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Introduction

Mathematics is replete with interesting properties and theorems that reveal the inherent patterns
within numbers. One such intriguing statement is: Prove that if N is a positive integer not divisible by
3, then N + 1 is always divisible by 3. This theorem not only offers insight into the divisibility
properties of integers but also serves as a foundational concept in number theory. In this article, we
will explore the proof of this statement systematically, examining the underlying principles and logical
reasoning involved.

Understanding the Problem

Before delving into the proof, it's essential to comprehend what the statement asserts:
- Given: N is a positive integer (N > 0).

- Condition: N is not divisible by 3.

- To Prove: N + 1 is divisible by 3.

This implies that whenever N doesn't leave a remainder of 0 when divided by 3, adding 1 to N yields a
number that is divisible by 3.

Preliminary Concepts and Definitions

To approach this proof effectively, let's revisit some fundamental concepts in number theory:

Divisibility

- A number A is divisible by another number B (B # 0) if there exists an integer k such that A =B X k.



Modulo Operation

- The notation N = r (mod 3) indicates that N leaves a remainder r when divided by 3. The possible
remainders when dividing by 3 are:

- 0 (N is divisible by 3)

-1

-2

Residue Classes

- Any integer N can be expressed in terms of its remainder when divided by 3:
-N =0 (mod 3)
-N=1(mod 3)
-N =2 (mod 3)

Since the problem states that N is not divisible by 3, N's possible forms are N =1 (mod 3) or N = 2
(mod 3).

Detailed Proof of the Statement

Let's now proceed to the formal proof, considering the two cases for N based on its remainder when
divided by 3.

Case 1: N =1 (mod 3)

- If N leaves a remainder of 1 when divided by 3, then:

N = 3k + 1, where k is an integer.

- Adding 1 to N:

N+1=3k+1)+1=3k+2

- Now, check whether N + 1 is divisible by 3:

N+1=3k+2

- The remainder when N + 1 is divided by 3:

(3k +2) mod 3 =2

- Since the remainder is 2, N + 1 is not divisible by 3 in this case.

Conclusion for Case 1:
The statement "N + 1 is divisible by 3" does not hold when N = 1 (mod 3). Therefore, the initial claim



must be refined or reconsidered.

Case 2: N = 2 (mod 3)

- If N leaves a remainder of 2 when divided by 3, then:
N = 3k + 2, where k is an integer.

- Adding 1 to N:
N+1=3k+2)+1=3k+3=3k+1)

-Since N + 1 = 3(k + 1), it is divisible by 3.

Conclusion for Case 2:
In this case, N + 1 is always divisible by 3.

Reconciling the Results and Clarifying the Theorem

The analysis above suggests that the statement:

> "If N is a positive integer not divisible by 3, then N + 1 is always divisible by 3"

is only true when N = 2 (mod 3), i.e., when N leaves a remainder of 2 upon division by 3.
Therefore, the refined theorem is:

> If N is a positive integer such that N = 2 (mod 3), then N + 1 is divisible by 3.

Generalized Explanation and Additional Insights

Let's analyze the divisibility behavior based on the residue of N modulo 3:

|
| 4,7, 10, ... | No | Because N is divisible by 3, N + 1 leaves remainder 1. |
|2,5,8,...] No| N+ 1leaves remainder 2. |
| 3,6, 11, ...| Yes | N + 1 is divisible by 3. |

’

Key Observation:



Only when N = 2 (mod 3) does N + 1 become divisible by 3.

Implications and Applications

Understanding these properties has practical applications in various fields:

- Cryptography: Modular arithmetic forms the backbone of encryption algorithms.

- Computer Science: Hash functions and algorithms often rely on divisibility properties.

- Number Theory: Such theorems help in identifying patterns and solving Diophantine equations.
- Mathematical Proofs: Recognizing the residue class of numbers simplifies complex proofs.

Summary of the Proof and Results

- The original statement is only partially correct; it requires clarification.
- Corrected statement:
If N is a positive integer such that N = 2 (mod 3), then N + 1 is divisible by 3.

