.

2. CaLcurLus MeTHop (UsING DERIVATIVES)

- DIFFERENTIATE THE CIRCLE'S EQUATION IMPLICITLY TO FIND THE SLOPE OF THE TANGENT LINE AT THE POINT.
- USE THE POINT-SLOPE FORM TO WRITE THE EQUATION OF THE TANGENT.

BOTH METHODS ARE VALID. IN THIS ARTICLE, WE WILL EXPLORE BOTH FOR COMPLETENESS.

MeTHOD 1: GEOMETRIC APPROACH

THIS APPROACH IS STRAIGHTFORWARD WHEN THE CIRCLE'S CENTER AND THE POINT ARE KNOWN.

Step 1: FIND THE sLoPE oF THE RaDIUS \( OP \)

GIVEN:
- Cener \( O(0, 0) ),
- Point \(P(4, -3) \).

CALCULATE THE SLOPE OF THE RADIUS \( OP \):

\[
M_{OP} =\rrac{y_P-v_OXx P-x_O}=\rrac{-3 - 0}{4 - 0} = \rrac{-3}{4}
\]

STep 2: FIND THE SLOPE OF THE TANGENT LINE \( M_{TANGENT} \)

SINCE THE RADIUS IS PERPENDICULAR TO THE TANGENT,

\[
M_{TANGENT} = - \rRAC{ THM_{OP}} = - \rrac{ 1} -\rrAc{3}{43} = \rrac{4}3}
\]



STeP 3: WRITE THE EQUATION OF THE TANGENT LINE

USING POINT-SLOPE FORM:

\[
Y -v_P=mM {TANGENT} (x - x_P)

\]

PLUGGING IN VALUES:

\[
v - (-3) = \rrac{43}{3} (x - 4)
\]

SIMPLIFY:

\[
vy + 3 = \rrac{4}{3} (x - 4)
\]

MULTIPLY BOTH SIDES BY 3 TO CLEAR DENOMINATOR:

\[
3(v+3)=4(x-4)
\]

ExPAND:

\[
3y +9=4x-16
\]

REARRANGED AS:

\[
Ax-3y-25=0
\]

FINAL EQUATION OF THE T ANGENT:

\[
\Boxep{4x - 3y = 25}
\]

THIS IS THE EQUATION OF THE TANGENT LINE AT POINT \( P(4, -3) \).

MeTHoD 2: CaLcurus (IMPLICIT DIFFERENTIATION)

THIS METHOD INVOLVES DIFFERENTIATING THE CIRCLE'S EQUATION TO FIND THE SLOPE OF THE TANGENT AT THE GIVEN POINT.



STeP 1: IMPLICIT DIFFERENTIATION OF THE CIRCLE'S EQUATION

GIVEN:

\[
x"2+v"2=25
\]

DIFFERENTIATE BOTH SIDES WITH ResPECT To \( x \):

\[
2x + 2y \rrac{py}ox} =0
\]

SIMPLIFY:

\[
x + v \rrac{ov}{ox} =0

\]

SoLve For \( \rrac{py}ox} \):

\[
\rrac{pY}{bx} = - \rrac{x}{v}

\]

Step 2: Finp THE sLope AT \(P(4,-3) \)

SuesTiTuTe \( x=4\), \( y=-3 \):

\[
\rrac{oy}{bx} = - \rrac{43}{-33} = \rrac{43}{3}
\]

THe sLope of THE TANGENT LINE AT \( P \) 15 \( \rrac{4}{3} \), MATCHING THE PREVIOUS METHOD.

STeP 3: WRITE THE TANGENT LINE'S EQUATION

USING POINT-SLOPE FORM:

\[
Y-y P=mM(x-x_P)

\]

\[
v - (-3) = \rrac{43}{33} (x - 4)
\]

\[
v + 3 = \rrac{43}{3} (x - 4)
\]

MULTIPLY THROUGH BY 3:



\[
3(v+3)=4(x-4)
\]

\[
3y +9=4x-16
\]

REARRANGED:

\[
4dx - 3y =25
\]

FINAL EQUATION OF THE T ANGENT:

\[
\Boxep{4x - 3y = 25}
\]

BOTH METHODS LEAD TO THE SAME EQUATION, CONFIRMING ITS ACCURACY.

ADDITIONAL T1Ps AND CoMMON MISTAKES

TiPs FOR SOLVING SIMILAR PROBLEMS

- ALWAYS VERIFY THAT THE POINT LIES ON THE CIRCLE BEFORE PROCEEDING.

