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Differential equations are fundamental in understanding various phenomena in science, engineering,
economics, and other fields. They describe the relationship between a function and its derivatives,
providing insights into how quantities change concerning each other. Among the many types of
differential equations, those involving products or sums of functions and their derivatives often
require particular techniques for their solutions.

In this article, we focus on solving a specific class of differential equations expressed in the form:

\[ \frac{dy}{dx} \pm y = x \quad \text{or} \quad \frac{dy}{dx} \pm y = \pm x \]

or more generally,

\[ \frac{dy}{dx} Y \pm x \quad \text{or} \quad \frac{dy}{dx} \pm y = \pm x y \]

Understanding how to approach such equations with suitable substitutions is crucial, especially
when direct integration is not straightforward. Proper substitution simplifies the differential
equation, converting it into a form that is easier to solve, such as a separable or linear differential
equation.

In this comprehensive guide, we will explore the process of solving differential equations of the
form:

\[ \frac{dy}{dx} \pm y = x \quad \text{and} \quad \frac{dy}{dx} \pm y = \pm x y \]

by identifying appropriate substitutions. We will discuss the theoretical background, step-by-step
solution methods, and illustrative examples to reinforce understanding.

---

Understanding the Differential Equation: Basic
Concepts

Before delving into solution techniques, it’s essential to understand the types of differential
equations we are dealing with.

Linear Differential Equations

A first-order linear differential equation generally has the form:



\[ \frac{dy}{dx} + P(x) y = Q(x) \]

where \( P(x) \) and \( Q(x) \) are functions of \( x \). These equations are often straightforward to
solve using the integrating factor method.

Bernoulli Differential Equations

These are nonlinear equations of the form:

\[ \frac{dy}{dx} + P(x) y = Q(x) y^n \]

where \( n \neq 0,1 \). They can be transformed into linear equations through substitution.

Homogeneous Differential Equations

These involve functions where the degree of the numerator and denominator are the same, allowing
substitution to reduce the equation to a separable form.

---

Appropriate Substitutions for Solving Differential
Equations

When faced with complex differential equations, substitutions are invaluable. They help transform
difficult equations into familiar forms—linear, separable, or exact—that are easier to solve.

Common Substitution Techniques

- Substitution for Homogeneous Equations: If the equation is homogeneous of degree one,
substituting \( v = \frac{y}{x} \) simplifies the problem.
- Substitution in Bernoulli Equations: Using \( z = y^{1-n} \) converts Bernoulli equations into linear
form.
- Substitution for Equations involving \( xy \) or \( y/x \): Using \( t = y/x \) or \( y = t x \) simplifies
equations with these terms.

For the equations of the form:

\[ \frac{dy}{dx} \pm y = x \quad \text{or} \quad \frac{dy}{dx} \pm y = \pm x y \]

appropriate substitutions depend on the structure of the equation, especially whether it is linear or
nonlinear.



---

Solving Differential Equations of the Form
\(\frac{dy}{dx} + y = x\)

Let's first consider the simpler case:

\[ \frac{dy}{dx} + y = x \]

which is a linear first-order differential equation.

Step 1: Identify the Integrating Factor

The integrating factor \( \mu(x) \) is given by:

\[ \mu(x) = e^{\int P(x) dx} \]

here, \( P(x) = 1 \), so:

\[ \mu(x) = e^{\int 1 dx} = e^{x} \]

Step 2: Multiply the Entire Equation by the Integrating Factor

Multiplying both sides by \( e^{x} \):

\[ e^{x} \frac{dy}{dx} + e^{x} y = x e^{x} \]

which simplifies to:

\[ \frac{d}{dx} \left( y e^{x} \right ) = x e^{x} \]

Step 3: Integrate Both Sides

Integrate:

\[ y e^{x} = \int x e^{x} dx + C \]

The integral \( \int x e^{x} dx \) can be solved using integration by parts:

- Let \( u = x \Rightarrow du = dx \)
- Let \( dv = e^{x} dx \Rightarrow v = e^{x} \)



Applying integration by parts:

\[ \int x e^{x} dx = x e^{x} - \int e^{x} dx = x e^{x} - e^{x} + C' \]

Thus,

\[ y e^{x} = x e^{x} - e^{x} + C \]

Step 4: Solve for \( y \)

Divide both sides by \( e^{x} \):

\[ y = x - 1 + C e^{-x} \]

Solution:

\[ y(x) = x - 1 + C e^{-x} \]

This example illustrates how an appropriate substitution (multiplying by the integrating factor)
simplifies the differential equation into an integrable form.

