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Introduction

The Cantor set is one of the most fascinating and fundamental objects in modern mathematical
analysis and topology. Introduced by the mathematician Georg Cantor in 1883, this set exemplifies
the counterintuitive nature of infinite sets and measure theory. Despite its construction from an
uncountably infinite number of points, the Cantor set has a total Lebesgue measure of zero, meaning
it occupies no "length" on the real number line.

Understanding why the measure of the Cantor set is zero requires delving into its construction,
properties, and the principles of measure theory. This article aims to provide an exhaustive and
detailed explanation of the proof that the Cantor set has measure zero, suitable for students,
educators, or enthusiasts eager to grasp every nuance of this topic.

---

Background and Context

The Concept of Lebesgue Measure

Before exploring the Cantor set's measure, it is essential to understand what Lebesgue measure is:

- Lebesgue measure generalizes the intuitive notion of length, area, and volume.
- It assigns a non-negative extended real number to subsets of \(\mathbb{R}\).
- Sets of measure zero are considered "negligible," meaning they can be covered by intervals whose
total length is arbitrarily small.

Why Is the Measure of the Cantor Set Significant?

- The Cantor set is uncountably infinite but has measure zero.
- It exemplifies a set that is "large" in terms of cardinality but "small" in terms of measure.
- Demonstrates properties like perfectness, nowhere density, and zero measure simultaneously.

---

Constructing the Cantor Set

Step-by-Step Construction



The Cantor set \(C\) is created through an iterative process:

1. Start with the closed interval \([0, 1]\).
2. Remove the open middle third \(\left(\frac{1}{3}, \frac{2}{3}\right)\), leaving two segments: \([0,
\frac{1}{3}]\) and \([\frac{2}{3}, 1]\).
3. Remove the middle third from each remaining segment:
- From \([0, \frac{1}{3}]\), remove \(\left(\frac{1}{9}, \frac{2}{9}\right)\).
- From \([\frac{2}{3}, 1]\), remove \(\left(\frac{7}{9}, \frac{8}{9}\right)\).
4. Repeat this process infinitely many times, removing the middle third of every remaining segment
at each step.

Visual Representation

- The process results in a fractal-like set, with infinitely many gaps.
- The remaining points form the Cantor set \(C\).

---

Formal Definition of the Cantor Set

The Cantor set can be formally defined as:

\[
C = \bigcap_{n=0}^\infty C_n
\]

where

- \(C_0 = [0, 1]\),
- \(C_1 = [0, \frac{1}{3}] \cup [\frac{2}{3}, 1]\),
- \(C_2 = [0, \frac{1}{9}] \cup [\frac{2}{9}, \frac{1}{3}] \cup [\frac{2}{3}, \frac{7}{9}] \cup
[\frac{8}{9}, 1]\),
- and so forth.

Each \(C_n\) consists of \(2^n\) intervals, each of length \(\left(\frac{1}{3}\right)^n\).

---

The Measure of the Cantor Set: Intuitive Overview

At first glance, the Cantor set looks "large" because it contains uncountably many points, yet it is
"small" in measure. To understand this rigorously, we analyze the total length of the remaining
segments at each step:

- Initially, the length is 1.
- After removing the middle third, the total length of the remaining segments is \(\frac{2}{3}\).
- After the second step, the total length becomes \(\left(\frac{2}{3}\right)^2\).
- Continuing this process, after \(n\) steps, the total length of the remaining segments is
\(\left(\frac{2}{3}\right)^n\).

As \(n \to \infty\), the total length tends to zero:



\[
\lim_{n \to \infty} \left(\frac{2}{3}\right)^n = 0
\]

This suggests that the measure of the Cantor set should be zero, but a rigorous proof is necessary.

