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Understanding the structure of subgroups within a group and how they relate
to conjugation is fundamental in group theory. The statement that the number
of conjugates of a subgroup H in a group G equals the index of its normalizer
N(H) in G is a key result, linking subgroup conjugation with group action
concepts. In this article, we will explore this theorem in depth, providing a
comprehensive proof and discussing its implications, all organized for
clarity and SEO effectiveness.

Introduction to Subgroups, Conjugation, and
Normalizers

Subgroups and Their Significance in Group Theory
A subgroup H of a group G is a subset of G that itself forms a group under
the operation inherited from G. Subgroups are essential in understanding the
internal structure of groups, as they serve as building blocks and help
classify groups through various subgroup properties.

Conjugation in Groups
Conjugation is an action of the group G on itself, defined for each element g
in G and h in H as g h g^{-1}. Conjugation preserves many properties within
the group, such as order and subgroup structure, and helps understand how
subgroups relate to the larger group.

Normalizers and Their Role
The normalizer N(H) of a subgroup H in G is the set of all elements g in G
such that g H g^{-1} = H. It measures how H sits inside G and whether it is a
normal subgroup (when N(H) = G). The normalizer is a subgroup itself and
plays a crucial role in the conjugation action.



The Theorem: Number of Conjugates of H in G
Equals |G:N(H)|

Statement of the Theorem
Let H be a subgroup of G. Then the number of distinct conjugates of H in G —
that is, the set {g H g^{-1} | g ∈ G} — is equal to the index of the
normalizer of H in G, denoted |G:N(H)|. Formally,

Number of conjugates of H in G = |G:N(H)|.

This theorem links the concept of conjugation with the subgroup structure via
the normalizer and coset partitioning.

Intuition Behind the Theorem
The key idea is that conjugates of H are obtained by "moving" H around G via
conjugation. The normalizer N(H) consists of all elements that "stabilize" H
under conjugation. The distinct conjugates are in one-to-one correspondence
with the cosets of N(H) in G, which leads to the conclusion that the number
of conjugates equals the index |G:N(H)|.

Proof of the Theorem

Step 1: Define the Conjugation Action
Consider the group G acting on the set of its subgroups via conjugation:

For each g ∈ G and H ≤ G, define g ⋅ H = g H g^{-1}.

This action partitions the set of conjugates of H into orbits, where each
orbit corresponds to a conjugate subgroup.

Step 2: Establish the Set of Conjugates as an Orbit
The set of all conjugates of H is the orbit of H under the conjugation action
of G:



Orbit of H: O(H) = {g H g^{-1} | g ∈ G}.

The size of this orbit, which is the number of distinct conjugates, is what
we seek to determine.

Step 3: Use the Orbit-Stabilizer Theorem
The Orbit-Stabilizer Theorem states that for a group action:

|G ⋅ H| = [G : Stab(H)],

where:
- |G ⋅ H| is the size of the orbit of H,
- Stab(H) is the stabilizer subgroup of H under the action.

In our case, the stabilizer of H is the set of elements g in G such that g H
g^{-1} = H, which is precisely the normalizer N(H):

Stab(H) = N(H).

Thus, the number of conjugates of H is:

|G ⋅ H| = [G : N(H)].

This completes the core of the proof.

Step 4: Conclude the Proof
Since the conjugates of H form an orbit under the conjugation action, their
count is exactly the index of N(H) in G:

Number of conjugates of H = |G : N(H)|.

This demonstrates the direct relationship between conjugates of H and the
cosets of N(H).



Implications and Applications of the Theorem

Normal Subgroups and Their Conjugates
A subgroup H is normal in G if and only if it is invariant under conjugation
by all elements of G, i.e., H = g H g^{-1} for all g ∈ G. In this case, the
normalizer N(H) = G, and the number of conjugates is 1, consistent with the
theorem.

Group Action and Counting Conjugates
This theorem leverages the concept of group actions to count conjugates,
illustrating how abstract algebraic actions can simplify counting problems
within group theory.

Subgroup Classification
Understanding the number of conjugates aids in classifying subgroups,
particularly in finite groups, where it helps determine how subgroups relate
under conjugation and how they fit into the larger group structure.

Summary
In summary, the theorem that the number of conjugates of a subgroup H in a
group G equals the index |G:N(H)| is a cornerstone result in group theory. It
connects the concepts of conjugation, normalizers, and subgroup
classification through the orbit-stabilizer theorem, providing a powerful
tool for analyzing group structures. Recognizing that the conjugates of H
correspond to the cosets of N(H) encapsulates the symmetry and internal
structure of groups, making this theorem fundamental for both theoretical
exploration and practical applications in algebra.

Further Reading and Resources
- "Abstract Algebra" by David S. Dummit and Richard M. Foote
- "A Course in Group Theory" by John F. Humphreys
- Online resources on group actions and stabilizer-normalizer relationships
- Educational platforms like Khan Academy and Brilliant.org for interactive
group theory lessons

This comprehensive understanding of the relationship between conjugates,
normalizers, and subgroup indices enhances your grasp of fundamental group
theory concepts, essential for advanced mathematical studies and research.



Frequently Asked Questions

What is the definition of the conjugate of a
subgroup H in a group G?
The conjugate of a subgroup H in G by an element g ∈ G is the subgroup
gHg^{-1} = { ghg^{-1} | h ∈ H }. It is essentially H transformed by
conjugation via g.

How is the normalizer N(H) of a subgroup H in G
defined?
The normalizer N(H) of H in G is the set of all elements g ∈ G such that
gHg^{-1} = H, meaning g normalizes H, i.e., conjugates H to itself.

What does the index |G : N(H)| represent in the
context of subgroup conjugates?
The index |G : N(H)| represents the number of distinct left cosets of N(H) in
G, which corresponds to the number of distinct conjugates of H in G.

Why is the number of conjugates of H in G equal to
|G : N(H)|?
Because each conjugate of H corresponds to a unique coset gN(H), and the set
of all conjugates is in one-to-one correspondence with the set of cosets of
N(H) in G, making the number of conjugates equal to |G : N(H)|.

Can you outline the proof that the number of
conjugates of H in G equals |G : N(H)|?
Yes. The key idea is that the conjugates of H are in one-to-one
correspondence with the left cosets of N(H) in G. Each g ∈ G defines a
conjugate gHg^{-1}, and g and g' define the same conjugate iff gN(H) = g'N,
i.e., g and g' are in the same coset. Hence, the number of conjugates equals
the number of cosets, which is |G : N(H)|.

Additional Resources
Understanding the Conjugates of a Subgroup and the Index of Its Normalizer in
a Group

The concept of conjugation within group theory provides profound insights
into the structure and symmetry of groups. Specifically, examining the
conjugates of a subgroup \( H \subseteq G \) and their relationship to the



normalizer \( N(H) \) reveals fundamental properties about the subgroup's
position within the larger group \( G \). The key theorem states:

> The number of conjugates of \( H \) in \( G \) equals the index of the
normalizer \( N(H) \) in \( G \), i.e.,
> \[
> |\text{Conjugates of } H| = |G : N(H)|,
> \]
> where \( N(H) = \{ g \in G \mid gHg^{-1} = H \} \).

This result not only bridges the concept of conjugation with subgroup indices
but also highlights the significance of normalizers and their role in the
structure and classification of subgroups within a group.

---

Foundational Concepts in Group Theory

Before delving into the proof and implications of the statement, it's
essential to revisit some foundational notions:

Subgroups and Conjugation

- A subgroup \( H \) of a group \( G \) is a subset of \( G \) that forms a
group under the same operation.
- Conjugation is an action of \( G \) on itself (or on its subgroups) defined
by:
\[
g \cdot h = g h g^{-1}
\]
for \( g, h \in G \).

Conjugates of a Subgroup

- Given \( H \leq G \), the conjugates of \( H \) in \( G \) are the
subgroups:
\[
gHg^{-1} = \{ g h g^{-1} \mid h \in H \}
\]
for all \( g \in G \).

- These conjugates form an equivalence class under the relation:
\[
H \sim K \quad \text{if there exists } g \in G \text{ such that } K = g H
g^{-1}.



\]

- The set of all conjugates of \( H \) is called the conjugacy class of
subgroups.

Normalizer and Its Significance

- The normalizer of \( H \) in \( G \) is:
\[
N(H) = \{ g \in G \mid g H g^{-1} = H \}.
\]
- The normalizer is a subgroup of \( G \) containing \( H \), and it measures
how "close" \( H \) is to being normal in \( G \).

- When \( N(H) = G \), \( H \) is a normal subgroup of \( G \).

---

The Orbit-Stabilizer Framework in Group Actions

The proof of the relationship between the number of conjugates and the index
of the normalizer leverages the framework of group actions, particularly the
orbit-stabilizer theorem.

