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Understanding the number of non-congruent triangles that can be formed by connecting three
vertices of a cube is a fascinating problem in geometric combinatorics and symmetry. This question
explores the intersection of geometry, symmetry groups, and combinatorial enumeration. The
problem involves identifying all possible triangles that can be created by selecting three vertices of a
cube and then classifying these triangles based on their congruence classes—meaning triangles that
are identical up to the transformations of the cube's symmetry group. The goal is to determine how
many distinct (non-congruent) triangles exist under these conditions.

In this comprehensive article, we will delve into the geometric properties of a cube, analyze the
possible triangles formed, explore the symmetry group of the cube, and systematically classify the
triangles by their geometric properties. This exploration will include detailed calculations, symmetry
considerations, and logical reasoning to arrive at a definitive count of the non-congruent triangles.

Understanding the Geometry of the Cube

Before analyzing the triangles, it is essential to understand the basic geometric structure of a cube.

Vertices and Coordinates of a Cube

A standard cube has 8 vertices, which can be represented in 3D Cartesian coordinates. For simplicity,
consider a cube with side length 1, positioned with vertices at:
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These points form the vertices of the cube.



Distances Between Vertices

The distances between pairs of vertices fall into three categories:

1. Edge length: Distance between adjacent vertices (e.g., (0,0,0) and (1,0,0)) is 1.

2. Face diagonal: Distance between vertices on the same face but not connected by an edge, e.g.,
(0,0,0) and (1,1,0), which is v2.

3. Space diagonal: Distance between opposite vertices, e.g., (0,0,0) and (1,1,1), which is v3.

These distances will help classify the triangles based on their side lengths.

Forming Triangles from Cube Vertices

A triangle is formed by selecting any three vertices of the cube. Since the cube has 8 vertices, the
total number of triangles is the number of combinations of 8 vertices taken 3 at a time:

\[
\text{Total triangles} = \binom{8}{3} = 56
\]

However, many of these triangles are congruent under the symmetry group of the cube, and our goal
is to classify them into distinct congruence classes.

Symmetry Group of the Cube

The cube's symmetry group, known as the octahedral group \( O_h\), includes rotations, reflections,
and inversion symmetries that map the cube onto itself. This group has 48 elements, and these
symmetries preserve distances and angles, meaning that triangles related by these symmetries are
congruent.

Classification of Triangles Based on Side Lengths

To analyze the non-congruent triangles, we categorize all possible triangles based on their side
lengths, which can be combinations of the three fundamental distances: 1 (edge), v2 (face diagonal),
and V3 (space diagonal).



Possible Side Length Combinations

The triangles can have sides consisting of:

- All three sides equal
- Two sides equal
- All sides different

Considering the distances, the possible side length combinations are:

1. Equilateral triangles: all sides equal, which could be:
- sides of length 1

- sides of length v2

- sides of length V3

2. Isosceles triangles: two sides equal, third different, with possible combinations such as:
-(1,1,v2)
-(1,1,v3)
-(vV2,v2,1)
- (V2,v2,V3)
-(V3,v3,1)
- (V3,V3,V2)

3. Scalene triangles: all sides different, combinations like:
-(1,v2,V3)

We analyze which of these combinations are geometrically possible and classify the triangles
accordingly.

Analyzing Specific Types of Triangles

Now, we delve into the detailed analysis of each category to identify all non-congruent triangles.

Equilateral Triangles

- Sides of length 1: These triangles are formed by three vertices on a face, such as the vertices of a
face square. But three vertices on the same face do not form an equilateral triangle because the
distances between vertices on a face are either 1 (edges) or v2 (face diagonal). The only equilateral
triangles with side length 1 are those inscribed within face squares? No, because the face diagonals
are v2, so equilateral triangles with all sides 1 are not possible on a face.

- Sides of length v2: For example, the vertices (0,0,0), (1,1,0), and (0,1,1) do not form equilateral
triangles with sides v2. So, equilateral triangles with sides v2 are not possible.



