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For Hermitian Operators A And B, What Must Be True About A Constant Such That The
Operator—this intriguing question touches on fundamental concepts in linear algebra and quantum
mechanics, where understanding the behavior of Hermitian (or self-adjoint) operators is crucial.
When dealing with such operators, especially in the context of addition, scalar multiplication, or
other algebraic operations, determining the properties of constants involved becomes essential. This
article aims to explore the conditions and implications of introducing a constant into Hermitian
operators, shedding light on their spectral properties, commutation relations, and the criteria that
ensure the resulting operators maintain desired attributes like Hermiticity.

Understanding Hermitian Operators

Definition and Basic Properties
Hermitian operators, also known as self-adjoint operators, are linear operators A on a complex inner
product space (such as a Hilbert space) that satisfy the relation:

\[ A = A^{\dagger} \]

where \(A^{\dagger}\) denotes the adjoint (conjugate transpose in finite dimensions). These
operators are characterized by several key properties:
- Their eigenvalues are real.
- They are diagonalizable with an orthonormal basis of eigenvectors.
- They represent observable quantities in quantum mechanics.

Examples of Hermitian Operators
Common examples include:
- Position and momentum operators in quantum mechanics.
- The Hamiltonian (energy operator).
- Any real symmetric matrix in finite dimensions.

The Role of Constants in Operator Equations

Adding a Constant to a Hermitian Operator
A typical operation involves adding a scalar constant \(c\) to a Hermitian operator \(A\):



\[ A' = A + cI \]

where \(I\) is the identity operator. Since \(A\) is Hermitian and \(c\) is a scalar (complex number),
the question arises: under what conditions on \(c\) does \(A'\) remain Hermitian?

Key Point: The Hermiticity of \(A'\) depends on the properties of \(c\).

Multiplying a Hermitian Operator by a Constant
Similarly, consider scalar multiplication:

\[ B = \lambda A \]

where \(\lambda\) is a scalar constant. For \(B\) to be Hermitian when \(A\) is Hermitian, the scalar
\(\lambda\) must satisfy certain conditions.

Conditions for Constants to Preserve Hermiticity

Adding a Scalar Constant
When adding a scalar \(c\) to a Hermitian operator \(A\), the following must be true:

- Real Scalar: \(c\) must be a real number (\(c \in \mathbb{R}\)).

Reasoning:
- Since \(A\) is Hermitian, \(A^{\dagger} = A\).
- The adjoint of \(A + cI\) is:

\[ (A + cI)^{\dagger} = A^{\dagger} + c^{}I = A + c^{}I \]

- For \(A + cI\) to be Hermitian:

\[ A + cI = (A + cI)^{\dagger} = A + c^{}I \]

which implies:

\[ c = c^{} \Rightarrow c \in \mathbb{R} \]

Conclusion: The only constants that can be added to a Hermitian operator without losing Hermiticity
are real numbers.

Multiplying by a Scalar Constant
For scalar multiplication, the condition is:

- Real Scalar: \(\lambda \in \mathbb{R}\).



Reasoning:
- The adjoint of \(\lambda A\) is:

\[ (\lambda A)^{\dagger} = \lambda^{}A^{\dagger} \]

- Since \(A = A^{\dagger}\):

\[ (\lambda A)^{\dagger} = \lambda^{}A \]

- For \(\lambda A\) to be Hermitian:

\[ \lambda A = (\lambda A)^{\dagger} = \lambda^{}A \]

- Given that \(A\) is non-zero, this requires:

\[ \lambda = \lambda^{} \Rightarrow \lambda \in \mathbb{R} \]

Conclusion: Scalar multiplication preserves Hermiticity only when the scalar is real.

Implications in Quantum Mechanics and Mathematical
Physics

Observables and Constants
In quantum mechanics, observables are represented by Hermitian operators. When adding a
constant to an observable, the physical interpretation remains consistent only if the added constant
is real. For example, shifting the energy levels by a real constant (adding \(cI\)) translates the
spectrum without affecting the physical properties.