- REMEMBER THAT THE RADIUS TO THE POINT OF TANGENCY IS PERPENDICULAR TO THE TANGENT.

- WHEN USING THE CALCULUS METHOD, IMPLICIT DIFFERENTIATION SIMPLIFIES THE PROCESS, ESPECIALLY FOR MORE COMPLEX
CIRCLES.

- CONVERT THE FINAL EQUATION INTO THE DESIRED FORM (STANDARD/ SLOPE-INTERCEPT, OR GENERAL) AS NEEDED.

CoMMON MISTAKES To Avolb

- CONFUSING THE SLOPE OF THE RADIUS WITH THE SLOPE OF THE TANGENT (THEY ARE PERPENDICULAR, HENCE NEGATIVE
RECIPROCALS).

- FORGETTING TO VERIFY THE POINT'S POSITION ON THE CIRCLE.

- ERRORS IN ARITHMETIC DURING ALGEBRAIC MANIPULATIONS.

- NOT SIMPLIFYING THE TANGENT LINE EQUATION FULLY.

SUMMARY

FINDING THE EQUATION OF THE TANGENT TO A CIRCLE AT A GIVEN POINT INVOLVES UNDERSTANDING THE GEOMETRIC
RELATIONSHIP BETWEEN THE RADIUS AND THE TANGENT, OR APPLYING CALCULUS TECHNIQUES. IN OUR EXAMPLE, WITH THE
ciRCLE \( X2 + v*2 =25 \) anp POINT \( P(4, -3) \), THE TANGENT LINE IS:



\[
\Boxep{4x - 3y = 25}
\]

THIS LINE TOUCHES THE CIRCLE EXACTLY AT THE POINT \( P \) AND IS PERPENDICULAR TO THE RADIUS \( OP \). BoTH
GEOMETRIC AND CALCULUS METHODS YIELD THE SAME RESULT, PROVIDING A SOLID UNDERSTANDING OF THE PROBLEM-SOLVING
PROCESS IN COORDINATE GEOMETRY.

CoNCLUSION

MASTERING HOW TO FIND THE TANGENT LINE TO A CIRCLE AT A SPECIFIC POINT IS ESSENTIAL FOR STUDENTS AND
PROFESSIONALS WORKING WITH GEOMETRIC FIGURES. W/HETHER APPROACHED THROUGH GEOMETRIC PRINCIPLES OR CALCULUS,
THE KEY STEPS INVOLVE VERIFYING THE POINT ON THE CIRCLE, DETERMINING THE SLOPE OF THE RADIUS OR USING IMPLICIT
DIFFERENTIATION, AND THEN APPLYING THE POINT-SLOPE FORM OF A LINE. WITH PRACTICE, SOLVING SUCH PROBLEMS BECOMES
INTUITIVE, ENHANCING YOUR OVERALL UNDERSTANDING OF CIRCLE PROPERTIES AND TANGENT LINES.

REMEMBER: PRACTICE WITH VARIOUS CIRCLE EQUATIONS AND POINTS TO BUILD CONFIDENCE AND DEVELOP A STRONG GRASP OF
TANGENT LINE CONCEPTS IN COORDINATE GEOMETRY.

FREQUENTLY ASkeD QUESTIONS

How DO YOU FIND THE EQUATION OF THE TANGENT TO THE CIRCLE X2 + Y2 = 25 AT A
GIVEN POINT P(4, -3)?

TO FIND THE TANGENT LINE AT P(4, -3), FIRST VERIFY THAT P LIES ON THE CIRCLE BY PLUGGING INTO THE EQUATION. THEN,
USE THE FACT THAT THE RADIUS VECTOR FROM THE CIRCLE'S CENTER TO P IS PERPENDICULAR TO THE TANGENT. THE SLOPE OF
THE RADIUS 1S (=3)/(4). THE TANGENT'S SLOPE IS THE NEGATIVE RECIPROCAL, WHICH IS 4/3. USING POINT-SLOPE FORM: Y +
3 =(4/3)(x = 4). SIMPLIFY TO GET THE TANGENT'S EQUATION.

W/HAT IS THE GENERAL METHOD TO FIND THE TANGENT LINE TO A CIRCLE AT A SPECIFIC
POINT?

THE GENERAL METHOD INVOLVES CALCULATING THE SLOPE OF THE RADIUS AT THE POINT, THEN FINDING THE NEGATIVE
RECIPROCAL OF THAT SLOPE TO GET THE TANGENT'S SLOPE. USING THE POINT AND THIS SLOPE, APPLY THE POINT-SLOPE FORM
OF A LINE TO DERIVE THE TANGENT'S EQUATION.

\W/HY IS THE TANGENT TO A CIRCLE PERPENDICULAR TO THE RADIUS AT THE POINT OF
CONTACT?

BECAUSE THE RADIUS OF A CIRCLE ALWAYS POINTS FROM THE CENTER TO THE POINT ON THE CIRCLE, AND THE TANGENT LINE
TOUCHES THE CIRCLE AT THAT POINT WITHOUT CROSSING THE RADIUS, THE TANGENT IS PERPENDICULAR TO THE RADIUS AT
THAT POINT.

How DO YOU VERIFY THAT THE POINT P(4, -3) LIES ON THE CIRCLE X2 + v2 = 25?

SUBSTITUTE X=4 AND Y==3 INTO THE CIRCLE'S EQUATION: 42 + (=3)2 =16 + 9 = 25. SINCE THE SUM EQUALS 25, P IS ON
THE CIRCLE.



\WHAT IS THE EQUATION OF THE CIRCLE CENTERED AT THE ORIGIN WITH RADIUS 57

THE EQUATION IS X2 + v2 = 25.

How DO YOU FIND THE SLOPE OF THE RADIUS AT POINT P(4, -3) FOR THE CIRCLE X2 +
2
v<=25°

THE RADIUS VECTOR FROM THE CENTER (0,0) To PoINT P is (4, -3), so ITs sLope Is (-3)/4.

\WHAT IS THE EQUATION OF THE TANGENT LINE TO THE CIRCLE AT P(4, -3)?

USING THE SLOPE OF THE RADIUS AS —3/4, THE TANGENT'S SLOPE IS 4/3. APPLYING POINT-SLOPE FORM: Y + 3 = (4/3)(x -
4). SIMPLIFYING GIVES THE TANGENT LINE EQUATION: 3(y + 3) = 4(x - 4).

CAN THE TANGENT LINE AT P(4, -3) BE WRITTEN IN SLOPE-INTERCEPT FORM? IF SO,
WHAT IS IT?

YES. STARTING FRoM 3(y + 3) = 4(x - 4): 3y + 9 =4x - 16,50 3y =4x - 25, aND ¥ = (4/3)x - 25/3.

WHAT IS THE SIGNIFICANCE OF THE POINT P(4, -3) IN THE CONTEXT OF THE CIRCLE X?
+v2=256?

PoINT P(4, ‘3) LIES ON THE CIRCLE, SERVING AS THE POINT OF TANGENCY WHERE THE TANGENT LINE TOUCHES THE CIRCLE.

ADDITIONAL RESOURCES

CircLE GEOMETRY AND T ANGENT LINE EQUATIONS: AN EXPERT BREAKDOWN OF FINDING THE T ANGENT AT A SPECIFIC POINT

INTRODUCTION

IN THE FASCINATING WORLD OF COORDINATE GEOMETRY, THE ABILITY TO DETERMINE THE EQUATION OF A TANGENT TO A CIRCLE
AT A GIVEN POINT IS A FUNDAMENTAL SKILL. |T COMBINES UNDERSTANDING OF THE CIRCLE'S EQUATION, THE CONCEPT OF
DERIVATIVES (OR GEOMETRIC PROPERTIES), AND ALGEBRAIC MANIPULATION. THIS ARTICLE PROVIDES AN IN-DEPTH,
COMPREHENSIVE ANALYSIS OF HOW TO FIND THE EQUATION OF THE TANGENT TO THE CIRCLE \( X2 + Y2 = 25 \) AT THE
POINT \( P(4, -3) \). WHETHER YOU'RE A STUDENT PREPARING FOR EXAMS OR AN ENTHUSIAST EAGER TO DEEPEN YOUR
UNDERSTANDING, THIS STEP-BY-STEP GUIDE WILL CLARIFY EACH CONCEPT AND METHOD INVOLVED.

(UNDERSTANDING THE PROBLEM
BEFORE DIVING INTO CALCULATIONS, LET'S CLARIFY WHAT IS BEING ASKED:
- GIVEN: A CIRCLE WITH THE EQUATION \( X2 + ¥*2 = 25 \), WHICH IS A CIRCLE CENTERED AT THE ORIGIN WITH RADIUS 5.

- PoinT: \( P(4, -3) \) LIES ON THIS CIRCLE.
- OBJECTIVE: FIND THE EQUATION OF THE TANGENT LINE TO THE CIRCLE AT POINT \( P \).

THE SiGNIFICANCE oF THE CIRCLE EQUATION

THE CIRCLE'S STANDARD FORM:



\[

x"2 +vy"2=gr"2

\]

Here, \(R = 5 \), INDICATING A CIRCLE CENTERED AT THE orIGIN \( (0, 0) \) WITH RADIUS 5.
KeY PROPERTIES:

= ANy POINT \( (X, Y) \) ON THE CIRCLE SATISFIES THE EQUATION.

- THE TANGENT LINE AT A POINT \( P \) ON THE CIRCLE IS PERPENDICULAR TO THE RADIUS \( OP \), wrere \( O \) Is THE
CIRCLE'S CENTER.

ConrirMING THAT \( P(4, -3) \) Lies on THE CIRCLE

BeFORE PROCEEDING, VERIFY THAT \( P \) IS INDEED ON THE CIRCLE:

\l
X*2+v"2=4"2+(-3)"2=16+9=25
\]

SINCE THE SUM EQUALS 25, \( P \) LIES ON THE CIRCLE, CONFIRMING THE POINT OF TANGENCY.

METHODS TO FIND THE EQUATION OF THE T ANGENT

THERE ARE MULTIPLE APPROACHES TO FIND THE TANGENT LINE:

1. GEoMETRIC METHOD (USING THE PERPENDICULARITY OF RADIUS AND TANGENT).
2. USING THE POINT-SLOPE FORM WITH THE SLOPE DERIVED FROM THE RADIUS.

3. IMPLICIT DIFFERENTIATION TO FIND THE SLOPE OF THE TANGENT AT THE POINT.

THE MOST ELEGANT METHOD HERE IS IMPLICIT DIFFERENTIATION, WHICH LEVERAGES CALCULUS TO FIND THE SLOPE AT THE POINT
THEN USES POINT-SLOPE FORM TO WRITE THE TANGENT'S EQUATION.

’

MeTHOD 1: GEOMETRIC APPROACH - THE PERPENDICULAR RADIUS

Step 1: FIND THE SLOPE oF THE RADIUS \( OP \).
Since THE CenTer 1S AT \( O(0, 0) \), THe sLore oF THE RaDIUS \( OP \) connecTing \( (0,0) \) To \( (4, -3) \):

\[
M {OP} =\rrac{y_2-v_T1}{x 2-x_1}=\rrac{-3 - 04 - 0} = \rrac{-3}{4}
\]

STEP 2: FIND THE SLOPE OF THE TANGENT LINE.

THe TANGENT LINE AT \( P \) Is perpENDICULAR TO \( OP \), so:

\[
M_{TANGENT} = - \FrrAC{ TH{M_{OP}} = - \,rrac{ 1}{-\rrac{33}{43} = \rrac{4}{3}
\]



STeP 3: WRITE THE TANGENT LINE EQUATION USING POINT-SLOPE FORM:

\[
y-v_ 1=m(x-x_1)

\]
PLucaING IN \(P(4, -3) \) anp \( M = \rrac{4}{3} \):

\[
vy + 3 = \rrac{4}{3}(x - 4)
\]

MULTIPLY BOTH SIDES BY 3 TO CLEAR DENOMINATOR:

\[
3(v+3)=4(x-4)
\]

\[

3y +9=4x-16
\]

REARRANGED:

\[
4x - 3y =25
\]

THUS, THE EQUATION OF THE TANGENT LINE IS:

\[
\Boxep{4x - 3y = 25}
\]

THIS METHOD PROVIDES A STRAIGHTFORW ARD GEOMETRIC SOLUTION.

MeTHoD 2: IMPLICIT DIFFERENTIATION

THIS CALCULUS-BASED APPROACH IS POWERFUL AND GENERALIZES TO MORE COMPLEX CURVES.

