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Understanding the behavior of electric potentials generated by different charge distributions is fundamental
in electrostatics. When analyzing a non-uniformly charged sphere, a common question arises: can its
potential at certain points mimic that of a point charge? The answer depends on various factors, including
the position of observation and the nature of the charge distribution itself. This article delves into the
principles behind the potentials of non-uniformly charged spheres and explores under what conditions

their potentials can resemble those of point charges.

Basics of Electric Potential and Charge Distributions

Before addressing the core question, it's important to understand some foundational concepts.

Electric Potential Due to Point Charges

- The electric potential \( V \) at a distance \( r \) from a point charge \( q \) is given by:

\
V = \frac{1}{4\pi \varepsilon_0} \frac{q}{r}

\]

- This potential is spherically symmetric and depends solely on the distance from the charge.

Electric Potential Due to Distributed Charges

- For extended charge distributions, the potential at a point is obtained by integrating the contributions of

all infinitesimal charge elements:

\[
V(\mathbf{r}) = \frac{1}{4\pi \varepsilon_0} \int \frac{dq'}{[\mathbf{r} - \mathbf{r'}|}

\]



- The distribution's geometry and charge density profile significantly influence the potential.

Non-Uniformly Charged Sphere: Characteristics and Challenges

A non-uniformly charged sphere has a charge density \( \rho(r) \) that varies with radius \( r \). This

variation can be specified in various ways, such as:

- Radially decreasing or increasing functions.

- Specific mathematical functions like \( \rho(r) = \rho_0 r"n \) or exponential distributions.
Key points about non-uniform spheres:

- The total charge \( Q) is obtained by integrating \( \rho(r) \) over the volume.
- The internal potential depends intricately on the distribution \( \rho(r) \).
- Outside the sphere, the potential behaves differently depending on the total charge and the internal

distribution.

External Potential of a Non-uniformly Charged Sphere

A crucial aspect is the behavior of the potential outside the sphere.

Does the Outside Potential Mimic a Point Charge?

- Yes, generally, the potential outside the sphere behaves as if all the charge were concentrated at a point at
the center.
- Mathematically, for \( r > R \) (where \( R \) is the sphere's radius):

\
V(r) = \frac{1}{4\pi \varepsilon_0} \frac{Q}{r}

\

- This holds true regardless of the charge distribution inside the sphere, as long as the total charge \( Q \) is

the same.

Implication:
From an external point of view, a non-uniformly charged sphere appears as a point charge with magnitude

\(Q\).



Potential Inside the Sphere: The Crucial Difference

While the external potential simplifies to that of a point charge, the potential inside the sphere depends
heavily on the distribution \( \rho(r) \).

Potential Inside a Uniform Sphere

- For a uniformly charged sphere, the potential at a point inside (distance \( r < R \)) is:

\[
V(r) = \frac{1}{4\pi \varepsilon_0} \left( \frac{Q}{2 R} \left( 3 - \frac{r"2}{R"2} \right) \right)

\]

- Notably, this differs from the potential of a point charge and varies quadratically with \( r \).

Potential Inside a Non-uniform Sphere

- The potential depends on the specific form of \( \rho(r) \). It generally involves integrating the charge

distribution:

\[

V(r) = \frac{1}{4 \pi \varepsilon_0} \left( \frac{1}{r} \int_0"r \rho(r') 4 \pi r'*2 dr' + \int_r"R \frac{\rho(r') 4
\pi r'"2}{r'} dr' \right)

\

- This complexity means the potential inside varies significantly based on how \( \rho(r) \) is shaped.

Can The Potential Be The Same As That Of A Point Charge?
Under What Conditions?

Given the above, the key question is whether the potential of a non-uniform sphere can exactly match that

of a point charge in all regions.

Outside the Sphere

- Yes, the potential outside the sphere is always equivalent to that of a point charge with the same total
charge \( Q\).

- Reason: Due to the shell theorem and superposition principles, the external field depends only on total



charge, not on how it is distributed internally.

Inside the Sphere

- No, in general, the potential inside a non-uniformly charged sphere cannot be made identical to that of a
point charge unless the charge distribution is specially tailored.

- For a point charge, the potential at all points inside and outside is simply:

\

V_{point}(r) = \frac{1}{4\pi \varepsilon_0} \frac{Q}{r}

\

- For a non-uniform sphere, the internal potential deviates from this form unless the charge distribution is

such that the potential inside is exactly proportional to \( 1/1 \).

Special Cases Where They Match

- Hypothetically, if the charge distribution is concentrated at a point (a delta function), the sphere
essentially becomes a point charge.
- In the limit where all charge resides at the center, the potential everywhere (inside and outside) matches

that of a point charge.

