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Introduction

11 Prove That The Only Subsets Of A Normed Vector Space V That Are Both Open
And Closed Are And V. This statement is a fundamental result in topology and functional
analysis, particularly within the context of normed vector spaces. It highlights the unique
nature of the trivial subsets—namely, the entire space and the empty set—as being
simultaneously open and closed (clopen). Understanding why these are the only such
subsets deepens our comprehension of the topological structure of normed spaces and the
concept of connectedness. In this article, we will explore the definitions, theorems, and
proofs necessary to establish this fact thoroughly, providing clarity and insight into the
properties that lead to this conclusion.

Preliminaries and Basic Definitions

Normed Vector Space

A normed vector space \( V\) over a field \( \mathbb{F} \) (usually \( \mathbb{R} \) or \(
\mathbb{C} \)) is a vector space equipped with a norm \( \| \cdot \| : V \to [0, \infty) \)
satisfying the following properties:

e Positive Definiteness: \( \|v\| \geq 0 ), with equality if and only if \( v = 0).

e Homogeneity: \( \|\alpha v\| = \alpha| \|v\| \) for all \( \alpha \in \mathbb{F} \) and \( v
\in V'\).

e Triangle Inequality: \( \|v + w\| \leg \|V\| + \|w\| \) for all \( v, w\in V'\).

Open and Closed Sets in Normed Spaces

Given the norm topology induced by the norm \('\| \cdot \| \), a subset \( U \subseteq V) is
called:

e Open if for every \( v \in U), there exists an \( \varepsilon > 0) such that the open
ball \( B(v, \varepsilon) =\{ w\in V : \|w - v\| < \varepsilon \} \subseteq U ).

e Closed if its complement \( V \setminus U \) is open, or equivalently, if it contains all
of its limit points.



Clopen Sets and Connectedness

A subset \( U \subseteq V) is called clopen if it is both open and closed. The set \( V)
itself and the empty set \( \emptyset\) are trivially clopen. The notion of connectedness
plays a crucial role in the classification of such sets. A space \( V) is called connected if it
cannot be partitioned into two disjoint non-empty open sets. Conversely, if such a partition
exists, the space is disconnected.

The Main Theorem and Its Significance

Theorem Statement

In any normed vector space \( V\), the only subsets that are both open and closed are \(
\emptyset \) and \( V) itself.

Implications of the Theorem

This result indicates that normed vector spaces are, in a topological sense, highly
connected unless trivial subsets are considered. It emphasizes that non-trivial subsets
cannot simultaneously be open and closed, which has profound consequences in the study
of topological and functional analysis properties, such as the notion of connectedness and
the structure of continuous functions.

Proof of the Theorem

Step 1: Recognize the Role of Connectedness

The core idea behind the proof lies in the property of the space's connectedness.
Specifically, the space \( V) is connected in the norm topology unless it can be partitioned
into disjoint, non-empty, open subsets. The key is to show that if a subset \( U \subseteq V
\) is both open and closed and is neither empty nor the entire space, then the space can be
decomposed into two non-empty, disjoint, open sets, rendering \( V\) disconnected, which
contradicts the properties of a normed vector space.

Step 2: Assume the Existence of a Non-trivial Clopen
Subset

Suppose there exists a subset \( U \subseteq V \) such that:

e \( U\) is both open and closed.



e \( U\neq \emptyset\) and \( U \neq V).

Our goal is to derive a contradiction from this assumption, which will establish that no such
\( U \) exists other than \( \emptyset\) and \( V).

Step 3: Partition of \( V\) into \( U \) and Its

Complement
Since \( U) is open and closed, its complement \( V \setminus U ) is also open and closed.

Both are non-empty and disjoint, providing a separation of the space:

e \(V =U\cup (V\setminus U) ).

* \( U\cap (V\setminus U) = \emptyset \).

Thus, \( V') is partitioned into two disjoint, non-empty, open sets, which implies \( V'\) is
disconnected.

Step 4: Contradiction with the Connectedness of \( V)

In a normed vector space, the space is connected unless explicitly constructed otherwise.
More precisely, in any normed vector space over \( \mathbb{R} \) or \( \mathbb{C} \), the
entire space is connected because it cannot be partitioned into two disjoint, non-empty
open subsets without violating the properties of the topology or the structure of the space.

Therefore, the assumption that such a non-trivial clopen set \( U \) exists leads to a
contradiction, confirming that the only clopen sets are \( \emptyset\) and \( V) itself.

Additional Insights and Generalizations

Connectedness of Normed Spaces

As a consequence of the proof, we observe that all normed vector spaces over \(
\mathbb{R} \) or \( \mathbb{C} \) are connected. This includes familiar spaces such as \(
\mathbb{R}"~n), infinite-dimensional Banach spaces, and Hilbert spaces.

Implications for Topological Properties

e The concept of clopen sets is closely tied to the space's connectedness. The result
indicates that the only clopen subsets are trivial, reinforcing the idea that such spaces
are highly cohesive topologically.



e This also influences the behavior of continuous functions, as functions defined on
connected spaces with certain properties (like being constant on connected
components) are impacted by the space's topological structure.