---

Rigorous Proof That the Measure of the Cantor Set Is Zero

Step 1: Understanding the Approximate Measures at Each Stage

At each step \(n\), the set \(C_n\) comprises \(2^n\) intervals, each of length
\(\left(\frac{1}{3}\right)^n\). The total measure (length) of \(C_n\) is:

\[
\mu(C_n) = 2^n \times \left(\frac{1}{3}\right)^n = \left(2 \times \frac{1}{3}\right)^n =
\left(\frac{2}{3}\right)^n
\]

Step 2: Monotonicity and Limit of Measures

Since the sequence \(\{\mu(C_n)\}\) is decreasing (each subsequent set is a subset of the previous
one), and:

\[
\lim_{n \to \infty} \mu(C_n) = 0
\]

it follows that the measure of the intersection set \(C\) satisfies:

\[
\mu(C) \leq \mu(C_n) \quad \text{for all } n
\]

and consequently,

\[
\boxed{
\mu(C) \leq \lim_{n \to \infty} \mu(C_n) = 0
}
\]

Step 3: Applying Measure Theory Principles

Using the properties of Lebesgue measure:

- The measure of a decreasing sequence of measurable sets converging to \(C\) is less than or equal
to the limit of their measures.
- Since the sequence of measures tends to zero, the measure of the intersection (the Cantor set)
must be zero.



Therefore,

\[
\boxed{
\text{Measure of the Cantor set } C = 0
}
\]

---

Additional Considerations and Clarifications

The Role of Outer Measures and Coverings

- The above proof can be rigorously formalized using outer measure and coverings.
- For any \(\epsilon > 0\), the set \(C\) can be covered by the union of intervals from the \(n\)-th
stage, each of total length \(\left(\frac{2}{3}\right)^n\).
- As \(n \to \infty\), the total length of these coverings can be made arbitrarily small, confirming that
\(\mu(C) = 0\).

The Lebesgue Measure Zero and Uncountability

- The Cantor set's measure zero property does not imply it is countable; in fact, it is uncountably
infinite.
- This illustrates that uncountably infinite sets can have measure zero, contrasting with finite or
countable sets.

---

Implications and Significance

The Cantor Set in Measure Theory

- Serves as a classical example of a perfect, nowhere dense set with measure zero.
- Demonstrates that "size" in terms of measure and "size" in terms of cardinality are different
concepts.

Applications in Modern Mathematics

- Used in constructing pathological examples in real analysis.
- Plays a role in the study of fractals, dynamical systems, and topology.
- Provides insights into measure-theoretic concepts like null sets and measure-zero sets.

---

Summary and Conclusion

In this comprehensive exploration, we have:

- Reviewed the construction and properties of the Cantor set.
- Analyzed the measure of the set at each iterative stage.



- Utilized the limit of measures of the decreasing sequence of sets to rigorously prove the measure is
zero.
- Clarified misconceptions about uncountability and measure zero.
- Highlighted the importance of the Cantor set as a fundamental object in measure theory and
topology.

In conclusion, the measure of the Cantor set is zero, despite its uncountably infinite points. This
result exemplifies the subtlety of measure theory and the fascinating nature of fractal and
pathological sets within mathematics.
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This detailed explanation aims to provide clarity and depth for anyone interested in understanding
why the measure of the Cantor set is zero, emphasizing every step and theoretical foundation
involved.

Frequently Asked Questions

What is the measure of the Cantor set?
The measure of the Cantor set is 0. Despite its uncountably infinite number of points, its total length
or Lebesgue measure is zero.

How is the Cantor set constructed?
The Cantor set is constructed by starting with the closed interval [0, 1], removing the open middle
third (1/3, 2/3), then repeatedly removing the middle third of each remaining segment ad infinitum.
This iterative process results in the Cantor set.

Why does the Cantor set have measure zero?
Because at each step, the total length of the intervals removed sums to 1, and the remaining set's
total length approaches zero as the number of steps approaches infinity. Summing the lengths of all
removed intervals yields 1, so the remaining set, the Cantor set, has measure zero.

Can the measure of the Cantor set be computed explicitly?
Yes. At each iteration, the total length of the removed intervals sums to 1, and since the measure of



the remaining set decreases accordingly, the measure of the Cantor set is 0. This can be shown
rigorously using measure theory and infinite series.

What is the significance of the measure of the Cantor set
being zero?
It illustrates that a set can be uncountably infinite and yet have zero measure. This challenges
intuition and shows that size in terms of measure can differ from cardinality.

How do we formally prove that the measure of the Cantor set
is zero?
By constructing the set via an iterative process and calculating the total length of the removed
intervals at each step, we sum the lengths of all removed parts as a convergent geometric series
with sum 1. Since the total length removed is 1, the remaining set's measure is 0.

What role does Lebesgue measure play in establishing the
measure of the Cantor set?
Lebesgue measure provides a rigorous framework for measuring the size of subsets of real numbers.
In the case of the Cantor set, Lebesgue measure confirms that despite its uncountable cardinality, its
measure is zero.

Is the Cantor set 'small' in terms of measure, yet 'large' in
terms of cardinality?
Exactly. The Cantor set is uncountably infinite, making it large in terms of cardinality, yet its
Lebesgue measure is zero, making it 'small' in terms of measure.

How does the iterative process ensure the measure remains
zero in the limit?
Because at each step, the total length of removed intervals sums to a fixed amount, and as the
process continues infinitely, the total remaining length (measure) approaches zero. The measure of
the remaining set is the limit of these decreasing lengths, which is zero.

Additional Resources
The measure of the Cantor set is zero: this statement is one of the most fascinating and
fundamental results in real analysis and measure theory. It elegantly combines the ideas of set
construction, measure, topology, and the counterintuitive nature of infinite processes.
Understanding why the Cantor set has measure zero requires a detailed exploration of its
construction, properties, and the principles of Lebesgue measure. This article aims to provide a
comprehensive, detailed, and analytical discussion of this topic, guiding the reader through each
step of the reasoning process.



---

Introduction to the Cantor Set

Historical Context and Significance
The Cantor set was introduced by Georg Cantor in 1883 as part of his groundbreaking work in set
theory and real analysis. Its construction challenged the intuition about the size and structure of sets
within the real numbers, serving as a quintessential example of a set that is uncountably infinite yet
"small" in terms of measure and topology.

Construction of the Cantor Set
The classical Cantor set is constructed through an iterative process:
1. Start with the interval [0, 1].
2. Remove the open middle third (i.e., (1/3, 2/3)), leaving two closed intervals: [0, 1/3] and [2/3, 1].
3. Repeat the process on each remaining interval: remove the middle third, then on the resulting
segments, and so forth, ad infinitum.

This process produces a set that is nowhere dense, perfect, totally disconnected, and uncountable.
The key question is: what is the Lebesgue measure of this set?

---

Understanding Measure in the Context of the Cantor
Set

What is Lebesgue Measure?
Lebesgue measure is a way to assign a "size" to subsets of \(\mathbb{R}\). Unlike length or
counting, Lebesgue measure can handle highly irregular sets, like the Cantor set, which are
nowhere dense but uncountably infinite.

Key properties of Lebesgue measure:
- Countable additivity: the measure of a countable union of disjoint sets is the sum of their measures.
- Translation invariance: shifting a set does not change its measure.
- Measures of intervals: the measure of an interval [a, b] is simply (b - a).

The Intuition Behind the Measure of the Cantor Set
Despite being uncountably infinite and perfect (closed with no isolated points), the Cantor set
exhibits remarkable measure-zero properties. Intuitively, even though it contains "as many" points



as the entire interval [0, 1], the process of removing middle thirds "eats up" most of the length,
leaving behind a set of measure zero.

---

Step-by-Step Calculation of the Measure of the Cantor
Set

Initial Interval and First Removal
- Start with the interval: \([0, 1]\).
- Remove the open middle third: \((1/3, 2/3)\).
- Remaining segments:
- \([0, 1/3]\) and \([2/3, 1]\).
- Total measure after first removal:
\[
1 - \left(\frac{2}{3} - \frac{1}{3}\right) = 1 - \frac{1}{3} = \frac{2}{3}
\]

Second Iteration: Removing the Middle Third of Each
Remaining Interval
- Remaining intervals:
- \([0, 1/3]\) and \([2/3, 1]\).
- Remove their middle thirds:
- \([1/9, 2/9]\) from \([0, 1/3]\),
- \([7/9, 8/9]\) from \([2/3, 1]\).
- Remaining segments:
- \([0, 1/9]\),
- \([2/9, 1/3]\),
- \([2/3, 7/9]\),
- \([8/9, 1]\).
- Total measure after second removal:
- Each interval removed has length \(\frac{1}{9}\),
- Total removed: \(2 \times \frac{1}{3} \times \frac{1}{3} = 2 \times \frac{1}{9} = \frac{2}{9}\),
- Remaining measure:
\[
1 - \frac{2}{3} - \frac{2}{9} = \frac{1}{3} + \frac{2}{9} = \frac{3}{9} + \frac{2}{9} =
\frac{5}{9}
\]
but more straightforwardly, the measure after each iteration can be computed recursively.



Pattern Emerges: The Measure After nth Iteration
At each step:
- The number of intervals doubles.
- The length of each interval is scaled down by a factor of \(1/3\) from the previous step.

Key observation:
- Number of intervals after n steps:
\[
2^n
\]
- Length of each interval after n steps:
\[
\left(\frac{1}{3}\right)^n
\]
- Total measure of the remaining set after n steps:
\[
\text{measure}_n = 2^n \times \left(\frac{1}{3}\right)^n = \left(\frac{2}{3}\right)^n
\]

This recursive pattern indicates that:
\[
\boxed{
\text{measure}_n = \left(\frac{2}{3}\right)^n
}
\]

Why does this matter? Because the Cantor set is the intersection over all these stages:
\[
C = \bigcap_{n=1}^\infty C_n
\]
where \(C_n\) is the set remaining after n iterations.

---

Measure of the Cantor Set: The Limit Approach

Limit of the Measures as \(n \to \infty\)
Since the measure of the remaining set after \(n\) steps is \(\left(\frac{2}{3}\right)^n\), and
because:
\[
\lim_{n \to \infty} \left(\frac{2}{3}\right)^n = 0
\]
it follows that:

The measure of the Cantor set \(C\) is zero.



This conclusion is rooted in the properties of measure theory: the measure of a decreasing sequence
of sets converging to \(C\) is the infimum of their measures, which is 0.

---

Formal Justification Using Measure Theory

Nested Sets and Measure
- The sets \(C_n\) are nested: \(C_1 \supseteq C_2 \supseteq C_3 \supseteq \dots\).
- The Cantor set is their intersection:
\[
C = \bigcap_{n=1}^\infty C_n
\]
- Each \(C_n\) is a union of \(2^n\) intervals of length \(\left(\frac{1}{3}\right)^n\).

Properties:
- Lebesgue measure is countably subadditive.
- For nested decreasing sequences:
\[
\mu\left(\bigcap_{n=1}^\infty C_n\right) = \lim_{n \to \infty} \mu(C_n)
\]

Given:
\[
\mu(C_n) = \left(\frac{2}{3}\right)^n
\]
then:
\[
\mu(C) = \lim_{n \to \infty} \left(\frac{2}{3}\right)^n = 0
\]

Thus, the measure of the Cantor set is zero.

---

Intuitive and Visual Explanation

While the formal proof relies on measure theory, an intuitive understanding is equally valuable:

- At each step, we remove a middle third from every remaining segment, which accounts for a total
length removal of \(\frac{1}{3}\) at the first step, then \(\frac{2}{9}\) at the second, and so on.
- The total length removed across all steps sums to:
\[
\frac{1}{3} + \frac{2}{9} + \frac{4}{27} + \dots
\]



- Recognizing this as a geometric series:
\[
\sum_{n=0}^\infty \frac{2^n}{3^{n+1}} = \frac{1}{3} \sum_{n=0}^\infty
\left(\frac{2}{3}\right)^n = \frac{1}{3} \times \frac{1}{1 - \frac{2}{3}} = 1
\]
- This sum equals
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