---

Solving Differential Equations of the Form
\(\frac{dy}{dx} + y = \pm x y\)

Now, consider the more complex nonlinear differential equation:

\[ \frac{dy}{dx} + y = x y \]

or

\[ \frac{dy}{dx} + y = - x y \]

which resembles a Bernoulli equation.

Step 1: Rewrite the Equation

Express the equation as:

\[ \frac{dy}{dx} = x y - y \]

or



\[ \frac{dy}{dx} = - x y - y \]

but to match the Bernoulli form, let's write:

\[ \frac{dy}{dx} + y = \pm x y \]

which can be rearranged as:

\[ \frac{dy}{dx} + y = \pm x y \]

or

\[ \frac{dy}{dx} = (\pm x - 1) y \]

Depending on the sign, the equation becomes:

\[ \frac{dy}{dx} = (x - 1) y \quad \text{or} \quad \frac{dy}{dx} = (-x - 1) y \]

These are linear first-order equations that can be solved directly.

Step 2: Recognize the Form and Use Appropriate Substitution

In cases where the equation is in Bernoulli form \( \frac{dy}{dx} + P(x) y = Q(x) y^n \), the
substitution:

\[ z = y^{1 - n} \]

can be employed. For example, if the equation is:

\[ \frac{dy}{dx} + P(x) y = Q(x) y^n \]

then:

\[ \frac{dz}{dx} + (1-n) P(x) z = (1 - n) Q(x) \]

which is linear in \( z \).

---

Examples with Specific Substitutions

Let's examine some illustrative examples to demonstrate the application of substitutions.



Example 1: Solving \(\frac{dy}{dx} + y = x\)

Solution: As shown earlier, this linear differential equation has the integrating factor \( e^{x} \),
leading to the solution:

\[ y(x) = x - 1 + C e^{-x} \]

Example 2: Solving \(\frac{dy}{dx} - y = x y\)

Solution:

Rewrite as:

\[ \frac{dy}{dx} = y (x - 1) \]

which is separable:

\[ \frac{dy}{y} = (x - 1) dx \]

Integrate both sides:

\[ \ln |y| = \frac{1}{2} (x - 1)^2 + C \]

or

\[ y = K e^{\frac{1}{2}(x - 1)^2} \]

---

Summary of Key Techniques for Solving These
Differential Equations

- Identify the type of differential equation: linear, Bernoulli, homogeneous, or separable.
- Use integrating factors for linear equations: \( \mu(x) = e^{\int P(x) dx} \).
- Apply substitution for Bernoulli equations: \( z = y^{1 - n} \).
- Use substitution \( t = y/x \) or \( y = t x \) for equations involving \( y/x \) terms.

Frequently Asked Questions

What is the primary method to solve the differential equation



Dy Y X ± Dx X Y?
The primary method is to use an appropriate substitution that simplifies the equation, such as
setting a new variable to reduce it to a separable or linear form.

How do you identify the correct substitution for the
differential equation Dy Y X ± Dx X Y?
Look for patterns or common factors in the differential equation, such as the product YX or the sum
of derivatives, to choose substitutions like z = XY or z = Y/X that simplify the equation.

Can you give an example of an appropriate substitution for Dy
Y X + Dx X Y?
Yes, for the equation Dy Y X + Dx X Y, substituting z = Y/X can convert the equation into a separable
form, making it easier to solve.

What is the general approach to solving the differential
equation Dy Y X ± Dx X Y using substitution?
First, identify a substitution to reduce the equation to a simpler form, then rewrite the derivatives
accordingly, solve the resulting equation, and finally back-substitute to find Y in terms X.

Are these types of differential equations linear or nonlinear?
They are generally nonlinear, but with an appropriate substitution, they can often be transformed
into linear or separable equations.

What role does the substitution z = Y/X play in solving these
equations?
The substitution z = Y/X helps to reduce the differential equation to a form where variables can be
separated, simplifying the solution process.

How do you verify the solution obtained after substitution?
Substitute the solution back into the original differential equation to check if it satisfies the equation
throughout its domain.

Can these methods be applied to all differential equations of
the form Dy Y X ± Dx X Y?
They are effective for many such equations, especially those with homogeneous or reducible forms,
but not all equations can be solved using a single substitution.



What are common pitfalls to avoid when solving these
differential equations with substitution?
Common pitfalls include choosing incorrect substitutions that do not simplify the equation,
forgetting to back-substitute, or making algebraic errors during the transformation process.

Why is substitution a powerful technique in solving
differential equations like Dy Y X ± Dx X Y?
Substitution transforms complex differential equations into simpler ones, often reducing nonlinear
equations to linear or separable forms, making them more manageable to solve.

Additional Resources
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In the expansive realm of calculus, differential equations serve as a bridge connecting functions to
their rates of change, underpinning many scientific and engineering innovations. Among these, first-
order differential equations of the form Dy Y X ± Dx X Y stand as fundamental building blocks for
modeling real-world phenomena—from population dynamics to electrical circuits. Tackling these
equations efficiently requires not just mathematical skill, but also strategic insight into the most
suitable substitution methods. This article explores how to solve such equations by employing the
appropriate substitution, transforming complex problems into manageable solutions with clarity and
precision.

---

Understanding the Structure of the Differential Equation

Before delving into substitution techniques, it’s essential to comprehend the general form and
nature of the differential equation in question:

Dy Y X ± Dx X Y

This notation typically indicates a first-order differential equation where the derivatives and
functions are combined linearly with respect to the variables Y and X. For clarity, consider the
standard forms:

- Dy/dx + P(x)Y = Q(x) (Linear first-order ODE)
- Dy/dx = f(x, Y) (General form)

In the given context, the notation suggests an equation akin to:

dy/dx ± (X / Y) = 0

or perhaps

dy/dx ± (X / Y) dy/dx = 0



Depending on the specific signs and terms, the structure might resemble either a Bernoulli,
homogeneous, or a reducible differential equation. Recognizing the form is crucial because it
informs the substitution approach.

---

Identifying the Type of Differential Equation

Differential equations of the form Dy Y X ± Dx X Y often fall into categories such as:

- Homogeneous Equations: where the functions involved can be expressed as ratios of the variables.
- Separable Equations: where the variables can be separated via multiplication/division.
- Exact Equations: where an integrating factor can convert the equation into an exact differential.

To determine the appropriate substitution, it's vital to analyze the structure:

- If the equation appears as a product of functions involving XY, substitution like v = Y / X (or its
reciprocal) can simplify it.
- If the equation involves terms like Y' + P(x)Y = Q(x), an integrating factor approach might be
suitable.
- If the equation resembles a Bernoulli form, substitution involving Y^{n} can be effective.

For the scope of this article, we focus on equations that can be transformed into a separable form
via substitution, especially when the equation contains terms like X/Y or Y/X.

---

The Power of Appropriate Substitution: Strategy and Rationale

Choosing the right substitution is akin to selecting the right key for a lock—it unlocks the problem
by transforming it into a simpler form. The key ideas include:

- Homogenization: When the equation involves ratios like Y/X or X/Y, substitution can reduce the
equation to a variable or a function of a single variable.
- Reducing Complexity: By expressing one variable in terms of the other, the differential equation
can often be rewritten in terms of a new variable, turning an implicit relationship into an explicit,
solvable form.
- Facilitating Integration: Proper substitution often leads to equations that are directly integrable,
saving time and reducing algebraic complexity.

---

Common Substitution Techniques for Equations of the Form Dy Y X ± Dx X Y

Let’s explore some typical substitutions tailored to the structure of the differential equation:

1. Homogeneous Equations: Substitution v = Y / X

When to use:
If the differential equation is homogeneous, meaning all terms are of degree one (or can be made
so), then substituting v = Y / X simplifies the equation.