- Sides of length v3: These would involve space diagonals connecting opposite vertices, but three
vertices connected by space diagonals are not all mutually connected with sides of equal length, so
no equilateral triangle arises here.

Conclusion: No equilateral triangles are formed by three vertices of the cube.

Isosceles Triangles with Two Equal Sides

Let's examine the most common cases:

- (1, 1, v2): These triangles can be formed by two edges and a face diagonal. For instance, vertices
(0,0,0), (1,0,0), and (1,1,0) form a right-angled triangle with sides 1, 1, and v2.

- (1, 1, V3): For example, vertices (0,0,0), (1,0,0), and (1,1,1). The distances are 1, V3, and v2, so this
combination doesn't fit. But a triangle with sides 1, 1, and v3 can be constructed with appropriate
vertices.

- (V2, V2, 1): For example, vertices (0,0,0), (1,1,0), and (0,1,0). Sides are v2, v2, and 1.

- (V2, V2, ¥3): For instance, vertices (0,0,0), (1,1,0), and (1,1,1).

- (V3, V3, 1): For example, vertices (0,0,0), (1,0,1), and (0,1,1).

- (V3, V3, v2): For example, vertices (0,0,0), (1,0,1), and (0,1,1).

Each of these configurations can be checked for geometric feasibility and symmetry.

Scalene Triangles with All Sides Different

The only plausible combination is (1, V2, v3). These triangles are formed by vertices that are
connected with edges, face diagonals, and space diagonals, all at different lengths.

Enumerating Non-congruent Triangle Classes

To determine the total number of non-congruent triangles, we analyze the geometric constraints and
the symmetry of the cube. The key is recognizing that many triangles are congruent under the cube's
symmetry group, so we classify triangles based on their side length configurations and geometric
properties.

Summary of triangle classes:

1. Triangles with sides (1, 1, v2): These are right triangles formed by two edges and a face diagonal.



2. Triangles with sides (v2, v2, 1): Similar to the above, but oriented differently.

3. Triangles with sides (v2, V2, V3): These are right triangles with legs of length v2 and hypotenuse
V3.

4. Triangles with sides (1, 1, V3): These form isosceles triangles with two edges of length 1 and one
space diagonal.

5. Triangles with sides (v3, V3, 1): Equilateral-like configurations with two space diagonals and an
edge.

6. Triangles with sides (v3, V3, v2): With two space diagonals and a face diagonal.
7. Scalene triangles with sides (1, V2, v3): All sides different, formed by carefully selecting vertices.

By analyzing the symmetry and possible arrangements, it turns out that many of these triangles are
congruent when considering the cube's sym

Frequently Asked Questions

How many different triangles can be formed by connecting
three vertices of a cube?

There are 8,712 possible triangles that can be formed by connecting three vertices of a cube.

How do you determine whether two triangles formed by cube
vertices are congruent?

Two triangles are congruent if they have the same side lengths and angles; in the context of cube
vertices, this depends on the relative positions and distances between the selected vertices.

What is the total number of non-congruent triangles that can
be formed from cube vertices?

There are 8 distinct non-congruent triangles that can be formed from the vertices of a cube.

Which types of triangles (equilateral, isosceles, scalene) are
possible when connecting cube vertices?

Only scalene and isosceles triangles are possible; equilateral triangles cannot be formed with vertices
of a cube because of the distances involved.

How does the symmetry of the cube affect the count of non-



congruent triangles?

The cube's symmetry reduces the total number of distinct triangle types because many triangles are
congruent under symmetry operations like rotations and reflections.

Can right-angled triangles be formed by connecting cube
vertices?

Yes, right-angled triangles can be formed when three vertices include a corner, an edge midpoint, or
a face diagonal, depending on their positions.

What is the significance of vertex types (adjacent, opposite,
face-shared) in forming triangles?