Examples and Applications

Example: The Space \( \mathbb{R}"n)

In \( \mathbb{R}”~n\), the only subsets that are both open and closed are \( \emptyset )
and \( \mathbb{R}™n) itself. This is evident because \( \mathbb{R}~n\) is connected, and
the topology induced by the Euclidean norm aligns with the general properties discussed.

Application: Topological Invariance in Functional
Analysis

Understanding that only trivial subsets are clopen informs the classification of connected
components in various function spaces and aids in the spectral theory of operators, where
decompositions are often based on the topological structure of the underlying space.

Conclusion

The proof that the only subsets of a normed vector space \( V\) which are both open and
closed are \( \emptyset \) and \( V) itself is a cornerstone in the topology of functional
analysis. It underscores the intrinsic connectedness of normed spaces over \( \mathbb{R} \)
or \( \mathbb{C} \) and elucidates the nature of their topological structure. Recognizing this
property is vital for understanding the behavior of continuous functions, the structure of
subspaces, and the general topology of infinite-dimensional spaces. Ultimately, this result
emphasizes the cohesive fabric of normed spaces, highlighting their fundamental
topological unity.

Frequently Asked Questions

Why are the only subsets of a nhormed vector space V
that are both open and closed (clopen) the empty set
and the entire space V?

In a connected topological space like a normed vector space, the only subsets that are both
open and closed are the trivial ones: the empty set and the entire space V. This is because
any non-trivial subset would disconnect the space, which is not possible in a connected
normed vector space.



How does the concept of connectedness relate to the
proof that only the empty set and V are both open and
closed in a normed vector space?

Connectedness implies that the only subsets that are both open and closed are trivial. Since
normed vector spaces are connected (unless specified otherwise), the only clopen subsets
are the empty set and V itself, which proves the statement.

Can you explain why the norm topology on V makes it a
connected space, leading to only trivial clopen subsets?

The norm topology on V is generated by open balls, which create a connected topology.
Because the space is connected, no non-trivial subset can be both open and closed, leaving
only the empty set and V as clopen subsets.

Are there any exceptions to the statement that only the
empty set and V are both open and closed in normed
vector spaces?

In general, for standard normed vector spaces over the real or complex numbers, the
statement holds. However, if the space is disconnected (for example, a direct sum of
disconnected spaces), then non-trivial clopen subsets could exist, but these are not typical
in standard normed spaces.

How does the concept of topological connectedness
help in understanding the structure of subsets in a
normed vector space?

Topological connectedness ensures that the space cannot be separated into two non-empty
disjoint open sets. This property guarantees that the only subsets both open and closed are
trivial, i.e., the empty set and the entire space, simplifying the analysis of the space's
topology.

What is the significance of the result that only V and
the empty set are both open and closed in applications
of functional analysis?

This result underscores that normed vector spaces are topologically connected, which is
crucial in functional analysis. It ensures uniqgueness of limits, continuous extensions, and
the stability of solutions to equations, among other properties.

How does this property relate to the concept of
connectedness in metric spaces more generally?

In metric spaces, connectedness implies that the only clopen (both open and closed)



subsets are trivial. Since normed vector spaces are metric spaces with a norm-induced
metric, the same principle applies, confirming that the only clopen subsets are the empty
set and the entire space.

Additional Resources

Prove That The Only Subsets Of A Normed Vector Space V That Are Both Open
And Closed Are and The Empty Set

Introduction

In the realm of topology and functional analysis, the concepts of open and closed sets are
fundamental. When dealing with normed vector spaces—spaces equipped with a norm that
induces a metric—these notions become crucial in understanding the structure and
properties of the space. One intriguing aspect is the characterization of subsets that are
simultaneously open and closed, known as clopen sets. This article explores the proof that,
within any normed vector space \( V \), the only subsets that are both open and closed are
the entire space \( V') itself and the empty set \( \emptyset \). This property is a
cornerstone in understanding connectedness in topological vector spaces and has
significant implications in various areas of analysis.

The Nature of Open and Closed Sets in Normed Vector Spaces
Understanding Open Sets

An open set in a normed vector space \( V) is a set \( U \subseteq V\) such that for every
point \( x \in U \), there exists an \( \varepsilon > 0) (called a radius) where the open ball \(
B(x, \varepsilon) =\{ y\inV :\] y - x\| <\varepsilon \} ) is entirely contained within \( U ).
This definition encapsulates the intuitive idea of a set being "around" each of its points
without boundary points lying outside the set.

Understanding Closed Sets

A closed setin \( V) is a set \( C \subseteq V \) that contains all its limit points.
Equivalently, \( C\) is closed if its complement \( V \setminus C) is open. Closed sets are
significant because they contain all points that can be approached arbitrarily closely by
sequences within the set—an essential property in analysis.

Clopen Sets: The Intersection of Openness and Closedness

A set \( A \subseteq V') is clopen if it is both open and closed. While in many spaces the
only clopen sets are trivial (the entire space and the empty set), this is not always the case
in general topological spaces. However, in the context of normed vector spaces, and more
specifically connected spaces, this triviality often holds.



The Main Theorem and Its Significance
Statement of the Theorem

Theorem: In a normed vector space \( V'\), the only subsets that are both open and closed
are:

1. The entire space \( V) itself.
2. The empty set \( \emptyset ).

This theorem underscores that normed vector spaces are connected if and only if they have
no non-trivial clopen subsets.

Significance of the Theorem

This result is fundamental in topology and analysis because it characterizes the structure of
normed vector spaces and their connectedness. It implies that normed vector spaces are
either connected or totally disconnected, with the only "disconnected" subsets being the

entire space and the empty set. This property influences the behavior of functions,
measures, and other structures defined on these spaces.

Detailed Proof of the Theorem
Preliminaries

Before embarking on the proof, it's essential to understand the properties of normed vector
spaces:

- Translation invariance: The topology induced by the norm is translation invariant; that is,
the translation map \( T_a : V\to V), \( T_a(x) = x + a\), is a homeomorphism.

- Scaling: The topology respects scalar multiplication; open balls are symmetric around
points and scale uniformly.

Step 1: Showing that \( V\) and \( \emptyset \) are Clopen

- The entire space \( V) is open by definition, as for any \( x \in V' \), \( B(x, \varepsilon)
\subseteq V'\) for all \( \varepsilon > 0).

- The entire space \( V) is also closed because its complement \( \emptyset ) is open.

- The empty set \( \emptyset ) is both open and closed by standard topological definitions.
Step 2: Suppose \( A \subseteq V) is Clopen and \( A \neq \emptyset\), \( A\neq V)

Our goal is to show that this assumption leads to a contradiction unless\( A=V \) or\( A =
\emptyset ).

Step 3: Use the Connectedness of \( V'\)

- Claim: A normed vector space \( V) is connected.



Proof of the claim:

Suppose \( V) can be written as the union of two non-empty, disjoint, open sets \( U \) and
\( W\). Since \( V) is a vector space, pick any \( x \in U\) and \( y \in W ). Define the
function \( f(t) = x + t (y - x) \), which is continuous (being affine).

- The image of \( [0, 1]\) under \( f\) is the line segment from \( x\) to \( y \).
- Because \( U\) and \( W) are open and disjoint, and \( f\) is continuous, the intermediate
value property implies that the line segment must cross the boundary between \( U \) and \(

W), which would contradict their disjointness unless one of them is empty or the entire
space.

In particular, vector spaces are path-connected, and thus, connected.

Implications of Connectivity

Given that \( V\) is connected, any subset that is both open and closed must be trivial, i.e.,
either the entire space or the empty set.

Formal Proof

Let \( A \subseteq V \) be both open and closed with \( A \neq \emptyset\) and \( A\neq V).
- Since \( A\\) is open, for any \( x \in A\), there exists \( \varepsilon_x > 0) such that \( B(x,
\varepsilon_x) \subseteq A \).

- Since \( A ) is closed, its complement \( V \setminus A\) is open.

- The sets \( A\) and \( V \setminus A ) form a clopen partition of \( V' \).

But because \( V) is connected, the only clopen sets are \( V\) and \( \emptyset \).
Therefore:

\[
A =V \quad \text{or} \quad A = \emptyset
\]

This completes the proof.

Broader Context and Consequences

Connectedness in Topological Vector Spaces

The proof that the only clopen subsets are trivial reveals that normed vector spaces are
connected. This is a vital property because it means they cannot be decomposed into two
non-trivial disjoint open sets, which influences the behavior of continuous functions and the

structure of subspaces.

Implications in Functional Analysis



- Continuous functions: Since the only clopen sets are trivial, continuous functions from a
connected normed vector space into a discrete space are constant.

- Subspace structure: The theorem underscores the importance of connectedness in
understanding subspace structures and the possible partitions of the space.

Relevance to Topological Groups

This property isn't unique to normed vector spaces but extends to topological vector spaces
and topological groups, where similar triviality of clopen sets influences their topological
structure.

Exceptions and Special Cases

While the theorem holds for normed vector spaces, in more general topological spaces,
non-trivial clopen sets can exist. For example:

- Discrete spaces: Every subset is clopen.
- Totally disconnected spaces: No non-trivial connected subsets exist.

In the context of normed vector spaces, the connectedness ensures the triviality of clopen
subsets, reinforcing the importance of the metric and linear structure.

Final Remarks

The proof that the only subsets of a normed vector space \( V\) which are both open and
closed are \( V) itself and the empty set is a cornerstone result in topology and analysis.
Its implications extend to the understanding of the structure of spaces, the behavior of
functions, and the nature of connectedness in mathematical analysis.

This property exemplifies the elegance of functional analysis, where the interplay between
algebraic structure and topology leads to profound and far-reaching conclusions.
Recognizing the trivial nature of clopen sets in normed vector spaces enhances our
comprehension of the foundational aspects of modern mathematics, emphasizing the unity
of structure and topology.
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This comprehensive analysis underscores the fundamental nature of connectedness in



normed vector spaces and clarifies why the only subsets that are both open and closed are
the entire space and the empty set.
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