Procedure:
- Write Y = vX
- Differentiate: dy/dx = v + x dv/dx
- Substitute into the original differential equation
- Simplify to obtain a separable equation in terms of v and x

Outcome:
This often reduces the original problem to solving an equation involving v and x, which can then be
integrated straightforwardly.

---

2. Equations involving X/Y ratios: Substitution u = X / Y

When to use:
If the equation involves X / Y terms, substituting u = X / Y can be beneficial.

Procedure:
- Express X = uY
- Differentiate: dx/dy = u + y du/dy
- Rewrite the differential equation in terms of u and y
- Proceed with solving the simplified form

---

3. Bernoulli-Type Equations: Substitution for powers of Y

When to use:
For equations of the form dy/dx + P(x)Y = Q(x)Y^n, substitution v = Y^{1 - n} is effective.

Procedure:
- Let v = Y^{1 - n}
- Differentiate to relate dv/dx and dy/dx
- Rewrite the original equation in terms of v and x
- Solve the resulting linear differential equation

---

Step-by-Step Example: Solving a Homogeneous Differential Equation

Suppose we are given:

dy/dx + (X / Y) = 0

Step 1: Recognize the structure
The term X / Y suggests homogeneity. Here, the equation can be rearranged as:

dy/dx = - (X / Y)

Step 2: Substitute v = Y / X
Express Y = vX, then differentiate:



dy/dx = v + x dv/dx

Substituting into the original:

v + x dv/dx = - (X / Y) = - (X / vX) = - (1 / v)

Step 3: Simplify and separate variables
Rearranged:

v + x dv/dx = - (1 / v)

which becomes:

x dv/dx = - (1 / v) - v

Step 4: Rearrange to separate variables
Divide both sides by x:

dv/dx = [ - (1 / v) - v ] / x

or:

dv/dx = - (1 / v x) - v / x

Step 5: Express as differential in v and x
Multiply both sides by v:

v dv/dx = - (1 / x) - v^2 / x

Now, treat v as the main variable:

v dv/dx + v^2 / x = - 1 / x

Note that this form hints at an integrating factor or substitution to proceed further.

Step 6: Integrate
Rewrite as:

v dv/dx + (v^2) / x = - 1 / x

This is a linear differential equation in v²:

Let w = v^2

Then dw/dx = 2v dv/dx

So,

(1/2) dw/dx + w / x = - 1 / x

Multiply through by 2:



dw/dx + 2w / x = - 2 / x

This is a linear first-order differential equation in w:

dw/dx + (2 / x) w = - (2 / x)

The integrating factor:

μ(x) = e^{∫ (2 / x) dx} = e^{2 ln x} = x^2

Multiply through by x^2:

x^2 dw/dx + 2x w = - 2 x

Left side is derivative of x^2 w:

d/dx (x^2 w) = - 2 x

Integrate both sides:

x^2 w = - ∫ 2 x dx + C = - x^2 + C

Solve for w:

w = ( - x^2 + C ) / x^2 = - 1 + C / x^2

Recall that w = v^2:

v^2 = - 1 + C / x^2

From here, v = ± sqrt( - 1 + C / x^2 )

And since Y = v X, the solution involves back-substituting to find Y in terms of X.

---

Practical Tips for Applying Substitution

- Identify patterns: Look for ratios, homogeneous terms, or powers that suggest substitution.
- Check the form: Determine if the equation is homogeneous, Bernoulli, or linear.
- Simplify systematically: After substitution, always aim to reduce the equation to a separable or
linear form.
- Verify solutions: Substitute solutions back into the original to confirm correctness.
- Use substitution judiciously: Not all equations benefit from substitution; analyze the form carefully.

---

Conclusion: The Art of Strategic Substitution

Solving differential equations like Dy Y X ± Dx X Y hinges on recognizing their structure and
applying the most appropriate substitution. Whether transforming a homogeneous equation with v =



Y / X, tackling Bernoulli equations with power substitutions, or simplifying ratios involving X / Y, the
key lies in strategic insight. A well-chosen substitution acts as a mathematical lens, clarifying
complex relationships and paving the way to explicit solutions. Mastery of this approach not only
enhances problem-solving efficiency but also deep
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