Group Action of \( G \) on the Subgroups of \( G \)

- Define an action:
\[
G \times \text{Sub}(G) \to \text{Sub}(G), \quad (g, H) \mapsto g H g^{-1}.
\]
- This action partitions the set of subgroups into orbits, where each orbit
corresponds to the conjugacy class of a subgroup.

Orbits and Stabilizers

- The orbit of \( H \) under this action:
\[
\mathcal{O}_H = \{ g H g^{-1} \mid g \in G \}.
\]
- The stabilizer of \( H \):
\[
\operatorname{Stab}_G(H) = \{ g \in G \mid g H g^{-1} = H \} = N(H).
\]



- The orbit-stabilizer theorem states:
\[
|\mathcal{O}_H| = [G : N(H)].
\]

This is the crux of connecting conjugates with the index of the normalizer.

---

Step-by-Step Proof of the Theorem

The goal is to establish:

\[
|\text{Conjugates of } H| = |G : N(H)|.
\]

Let's proceed systematically:

Step 1: Define the Set of Conjugates

- The set of conjugates of \( H \) in \( G \) is precisely the orbit of \( H
\):
\[
\mathcal{O}_H = \{ g H g^{-1} \mid g \in G \}.
\]
- The size of this set, \( |\mathcal{O}_H| \), is what we seek to relate to
\( |G : N(H)| \).

Step 2: Recognize the Group Action

- The conjugation action of \( G \) on the set of subgroups is well-defined:
\[
G \times \text{Sub}(G) \to \text{Sub}(G), \quad (g, K) \mapsto g K g^{-1}.
\]
- This action partitions \( \text{Sub}(G) \) into orbits, each orbit
corresponding to a conjugacy class of subgroups.

Step 3: Identify the Stabilizer of \( H \)

- The stabilizer of \( H \) under this action:
\[
\operatorname{Stab}_G(H) = \{ g \in G \mid g H g^{-1} = H \} = N(H),



\]
the normalizer of \( H \).

Step 4: Apply Orbit-Stabilizer Theorem

- The orbit-stabilizer theorem states:
\[
|\mathcal{O}_H| = [G : N(H)],
\]
because the orbit of \( H \) is exactly the set of all conjugates of \( H \),
and the stabilizer is \( N(H) \).

- This directly yields:
\[
|\text{Conjugates of } H| = |\mathcal{O}_H| = [G : N(H)].
\]

Step 5: Interpret the Result

- The number of distinct conjugates of \( H \) in \( G \) is equal to the
index of the normalizer \( N(H) \) in \( G \).
- This makes intuitive sense: the larger the normalizer, the fewer
conjugates, since \( H \) is "more normal" within \( G \).

---

Additional Insights and Implications

Having established the core theorem, it's valuable to explore its
implications and related concepts.

Normal Subgroups and Conjugacy

- When \( H \) is a normal subgroup, \( N(H) = G \).
- Consequently, the number of conjugates of \( H \) is:
\[
|\text{Conjugates of } H| = [G : G] = 1,
\]
meaning \( H \) is the only conjugate—it's invariant under conjugation.



Class Equation and Conjugacy Classes

- The class equation of \( G \) decomposes \( G \) into conjugacy classes:
\[
|G| = |Z(G)| + \sum_{i} [G : C_G(g_i)],
\]
where \( Z(G) \) is the center and \( C_G(g_i) \) are centralizers of
elements.

- Similarly, the number of conjugates of subgroups influences the structure
of the group, especially in finite groups.

Applications in Group Classification

- Understanding conjugates helps classify subgroups, especially in finite
groups.
- The orbit-counting approach simplifies counting conjugate subgroups.
- In the context of group actions, these concepts extend to automorphism
groups and symmetry analysis.

---

Further Generalizations and Related Theorems

The relationship between conjugates and normalizers extends beyond subgroups
to other algebraic structures.

Conjugacy Classes of Elements

- For an element \( g \in G \), the conjugacy class:
\[
\operatorname{Cl}_G(g) = \{ x g x^{-1} \mid x \in G \},
\]
has size \( [G : C_G(g)] \), where \( C_G(g) \) is the centralizer of \( g
\).

- This is similar to the conjugates of subgroups, but focusing on elements.

Normalizers in Module Theory and Beyond

- The concept of normalizers applies in modules, rings, and other algebraic
structures, serving as a measure of symmetry and invariance.



Conjugacy Class Formula in Finite Groups

- The class equation and the conjugacy class size formula provide tools for
analyzing the structure of finite groups.
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