Physical Realizability and Limitations

While mathematically one can conceive of specific charge distributions, physically realizing a non-uniform

charge distribution that mimics a point charge's potential inside the sphere is challenging.

- Constraints include:
- Stability of the charge distribution.
- Material properties of the sphere.

- Boundary conditions and electrostatic equilibrium.

In practice:
- The external potential is indistinguishable from a point charge.

- The internal potential generally differs unless the charge distribution is trivial (all at the center).



Summary and Conclusions

- External Potential:
The potential outside a non-uniformly charged sphere is always equivalent to that of a point charge with
the same total charge \( Q \). This is a direct consequence of the shell theorem and the superposition

principle.

- Internal Potential:
The potential inside the sphere cannot generally be made identical to that of a point charge unless the
charge distribution is a point charge itself. The internal potential depends intricately on how charge is

distributed within the sphere.

- Implications for Physics and Engineering:
- When designing systems that rely on electrostatic potentials, understanding this distinction is crucial.
- For applications like shielding or electrostatic sensors, knowing that internal fields differ helps in better

system design.

- Final Note:
The question of whether the potential of a non-uniformly charged sphere can match that of a point charge
everywhere is answered negatively unless the sphere is effectively a point charge. However, from an

external perspective, the behavior is identical, which is a fundamental result in electrostatics.
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This comprehensive explanation clarifies the conditions under which the potential of a non-uniformly
charged sphere can resemble that of a point charge, emphasizing the fundamental principles and practical

considerations.

Frequently Asked Questions

Can the potential of a non-uniformly charged sphere be the same as that



of a point charge at points outside the sphere?

Yes, outside the sphere, the potential of a non-uniformly charged sphere behaves as if all its charge were

concentrated at its center, making it equivalent to a point charge at that location.

Under what conditions does a non-uniformly charged sphere have the
same potential as a point charge?

The potential of a non-uniformly charged sphere matches that of a point charge only at points outside the
sphere, where the sphere can be treated as a point charge due to spherical symmetry, regardless of internal

charge distribution.

Does the internal potential of a non-uniformly charged sphere differ from
that of a point charge?

Yes, inside the sphere, the potential depends on the internal charge distribution and is generally different

from that of a point charge, which has a singular potential at its location.

How does the non-uniform charge distribution affect the similarity

between the sphere's potential and that of a point charge?

Non-uniform charge distribution influences the potential primarily inside the sphere; outside, the potential
still resembles that of a point charge due to spherical symmetry, but internal variations can cause

deviations.

Is the equivalence of potential between a non-uniformly charged sphere
and a point charge valid everywhere?

No, the equivalence holds only outside the sphere; inside the sphere, the potential depends on the specific

charge distribution and does not generally match that of a point charge.

Additional Resources
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In the realm of electrostatics, understanding how charge distributions influence electric potential and field
configurations is fundamental. One intriguing question that often arises among students and professionals
alike is whether a non-uniformly charged sphere can produce the same electric potential as a point charge.

This question touches on core principles of electrostatics, symmetry, and the behavior of electric fields in



different charge distributions. To explore this, we need to examine the nature of electric potentials
generated by various charge configurations, the concept of superposition, and the conditions under which a

non-uniformly charged sphere might mimic a point charge's potential.

The Basics of Electric Potential and Charge Distributions

Before delving into the specifics of non-uniformly charged spheres, it's essential to revisit some

fundamental concepts:

- Electric Potential (V): The work done in bringing a unit positive charge from infinity to a point in space
without acceleration. It is scalar and measured in volts (V).

- Electric Field (E): A vector field representing the force per unit charge at each point in space.

- Charge Distribution: How electric charge is spatially distributed within a body; it can be uniform or non-

uniform.

Fundamentally, the electric potential at a point due to a charge distribution is obtained by integrating the

contributions of all infinitesimal charge elements within the distribution:

\[ V(\mathbf{r}) = \frac{1}{4 \pi \varepsilon_0} \int \frac{\mathrm{d}q}{/\mathbf{r} - \mathbf{r'}[} \]

where \( \mathrm{d}q \) is an infinitesimal charge element at position \( \mathbf{r'} \), and \( \mathbf{r}

\) is the point where the potential is being calculated.

The Electric Potential of a Point Charge

A point charge \( q \) located at the origin produces an electric potential:

\[ V(r) = \frac{1}{4 \pi \varepsilon_0} \frac{q}{r} \]

where \( r \) is the distance from the charge. This potential is spherically symmetric and decreases

inversely with distance. It is a simple, fundamental case in electrostatics and often serves as a benchmark

for understanding more complex charge distributions.