STeP 1: DIFFERENTIATE THE CIRCLE EQUATION \( X2 + "2 = 25 \) wiTH respecT To \( x \):

\[

\rrac{p}ox3 (x*2 + v*2) = \rrac{p}{ox}(25)
\]

\[

2x + 2y \rrac{pyHox} =0

\]

Step 2: SoLve For \( \rrac{oy}{box3 \):

\[
2y \rrac{oy}{px} = -2x

\]
\[



\rrac{oy}{bx} = - \rrac{x}{v}

\]

Step 3: Finp THE sLope AT \(P(4, -3) \):

\[

\LerT. \rrac{oY}Hox]} \riGHT|_{(4, -3)} = - \rrac{4}{-3} = \rrac{4}{3}
\]

THEe SLoOPE OF THE TANGENT LINE AT \( P \) MATCHES THE PREVIOUS RESULT.

STeP 4: W/RITE THE TANGENT LINE'S EQUATION USING POINT-SLOPE FORM:

\[
vy-v_1=m(x-x_1)

\]
\l

v + 3 = \rrAc{4}H{3}x - 4)
\]

THIS LEADS AGAIN TO:

\[
4x - 3y =25
\]

SUMMARY OF RESULTS

BOTH METHODS CONVERGE TO THE SAME TANGENT LINE EQUATION:

\[
\Boxep{4x - 3y = 25}
\]

WHICH CONFIRMS THE CORRECTNESS AND ROBUSTNESS OF THE APPROACH.

ADDITIONAL CONSIDERATIONS
1. ALTERNATE FORMS OF THE EQUATION

- STAaNDARD FOrRM: \( 4x - 3y =25\)
- SLOPE-INTERCEPT FORM:

\[

-3y =-4x + 25

\]

\[

v = \rrAc{43}{33x - \rrac{253}{3}
\]

- GRAPHICAL INTERPRETATION: THE TANGENT LINE PASSES THROUGH \( P(4, -3) \) wITH A sLope oF \( \rrac{4}{ 33} \),
TOUCHING THE CIRCLE AT EXACTLY ONE POINT.

2. VERIFYING THE T ANGENT LINE



To VERIFY THAT THE LINE IS INDEED TANGENT:

- THE LINE SHOULD INTERSECT THE CIRCLE AT EXACTLY ONE POINT.
- SuesTITUTING \( ¥ = \Frrac{43}{3}x - \rrac{25}{3} \) INTO THE CIRCLE'S EQUATION:

\[
x*2 + \LerT( \FrAC{43{3}x - \FrrAc{25}{3} \riGHT)"2 = 25
\]

CALCULATING:

\[
x*2 + \LerT( \FrAC{4x - 253} \rIGHT)"2 = 25
\]

\[
x*2 + \rrac{(4x - 25)"23}{9} = 25
\]

MULTIPLY THROUGH BY 9:

\[
Ox"2 + (4x - 26)"2 = 225
\]

ExPAND:

\[
9x"2 + 16x"2 - 200x + 625 = 225
\]

COMBINE LIKE TERMS:

\[
25x"2 - 200x + 625 = 225

\]

BRING ALL TO ONE SIDE:

\[
25x"2 - 200x + 400 = 0
\]

DIVIDE ENTIRE EQUATION BY 25:

\[
x"2-8x+16=0
\]

DISCRIMINANT:

\[
\DeLtAa=(-8)"2 -4 \1iMes 1 \TiMes 16 =64 -64=0
\]

A DISCRIMINANT OF ZERO INDICATES EXACTLY ONE SOLUTION, CONFIRMING THE LINE IS TANGENT AT \( P \)



FINAL REMARKS

FINDING THE EQUATION OF THE TANGENT LINE TO A CIRCLE AT A SPECIFIC POINT IS A CLASSIC PROBLEM THAT COMBINES
GEOMETRIC INTUITION WITH ALGEBRAIC AND CALCULUS-BASED TECHNIQUES. THE KEY OBSERVATIONS ARE:

- THE TANGENT AT A POINT ON A CIRCLE IS PERPENDICULAR TO THE RADIUS AT THAT POINT.
- THE SLOPE OF THE RADIUS CAN BE USED TO FIND THE SLOPE OF THE TANGENT.
- IMPLICIT DIFFERENTIATION PROVIDES A CALCULUS-BASED METHOD TO FIND THE SLOPE DIRECTLY.

IN THIS CASE, THE TANGENT LINE TO THE CIRCLE \( X2 + v"2 = 25 \) AT THE POINT \(P(4, -3) \) 1s \( 4x - 3y =25 ))
A LINE THAT JUST GRAZES THE CIRCLE AT THAT POINT, PERFECTLY ILLUSTRATING THE ELEGANCE OF COORDINATE GEOMETRY.
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