Commutation Relations
Adding a scalar constant to an operator does not alter its commutation relations with other
operators:

\[ [A + cI, B] = [A, B] + c[I, B] = [A, B] \]

since the identity operator commutes with all operators. This invariance is essential in quantum
theory, where constants added to operators often do not change the underlying physics.

Special Cases and Advanced Topics



Complex Constants and Non-Hermitian Operators
If the constant \(c\) is complex, then \(A + cI\) generally ceases to be Hermitian. This has
implications in areas like non-Hermitian quantum mechanics or PT-symmetric systems, where
operators are not necessarily Hermitian but can still have real spectra under certain conditions.

Spectral Theorem and Constant Shifts
The spectral theorem states that any Hermitian operator can be diagonalized via a unitary
transformation:

\[ A = U D U^{\dagger} \]

where \(D\) is a diagonal matrix of eigenvalues. Adding a real constant \(c\) shifts all eigenvalues
uniformly:

\[ A + cI = U (D + cI) U^{\dagger} \]

making the spectral analysis straightforward and preserving the Hermitian nature.

Summary and Key Takeaways
- For a constant \(c\) such that \(A + cI\) remains Hermitian, \(c\) must be a real number.
- Scalar multiplication of a Hermitian operator by a real scalar preserves Hermiticity.
- Adding a real constant to a Hermitian operator shifts its spectrum without affecting its
fundamental properties.
- These principles are foundational in quantum mechanics, where operators represent measurable
quantities, and their spectral properties have physical significance.

Conclusion
Understanding what must be true about a constant when working with Hermitian operators is vital
in both theoretical and applied physics. The requirement that the constant be real ensures the
operator's Hermiticity, thereby maintaining real eigenvalues and physical observability. Whether
adding a constant or scaling an operator, the realness of the scalar is the key condition. This insight
not only underpins the mathematical consistency of quantum theory but also guides practical
computations and spectral analyses involving Hermitian operators.

---

If you have further questions about Hermitian operators, spectral theory, or their applications in
physics and mathematics, feel free to ask!

Frequently Asked Questions



What is the significance of the constant when considering the
sum of two Hermitian operators A and B?
The constant often appears in the context of adding a scalar multiple of the identity operator to one
of the operators, which preserves Hermitian properties and can shift the spectrum without affecting
Hermitian nature.

Under what condition does adding a constant c to a Hermitian
operator A produce another Hermitian operator?
Any real constant c added to a Hermitian operator A results in a new Hermitian operator A + cI,
where I is the identity operator, since adding a real scalar times the identity preserves Hermiticity.

Why must the constant c be real when shifting a Hermitian
operator A to maintain its Hermitian property?
Because Hermitian operators are equal to their adjoints, and adding a real scalar times the identity
operator maintains this property, whereas adding a complex scalar would not.

Does the value of the constant c affect the eigenvalues of the
Hermitian operator A?
Yes, adding a real constant c to A shifts all eigenvalues by c, but the eigenvectors remain
unchanged, preserving the spectral properties except for the shift.

Is there a restriction on the size or magnitude of the constant
c for the operator A + cI to remain bounded?
The constant c itself does not affect boundedness directly; boundedness depends on A. However,
adding c shifts the spectrum but does not alter the boundedness of A.

How does the constant c influence the commutation
properties of A + cI with other operators?
Since cI commutes with all operators, adding cI to A does not change the commutation relations; A +
cI commutes with any operator that A commutes with.

In the context of spectral theorems, what role does the
constant c play when added to a Hermitian operator A?
Adding a real constant c shifts the entire spectrum of A by c, which is useful in spectral analysis and
in defining shifted operators for various applications.

Can the constant c be complex if A and B are Hermitian



operators and their sum remains Hermitian?
No, because adding a complex constant would generally produce a non-Hermitian operator. The
constant must be real to preserve Hermiticity.