The types of vertices connected—such as adjacent, diagonally opposite, or sharing a face—determine
the side lengths and angles, influencing whether the resulting triangle is scalene, isosceles, or right-
angled.

How can this problem be approached mathematically to find
the number of non-congruent triangles?

By analyzing the distances between vertices, classifying triangles based on side lengths and angles,
and accounting for the cube's symmetry, mathematicians can systematically determine the count of
non-congruent triangles.

Additional Resources
Cube

Introduction

The geometric elegance of the cube has fascinated mathematicians, students, and enthusiasts alike
for centuries. Its symmetry, regularity, and the simplicity of its structure make it an ideal subject for
exploring fundamental concepts in geometry. One intriguing problem that combines combinatorial
reasoning with geometric intuition is: "How many non-congruent triangles can be formed by
connecting three vertices of a cube?"

This problem isn't just about counting; it invites a deeper understanding of symmetry, congruence,
and the spatial configurations of points in three-dimensional space. Whether you're a math educator,
a student tackling geometry problems, or a puzzle enthusiast, unraveling this question provides
valuable insights into the interplay of geometry and symmetry.

In this comprehensive exploration, we will analyze the problem step-by-step, examining the structure
of the cube, the nature of triangles formed by vertices, and the classification of these triangles up to
congruence. The goal is to arrive at a definitive count of the number of non-congruent triangles that



can be formed.

Understanding the Problem: Vertices and Triangles in a Cube
The Vertices of a Cube

A standard cube has 8 vertices, each corresponding to a corner point. These vertices can be
represented in coordinate form as:

\[

(0,0,0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1)
\]

assuming a unit cube aligned with the axes in 3D space.
Forming Triangles

To form triangles, we select any 3 distinct vertices out of the 8. The total number of such selections is:

\[
\binom{8} {3} = 56
\]

However, not all of these triplets form valid triangles with unique shapes; some are degenerate
(colinear points), and many are congruent under the symmetries of the cube.

The Core Question
The main challenge is to determine how many distinct (non-congruent) triangles can be formed by

connecting three of these vertices, considering two triangles the same if they can be mapped onto
each other via the symmetries of the cube.

Symmetry Group of the Cube
The Role of Symmetries

The cube exhibits a high degree of symmetry. Its symmetry group, known as the octahedral group,
includes:

- Rotations about axes through centers of faces, edges, and vertices.
- Reflections, inversion, and combinations thereof.

This symmetry group has 24 elements, which means many triangles are related by symmetry
operations. To count non-congruent triangles, we must consider these symmetries and classify

triangles into equivalence classes.

Implication for Counting



Two triangles are considered congruent if one can be transformed into the other via a symmetry of
the cube. Therefore, the problem reduces to:

- Enumerating all possible triangles (by selecting three vertices),
- Grouping these triangles into classes where each class contains all triangles congruent under the

cube's symmetries,
- Counting the number of these classes.

Classifying Triangles by Edge Lengths
Types of Edges in a Cube

Vertices of a cube are connected in various ways, leading to different possible edge lengths when
choosing three vertices:

1. Edges of the cube — length = 1 (assuming unit cube),
2. Face diagonals — length = \(\sqrt{2}\),
3. Space diagonals — length = \(\sqrt{3}\).

When selecting three vertices, the sides of the resulting triangle can be formed from any combination
of these distances, provided the points are not colinear.

Possible side-length configurations

The triangles formed can be classified based on their side lengths:
- Equilateral triangles,

- Isosceles triangles,

- Scalene triangles.

Each configuration depends on the relative positions of the selected vertices.

Step-by-Step Analysis of Possible Triangles

To systematically count the non-congruent triangles, we'll analyze the possible configurations based
on the types of vertices chosen.

1. Triangles with Vertices on the Same Face

Scenario: All three vertices lie on the same face of the cube.
- Vertices: Any three of the four vertices on a face.

- Number of triangles per face: \(\binom{4} {3} = 4\).

- Total faces: 6.

Note: Since faces are squares, the triangles formed are either right-angled isosceles (by choosing two
adjacent vertices and the diagonal) or scalene.



Key observations:

- The triangles formed on a face include:

- Right isosceles triangles (e.g., two side edges of length 1, hypotenuse \(\sqrt{2}\)),

- Equilateral triangles are not possible on a face because the square's vertices do not form equilateral
triangles.

Counting unique face-based triangles:

- For each face, the triangles are congruent under the face's symmetry.

- Since the cube has 6 faces, and each face provides similar triangle types, the overall contribution
here is limited to the types identified.

2. Triangles with Vertices on Different Faces

Scenario: Vertices are chosen from different faces, possibly across edges or space diagonals.
- These configurations include:

- Triangles formed by vertices on edges sharing a vertex,

- Triangles spanning across the cube.

Impact:

- These configurations often produce larger triangles with side lengths \(\sqrt{2}\), \(\sqrt{3}\), etc.
- They contribute to different congruence classes.

3. Triangles with Vertices on Opposite Corners

Scenario: Vertices that are connected via the space diagonal, which has length \(\sqrt{3}\).
- For example, vertices (0,0,0) and (1,1,1) are connected via the space diagonal.
Implication:

- Connecting such vertices with a third vertex yields triangles with sides involving space diagonals
and face edges.

Identifying Unique Triangle Types

Using the above classifications, we proceed to identify distinct types of triangles, considering their
side lengths, angles, and symmetries.

Side Lengths and Congruence Classes

The key is to analyze possible side length combinations:



| Triangle Type | Possible Sides (lengths) | Description |

I | | I

| Equilateral | All sides equal to 1 | Equilateral triangles formed by three face-adjacent vertices? No,
because faces are squares. But equilateral triangles are impossible with vertices only on a cube's
vertices because of the distances involved. |

| Isosceles right-angled | Sides of 1, 1, \(\sqrt{2}\) | Triangles on a face with two sides of length 1 and
the hypotenuse \(\sqrt{2}\). |

| Scalene | Various combinations involving 1, \(\sqrt{2}\), \(\sqrt{3}\) | More complex triangles
spanning across the cube. |

Enumerating the Non-congruent Triangles

Based on symmetry and side length combinations, the following distinct classes of triangles emerge:
1. Triangles with Two Edges of Length 1 and One of \(\sqrt{2}\)

- Origin: These are the right-angled isosceles triangles on the faces.

- Example: Vertices at (0,0,0), (1,0,0), (1,1,0).

- Properties:

- Sides: 1, 1, \(\sqrt{2}\).

- Right-angled at the vertex connecting the two edges of length 1.

Number of classes: 1 (since all such triangles are congruent under the cube's symmetry).

2. Triangles with Sides of Length 1, \(\sqrt{2}\), and \(\sqrt{3}\)

- Origin: These involve vertices across the cube, such as (0,0,0), (1,0,0), and (1,1,1).
- Properties:

- Sides: 1 (edge), \(\sqrt{2}\) (face diagonal), \(\sqrt{3}\) (space diagonal).

- These triangles are scalene, with no right angles necessarily.

Number of classes: 1.

3. Triangles with Sides \(\sqrt{2}\) and \(\sqrt{3}\)

- Example: Vertices at (0,0,0), (1,1,0), (1,1,1).

- Properties:

- Sides: \(\sqrt{2}\), \(\sqrt{2}\), \(\sqrt{3}\).

- These are scalene and not congruent to previous types.

Number of classes: 1.

4. Equilateral Triangles?



- Are equilateral triangles possible?

- For vertices on a cube, the distances between any two vertices are 1, \(\sqrt{2}\), or \(\sqrt{3}\).
- Without points at equal distances forming all three sides, equilateral triangles are not possible
among cube vertices.

5. Other configurations

- Triangles with sides involving the combinations above
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