- Proof summary:

1. Assume N = 2 (mod 3), so N = 3k + 2.
2.Add 1: N + 1 = 3k + 3.

3. Factor: N + 1 = 3(k + 1).

4. Since k + 1 is an integer, N + 1 is divisible by 3.

Conclusion

The exploration of this theorem highlights the importance of understanding modular arithmetic and
residue classes. While the initial statement appears straightforward, a detailed analysis reveals that
the condition on N's residue modulo 3 is crucial for the divisibility of N + 1.

Final note:

Always verify the conditions and assumptions in mathematical statements, especially when dealing
with divisibility and modular properties. Recognizing the residue classes helps in accurately predicting
the behavior of numbers under various operations.
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Disclaimer: This article aims to clarify and rigorously prove the properties related to divisibility and
modular arithmetic, essential tools in the mathematician's toolkit.

Frequently Asked Questions

What is the statement to be proved regarding a positive
integer N not divisible by 3?
If N is a positive integer not divisible by 3, then N + 1 is always divisible by 3.

How can we express a positive integer N that is not divisible
by 3?

N can be expressed in the form 3k + 1 or 3k + 2, where k is an integer.

What is the key idea to prove that N + 1 is divisible by 3 when
N is not divisible by 3?

The key idea is to consider the possible forms of N (3k + 1 or 3k + 2) and show that N + 1 becomes
divisible by 3 in each case.

What happens when N = 3k + 1? Is N + 1 divisible by 3?

Yes, when N = 3k + 1, then N + 1 = 3k + 2, which is not divisible by 3, so this case does not satisfy
the statement.

What about when N = 3k + 2? Is N + 1 divisible by 3?
Yes, when N = 3k + 2, then N + 1 = 3k + 3 = 3(k + 1), which is divisible by 3.



Does the proof require considering both forms of N, or just
one?

The proof requires considering both forms (3k + 1 and 3k + 2) to establish that N + 1 is divisible by 3
only in the case when N = 3k + 2.

Is the statement true for all positive integers N not divisible
by 3?

No, the statement that N + 1 is always divisible by 3 holds only when N = 2 (mod 3); it does not hold
when N =1 (mod 3).

What is the corrected statement based on the previous
discussion?

If N is a positive integer not divisible by 3 and N = 2 (mod 3), then N + 1 is divisible by 3.

Can you summarize the main idea behind the proof of the
corrected statement?

The proof hinges on expressing N as 3k + 2, then showing that N + 1 = 3(k + 1), which is divisible by
3, proving the statement for N = 2 (mod 3).

Additional Resources
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Mathematics often challenges us with elegant proofs that reveal underlying patterns and properties of
numbers. One such intriguing statement is: If N is a positive integer not divisible by 3, then N + 1 is
always divisible by 3. This claim, at first glance, might seem counterintuitive, but with a structured

approach rooted in number theory, it becomes clear and provable. In this article, we will explore this
statement in depth, breaking down the logic, examining the proof, and discussing its implications.

Understanding the Statement and Its Context

Before diving into the proof, it's essential to understand what the statement asserts and why it holds
significance.

Restatement of the Problem

The problem states: For any positive integer N, if N is not divisible by 3, then N + 1 must be divisible
by 3.



In symbols:
-IfN=1or2(mod3),thenN+ 1 =0 (mod 3).

Why Is This Interesting?

This statement touches on the concept of modular arithmetic, which classifies integers based on their
remainders upon division by a fixed number—in this case, 3. Recognizing the patterns of such
remainders helps in understanding divisibility, solving congruences, and analyzing number
sequences.

Preliminaries: Modular Arithmetic and Divisibility

To comprehend and prove the statement, we need to familiarize ourselves with concepts of modular
arithmetic.

What Is Modular Arithmetic?

Modular arithmetic involves working with remainders. For an integer N and a positive integerm, N =r
(mod m) means that N leaves a remainder r when divided by m. Formally:

\[ N \equiv r\ (\text{mod} \ m)\]

where ris an integer such that \( 0 \leqr < m\).

Residue Classes Modulo 3

Any integer N falls into one of three residue classes modulo 3:
-N =0 (mod 3): N is divisible by 3.

-N =1 (mod 3): N leaves a remainder 1.

-N =2 (mod 3): N leaves a remainder 2.

The problem specifically considers N where:

\[ N \not\equiv 0\ (\text{mod} \ 3)\]

meaning:

\[ N\equiv 1\ (\text{mod} \ 3) \quad \text{or} \quad N \equiv 2 \ (\text{mod} \ 3) \]

Step-by-Step Proof of the Statement

The core of the article is to rigorously demonstrate that if N is not divisible by 3, then N + 1 is divisible
by 3.



Case 1: N =1 (mod 3)

Suppose N leaves a remainder of 1 when divided by 3:

\[ N\equiv 1\ (\text{mod} \ 3)\]

Adding 1 to both sides:

\[ N + 1\equiv 1+ 1\equiv 2\ (\text{mod} \ 3)\]

But wait! This suggests N + 1 = 2 (mod 3), which contradicts the initial statement that N + 1 is
divisible by 3. How do we reconcile this?

Analysis: The initial statement claims that if N is not divisible by 3, then N + 1 is divisible by 3.
However, from the above, if N =1 (mod 3), then N + 1 = 2 (mod 3), which is not divisible by 3. So,
does the statement hold only for N = 2 (mod 3)?

Correction: Upon detailed analysis, the initial statement is not universally true for all N not divisible by
3. Instead, it holds if and only if N = 2 (mod 3). Let's verify the second case.

Case 2: N = 2 (mod 3)

Suppose N leaves a remainder of 2:

\[ N \equiv 2\ (\text{mod} \ 3)\]

Adding 1:

\[ N + 1\equiv 2 + 1 \equiv 3 \equiv 0\ (\text{mod} \ 3)\]
This confirms that N + 1 is divisible by 3 when N = 2 (mod 3).

Refined Statement and Final Proof

Based on the above analysis, the statement should be refined:

> Refined Statement:
> |f N is a positive integer such that N = 2 (mod 3), then N + 1 is divisible by 3.

Proof:

1. Assume \( N \equiv 2 \ (\text{mod} \ 3)\).

2. Then:

\[ N + 1\equiv 2 + 1 \equiv 3 \equiv 0\ (\text{mod} \ 3)\]
3. Therefore, N + 1 is divisible by 3.

Counterexample for N = 1 (mod 3):

- Take N = 4:

\[ 4 \equiv 1\ (\text{mod} \ 3)\]
-N+1=5:

\[ 5 \equiv 2\ (\text{mod} \ 3) \]



which is not divisible by 3.

This confirms that the original statement, as initially posed, is only valid when N = 2 (mod 3).

Implications and Applications of the Result

Understanding this property of numbers relative to 3 has several applications in number theory,
computer science, and cryptography.

Applications

- Number Classification: Quickly determining divisibility properties based on remainders.
- Algorithm Optimization: Simplifying divisibility checks.
- Cryptography: Modular arithmetic forms the backbone of many encryption algorithms.

Features and Pros

- Simplicity: The proof relies on basic modular arithmetic, making it accessible.
- Generality: The result applies broadly to all integers, positive or negative.
- Predictability: Facilitates quick reasoning about number sequences.

Limitations and Cons

- Conditional Validity: The initial statement must be carefully refined, as the original version is only
partially correct.

- Scope: Limited to divisibility by 3; extending to other divisibility conditions requires additional
analysis.

Conclusion

In conclusion, the statement "If N is a positive integer not divisible by 3, then N + 1 is always divisible
by 3" does not hold universally. Instead, the correct assertion is:

-If N =2 (mod 3), then N + 1 is divisible by 3.

This conclusion is straightforward to prove using modular arithmetic, emphasizing the importance of
understanding residue classes when analyzing number properties. Recognizing how numbers behave
modulo 3 allows us to predict divisibility of related integers efficiently. The elegance of this proof
showcases how simple arithmetic principles can reveal deep insights into the structure of integers, a
cornerstone of number theory.



Understanding and correctly applying these principles is crucial for mathematicians, computer
scientists, and anyone interested in the foundational properties of numbers. The exploration of such
properties not only sharpens problem-solving skills but also fosters a deeper appreciation for the
inherent patterns that govern the world of integers.
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