What is the primary condition on the constant c to ensure the
operator A + cI remains Hermitian?
The primary condition is that c must be a real number; this ensures that A + cI remains Hermitian
since the sum of a Hermitian operator and a real scalar multiple of the identity is Hermitian.

Additional Resources
For Hermitian Operators A And B, What Must Be True About A Constant Such That The Operator

---

Introduction

In the realm of linear algebra and functional analysis, Hermitian operators (also known as self-
adjoint operators in infinite-dimensional spaces) occupy a central role due to their rich mathematical
structure and profound physical implications, especially in quantum mechanics. These operators,
characterized by their equality to their own adjoint, exhibit real spectra and orthogonal
eigenvectors, which makes them essential in understanding observable quantities.

A particularly intriguing question arises when considering two Hermitian operators, \(A\) and \(B\),
and the conditions under which their linear combinations or related operators preserve certain
properties. Specifically, the question, "For Hermitian operators \(A\) and \(B\), what must be true
about a constant \(c\) such that the operator \(A + cB\) possesses a particular property?" is both
mathematically rich and practically significant. This investigation delves into the necessary and
sufficient conditions on the constant \(c\) that ensure properties such as Hermiticity, positivity,
spectral characteristics, or commutativity are preserved or achieved.

This comprehensive review aims to explore this question thoroughly, examining the underlying
principles, relevant theorems, and implications in operator theory and physics.

---

Understanding Hermitian Operators

Before analyzing the conditions on \(c\), it is essential to clarify the foundational properties of
Hermitian operators.

Definition: An operator \(A\) on a complex Hilbert space \(\mathcal{H}\) is Hermitian (self-adjoint) if

\[
A = A^
\]



where \(A^\) denotes the adjoint of \(A\).

Key properties:

- Real Spectrum: The spectrum \(\sigma(A)\) of a Hermitian operator is a subset of the real numbers.
- Orthogonal Eigenbasis: There exists an orthonormal basis of \(\mathcal{H}\) consisting of
eigenvectors of \(A\).
- Positivity: \(A\) is positive (or positive semi-definite) if \(\langle \psi, A \psi \rangle \geq 0\) for all
\(\psi \in \mathcal{H}\).

---

The Core Question: Conditions on \(c\) for \(A + cB\)

Given two Hermitian operators \(A\) and \(B\), the central problem involves determining the nature
of the constant \(c\) such that the operator \(A + cB\) satisfies a specified property. The properties of
interest often include:

- Hermiticity (self-adjointness): Ensuring \(A + cB\) remains Hermitian.
- Positivity or semi-definiteness: Ensuring \(A + cB \geq 0\).
- Spectral properties: Ensuring the spectrum of \(A + cB\) lies within a certain set.
- Commutativity: Conditions under which \(A\) and \(A + cB\) commute or share eigenvectors.

While the Hermiticity of \(A + cB\) is straightforward (since the sum of two Hermitian operators is
Hermitian for any scalar \(c\)), the more subtle question involves the positivity and spectral
properties, which depend heavily on \(c\).

---

Hermiticity of \(A + cB\)

Key Point: If \(A\) and \(B\) are Hermitian, then for any real \(c\),

\[
(A + cB)^ = A^ + c B^ = A + c B
\]

which implies \(A + cB\) is Hermitian for all real \(c\).

Implication: The constant \(c\) does not affect the Hermiticity of the linear combination, provided it
is real. If \(c\) is complex, then \(A + cB\) would generally not be Hermitian unless \(c\) is real,
because the adjoint operation would conjugate \(c\).

Conclusion:

- Necessary and sufficient condition for Hermiticity of \(A + cB\): \(c \in \mathbb{R}\).

---

Positivity and Spectral Conditions



The question becomes more nuanced when considering positivity or spectral bounds. Suppose the
goal is for \(A + cB\) to be positive semi-definite, i.e.,

\[
\langle \psi, (A + cB) \psi \rangle \geq 0, \quad \forall \psi \in \mathcal{H}.
\]

This inequality constrains the constant \(c\).

Key observations:

- Since \(A\) and \(B\) are Hermitian, the above inequality can be viewed as a quadratic form in
\(\psi\).

- The set of all \(c \in \mathbb{R}\) satisfying this depends on the spectral properties of \(A\) and
\(B\), as well as their mutual relationships.

---

Spectral Analysis and the Joint Numerical Range

To analyze the positivity condition, it is instructive to consider the joint numerical range:

\[
W(A, B) = \left\{ \left( \langle \psi, A \psi \rangle, \langle \psi, B \psi \rangle \right) : \|\psi\|=1
\right\}.
\]

This set encapsulates all possible expectation values of \(A\) and \(B\).

Implication: For any unit vector \(\psi\),

\[
\langle \psi, (A + c B) \psi \rangle = \langle \psi, A \psi \rangle + c \langle \psi, B \psi \rangle,
\]

which geometrically corresponds to the linear functional \(f_c\) over \(W(A, B)\):

\[
\forall (\alpha, \beta) \in W(A, B), \quad \alpha + c \beta \geq 0.
\]

Therefore:

\[
A + c B \geq 0 \quad \Longleftrightarrow \quad \text{the linear functional } (\alpha, \beta) \mapsto
\alpha + c \beta \text{ is non-negative on } W(A, B).
\]

This reduces the problem to understanding the convex set \(W(A, B)\) and the parameter \(c\).



---

Characterizing \(c\) for Positivity

Suppose \(W(A, B)\) is a convex subset of \(\mathbb{R}^2\). The linear functional \(\ell_c(\alpha,
\beta) = \alpha + c \beta\) is minimized over \(W(A, B)\) at some boundary point. To ensure \(A + c B
\geq 0\), the minimal value of \(\ell_c\) over \(W(A, B)\) must be non-negative:

\[
\inf_{(\alpha, \beta) \in W(A, B)} (\alpha + c \beta) \geq 0.
\]

This yields:

\[
c \in \left[ c_{\text{min}}, c_{\text{max}} \right],
\]

where

\[
c_{\text{min}} = \sup \left\{ c \in \mathbb{R} : \inf_{(\alpha, \beta) \in W(A, B)} (\alpha + c \beta)
\geq 0 \right\},
\]

and similarly for \(c_{\text{max}}\).

In particular, if the joint numerical range is a convex polygon with vertices \((\alpha_i, \beta_i)\), then
the extremal values of \(\alpha + c \beta\) are attained at vertices, and the bounds on \(c\) are given
by solving:

\[
\alpha_i + c \beta_i = 0,
\]

for those vertices with \(\beta_i \neq 0\).

---

Commutativity and Its Impact

If \(A\) and \(B\) commute, the spectral theorem allows simultaneous diagonalization, simplifying the
analysis significantly.

In this case:

- The operators can be represented as diagonal matrices in a common basis.

- The spectrum of \(A + c B\) is simply the set of sums of eigenvalues:

\[



\sigma(A + c B) = \left\{ \lambda_A + c \lambda_B : \lambda_A \in \sigma(A), \lambda_B \in \sigma(B)
\right\}.
\]

- The positivity of \(A + c B\) then reduces to the sign of the spectrum:

\[
\lambda_A + c \lambda_B \geq 0, \quad \forall \lambda_A, \lambda_B \text{ in spectra}.
\]

Hence, for all eigenvalues:

\[
c \geq - \frac{\lambda_A}{\lambda_B} \quad \text{for all } \lambda_A, \lambda_B \text{ such that }
\lambda_B \neq 0.
\]

The set of \(c\) satisfying this is an intersection of half-lines, often leading to explicit bounds.

If \(A\) and \(B\) do not commute:

- The problem becomes more complex, involving the joint spectral measures or more advanced
spectral theory tools.

---

Special Cases and Applications

1. Scalar Multiples of a Single Hermitian Operator
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