Electric Potential of a Uniformly Charged Sphere

A uniformly charged sphere of total charge \( Q \) and radius \( R \) exhibits different potential behaviors

inside and outside the sphere:



- Outside the sphere (\( r \geq R \)): The potential is identical to that of a point charge \( Q \) located at the

center:

\[ V(r) = \frac{1}{4 \pi \varepsilon_0} \frac{Q}{r} \]

- Inside the sphere (\( r < R \)): The potential varies quadratically with \( r \):

\[ V(r) = \frac{1}{4 \pi \varepsilon_0} \left( \frac{Q}{2 R} \left( 3 - \frac{r"2}{R"2} \right) \right) \]

This distribution creates a non-uniform electric field inside the sphere but matches the point charge

potential outside.

Non-uniform Charge Distributions and Their Complexities

When the charge distribution is non-uniform, the potential landscape becomes more intricate. The charge
density \( \rho(r) \) varies with position, and the potential at a point depends on how this distribution is
spread throughout space. Generally, for non-uniform distributions:

- Potential depends on the specific form of \( \rho(r) \): Different non-uniform functions produce different
potential profiles.

- Field points inside and outside the distribution: The potential and field vary, often requiring complex

integrations or approximations.

A key question is whether a non-uniform charge distribution can be tailored so that, at a particular point or

in a certain region, its potential matches that of a point charge.

Can A Non-uniformly Charged Sphere Mimic a Point Charge’s Potential?

The core of the inquiry is whether the potential due to a non-uniformly charged sphere can be made

identical to that of a point charge, especially in the vicinity of the sphere or at large distances.

Short answer: Yes, under certain conditions, the potential outside the sphere can be identical to that of a

point charge, but only if the total charge and the behavior at large distances are matched.
Let’s analyze this in detail:
1. Potential at Large Distances

At distances much greater than the size of the charge distribution (\( r \gg R \)), the potential due to any



localized charge distribution simplifies to that of a point charge:

\[ V(r) \approx \frac{1}{4 \pi \varepsilon_0} \frac{Q}{r} \]

This is a consequence of the multipole expansion, where higher-order moments (dipole, quadrupole, etc.)
diminish faster with distance. The leading term, the monopole moment \( Q \), dominates at large distances.

Therefore:

- For a non-uniformly charged sphere with total charge \( Q \): The potential at large \( r \) will be
indistinguishable from that of a point charge \( Q \).

Implication: At large distances, the potential of a non-uniformly charged sphere can be made identical to

that of a point charge simply by matching the total charge.

2. Potential Near the Sphere

The potential close to the sphere depends heavily on the charge distribution:

- Uniform charge densities produce a predictable potential profile.

- Non-uniform densities can be designed to produce various potential profiles, but the potential inside the
sphere generally differs from a point charge's potential.

Key Point: The potential inside a non-uniformly charged sphere cannot, in general, be made identical to
that of a point charge across the entire volume unless the distribution is specifically tailored, which is
highly non-trivial.

3. Conditions for Equivalence

To achieve the same potential as a point charge at all points outside the sphere:

- The total charge of the sphere must be equal to the point charge.

- The charge distribution must be spherically symmetric to preserve the symmetry of potential and field.
- The potential should satisfy Laplace’s equation outside the sphere, leading to the same boundary conditions

as a point charge.

In essence, the non-uniform charge distribution must be arranged so that the multipole moments higher

than the monopole vanish or are negligible beyond a certain distance, leaving only the monopole term.
Therefore:
- Outside the sphere, the potential can be identical to that of a point charge if the total charge is the same

and the charge distribution is spherically symmetric.

- Inside the sphere, the potential generally differs unless the distribution is uniform or specifically designed



for a particular profile.

Practical Considerations and Limitations

While theoretically feasible, matching the potential of a point charge with a non-uniformly charged sphere

has practical limitations:

- Manufacturing the Charge Distribution: Creating a precise non-uniform charge distribution is technically
challenging. It requires careful control over the charge density within the sphere.

- Dynamic Stability: Non-uniform charge distributions tend to rearrange or neutralize over time due to
electrostatic forces, making stable configurations difficult to maintain.

- Field Measurement and Detection: Even if the potential outside the sphere mimics a point charge,

differences inside or at close ranges can be detected, revealing the true nature of the charge distribution.

Theoretical Significance and Applications

Understanding whether a non-uniformly charged sphere can produce the same potential as a point charge

has important theoretical implications:

- