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Infinite Group Does Not Haveinfinite Order

True Or False: Every Nonidentity Element In Every Infinite Group Does Not Have Infinite Order is a
statement that invites deep exploration into the fundamental properties of group theory, a central
branch of abstract algebra. At first glance, it might seem straightforward to determine whether all
nonidentity elements in an infinite group have finite or infinite order. However, the answer is nuanced
and depends heavily on the specific structure and classification of the group in question.
Understanding the distinction between finite and infinite order elements and how they manifest within

different types of infinite groups is essential for grasping the broader landscape of algebraic systems.

This article aims to clarify this topic by examining the nature of infinite groups, the concept of element
order, and the conditions under which elements possess finite or infinite order. We will also explore
key examples, counterexamples, and theorems that shed light on the truth or falsehood of the
statement, providing a comprehensive overview suitable for both beginners and advanced

mathematicians interested in group theory.

Understanding Infinite Groups and Elements

Before delving into the core question, it is crucial to define some fundamental concepts.

What Is a Group?

A group is a set G equipped with a binary operation (often denoted as multiplication or addition)
satisfying four axioms:
- Closure: For all a, b in G, the result of the operation a b is also in G.

- Associativity: For all a, b, cin G, (ab) c=a (b c).



- Identity Element: There exists an element e in G such that forallain G,ea=ae =a.

- Inverses: For each a in G, there exists an element a*{-1} such that a a*"{-1} = aM-1} a = e.

Groups are classified as finite or infinite based on the number of elements they contain.

What Is an Infinite Group?

An infinite group is one with an unbounded number of elements. Examples include:

- The additive group of integers, (\(\mathbb{Z}\), +),

- The group of real numbers under addition, (\(\mathbb{R}\), +),

- The group of integers modulo n, (\(\mathbb{Z} n\), +), which is finite, so not applicable here,
- The free group on two generators,

- Symmetry groups of infinite structures like the symmetries of the plane.

Understanding the structure of these groups helps in analyzing the nature of their elements.

Element Orders in Groups

The order of an element is a foundational concept in group theory.

Definition of Element Order

For an element \(g\) in a group \(G\):
- The order of \(g\), denoted as |g|, is the smallest positive integer n such that \(g*n = e\), where \(e\)
is the identity element.

- If no such positive integer n exists, then \(g\) is said to have infinite order.



Finite vs. Infinite Order Elements

- Finite Order Elements: Elements whose powers eventually return to the identity after a finite number
of steps.
- Infinite Order Elements: Elements that never cycle back to the identity, no matter how many times

they are combined with themselves.

The distribution of elements with finite or infinite order varies significantly across different groups.

Analyzing the Statement: Is It True or False?

The core question is whether, in every infinite group, all nonidentity elements necessarily have infinite

order. The answer is False, and the reasoning unfolds as follows.

Counterexamples: Infinite Groups with Finite Order Elements

Many infinite groups contain nonidentity elements of finite order. Examples include:

1. Infinite Torsion Groups: These are groups where every element has finite order, yet the group
itself is infinite. A classic example is the Prifer p-group (also known as the quasicyclic p-group).
For a prime p, this group is constructed as the union of cyclic groups of order \(p”*n\), for all \(n

\geq 1\). All elements have finite order, but the group itself is infinite.

2. Infinite Direct Products of Finite Cyclic Groups: Consider the infinite direct product
\(\prod_{i=1}Minfty \mathbb{Z} p\), the product of infinitely many cyclic groups of order p. This
group is infinite, and all elements have finite order (dividing some power of p), yet the group

contains many elements of finite order.



These examples demonstrate that infinite groups can contain a rich mixture of elements of both finite

and infinite order.

Examples of Infinite Groups with Elements of Infinite Order Only

On the other hand, some infinite groups consist solely of elements of infinite order:
1. The Group (\(\mathbb{Z}\), +): The additive group of integers is infinite, and every non-zero
element has infinite order, since no finite multiple of a non-zero integer yields zero.
2. The Free Group on Two or More Generators: These groups are infinite, and all elements except

the identity have infinite order because they are represented by reduced words that do not cycle

back to the identity unless the word is trivial.

This shows that in certain classes of infinite groups, all nonidentity elements can indeed have infinite

order.

Key Theorems and Results

The question of whether all nonidentity elements in an infinite group have infinite order relates to

several fundamental theorems and classifications.



The Torsion and Torsion-Free Dichotomy

- A torsion group is a group where every element has finite order.

- A torsion-free group is one where the only element with finite order is the identity.

Key point: Infinite torsion groups exist, and they serve as counterexamples to the idea that infinite

groups must have all elements of infinite order.

The Burnside Problem

- Question: Are finitely generated groups with all elements of finite order necessarily finite?
- Answer: No. The answer is negative for certain parameters, leading to the construction of infinite
torsion groups. This indicates that the presence of elements with finite order does not imply the group

is finite, further illustrating that infinite groups can contain many finite order elements.

Conclusion: Is the Statement True or False?

Based on the above analysis, the statement "Every Nonidentity Element In Every Infinite Group Does
Not Have Infinite Order" is False. Infinite groups can contain:

- All elements of finite order (examples: infinite torsion groups),

- All elements of infinite order (examples: \(\mathbb{Z}\), free groups),

- A mixture of both types of elements.

The critical insight is that the structure of the group determines the orders of its elements, and no

universal rule applies to all infinite groups.

Summary and Final Thoughts



- Infinite groups are diverse and encompass a wide range of algebraic structures.

- The presence of elements of finite or infinite order depends on the specific properties and
construction of the group.

- There exist infinite groups where all nonidentity elements have finite order, and others where all
nonidentity elements have infinite order.

- The classification of groups based on torsion properties is fundamental in understanding their

behavior.

In essence, the claim that every nonidentity element in every infinite group does not have infinite order
is false. Infinite groups can be composed entirely of elements of finite order, entirely of elements of
infinite order, or a combination of both. This rich diversity highlights the complexity and beauty of group

theory and the importance of examining each group’s structure carefully.

Keywords: Infinite groups, element order, finite order, infinite order, torsion groups, torsion-free groups,

group theory, algebra, Burnside problem, counterexamples, mathematical structures.

Frequently Asked Questions

Is it true that every nonidentity element in an infinite group has infinite
order?

No, that is not true. In an infinite group, some nonidentity elements can have finite order.

Can an infinite group contain elements of finite order?

Yes, infinite groups can contain elements of finite order; for example, the infinite cyclic group has

elements of finite order only at the identity.



Does the presence of elements with finite order in an infinite group
contradict its infiniteness?

No, an infinite group can have both elements of finite order and elements of infinite order without

contradiction.

Are all elements in an infinite torsion group of finite order?

Yes, in a torsion group, every element has finite order, and such groups can be infinite.

Is the statement 'Every nonidentity element in every infinite group has
infinite order' a true or false statement?

It is false; there are infinite groups with nonidentity elements of finite order.

Additional Resources

True Or False: Every Nonidentity Element In Every Infinite Group Does Not Have Infinite Order?

The world of abstract algebra, particularly group theory, often presents counterintuitive results that
challenge our initial instincts. One such intriguing question is: In an infinite group, does every
nonidentity element necessarily have infinite order? This question combines the notions of infinity,
group structure, and element orders, and has sparked considerable discussion among mathematicians.
While it might seem plausible at first glance that in an infinite group all elements—except the
identity—must be of infinite order, the reality is far more nuanced. This article explores this question in
depth, shedding light on the properties of infinite groups, the concept of element order, and the

surprising existence of infinite groups with elements of finite order.



Understanding the Basics: What Is a Group?

Before delving into the intricacies of element orders in infinite groups, it is essential to establish a clear

understanding of what a group is.

Definition of a Group

A group is a fundamental algebraic structure consisting of a set \( G \) equipped with an operation \(

\cdot \) satisfying four axioms:

1. Closure: For all \( a, b \in G ), the result \( a \cdot b \in G\).

2. Associativity: For all \( a, b, c\in G \), \( (a \cdot b) \cdot ¢ = a \cdot (b \cdot c) \).

3. Identity Element: There exists an element \( e \in G \) such that for every \( a\in G \), \( e \cdot a =
a\cdote =a\).

4. Inverse Element: For each \( a \in G \), there exists \( a*{-1} \in G \) such that \( a \cdot a*{-1} =

aM-1} \cdot a = e \).

Groups can be finite or infinite, abelian (commutative) or non-abelian, and possess a wide variety of

structural properties.

Finite vs. Infinite Groups: The Key Difference

The size of the set \( G \) determines whether a group is finite or infinite.

- Finite Groups: Have a finite number of elements, denoted \( |G| \).

- Infinite Groups: Contain an unbounded, infinite number of elements.



While many well-studied groups are finite, the landscape of infinite groups is richer and more complex,

with behaviors and properties that often defy initial expectations.

Element Order: What Does It Mean?

A critical concept in group theory related to the question is the order of an element.

Definition of Element Order

The order of an element \( a \in G \), denoted \( |a| \), is the smallest positive integer \( n \) such that:

\[a*n =e\]

where \( e \) is the identity element of the group, and \( a*n \) signifies the \( n \)-fold product of \( a \)

with itself.

- If no such finite \( n \) exists, then \( a\) is said to have infinite order.

- The identity element \( e \) always has order 1, as \( e* = ¢ \).

Examples:

- In the group \( (\mathbb{Z}, +) \), the integers under addition, every nonzero element has infinite

order.

- In the cyclic group \( C_n\) of order \( n\), every element has order dividing \( n \).



Could Every Nonidentity Element in an Infinite Group Have

Finite Order?

Now, returning to the core question: Does every nonidentity element in an infinite group necessarily
have infinite order? The answer is a definitive no. Infinite groups can have elements of finite order, and

such groups are called torsion groups or periodic groups.

Counterexamples of Infinite Groups with Finite-Order Elements

1. Infinite Torsion Groups

An infinite torsion group is an infinite group where every element (except the identity) has finite order.
These groups are constructed carefully to ensure that all elements are of finite order, yet the group
itself is infinite.

- Example: The Burnside Group

The Burnside group \( B(m, n) \) is generated by \( m \) elements, with the relation that each element's

\( n \)-th power is the identity:

\[ B(m, n) =\langle x_1, x_2, ..., x_m \mid x_i*n = e, \forall i \rangle \]

For certain values of \( m\) and \( n\), these groups are infinite but every element has order dividing \(
n\). For example, when \( n\) is odd and sufficiently large, \( B(m, n) \) can be infinite with all
elements of finite order.

2. The Tarski Monster Groups

Another class of examples are Tarski monster groups—infinite groups where every nonidentity element



has prime order \( p \). These exotic objects are constructed via advanced group-theoretic techniques

and serve as counterexamples to many naive conjectures.
Implication: These examples showcase that the presence of infinite order elements is not a necessity

in infinite groups. Conversely, many infinite groups do contain elements of infinite order, like the

additive group \( (\mathbb{Z}, +)\).

What About Infinite Cyclic Groups?

The simplest example of an infinite group is the infinite cyclic group, denoted \( \mathbb{Z} \),

consisting of all integers under addition.

- Properties:

- Generated by a single element, say \( 1\).

- The group is infinite, with elements \( ..., -2, -1, 0, 1, 2, ... \).

- Every nonidentity element has infinite order because no finite multiple of \( 1 \) yields the identity

(which is zero in additive notation).

This showcases that in some infinite groups, all nonidentity elements have infinite order.

Summarizing the Diversity of Infinite Groups

The landscape of infinite groups is diverse, with structures that include:



- Groups with only elements of infinite order, such as \( (\mathbb{Z}, +) \) and free groups.
- Groups with elements of finite order, including infinite torsion groups like Burnside groups and Tarski
monsters.

- Mixed groups, where some elements have finite order and others have infinite order.

This diversity indicates that the initial assumption—that in every infinite group all nonidentity elements

must have infinite order—is simply incorrect.

Conclusion: Is the Statement True or False?

Given the evidence and examples from advanced group theory, the statement:

"Every nonidentity element in every infinite group does not have infinite order"

or, more precisely,

"In every infinite group, all nonidentity elements have infinite order"

is False.

Counterexamples—such as infinite torsion groups—exist and demonstrate that infinite groups can
contain elements of finite order. Conversely, groups like \( (\mathbb{Z}, +) \) show that infinite groups
can also have all nonidentity elements of infinite order.

Final thought: The properties of an infinite group depend heavily on its construction and underlying

relations. There is no universal rule dictating the order of elements in infinite groups, making this an

area rich with counterexamples and deep structural insights.



In summary:

- Infinite groups can contain elements of both finite and infinite order.
- The presence of infinite order elements is common but not universal in infinite groups.
- Group theorists leverage this diversity to study complex algebraic structures, leading to profound

results and open questions.

Understanding the nuanced nature of infinite groups helps mathematicians appreciate the depth of

abstract algebra and the intricate behaviors that emerge in infinite settings.
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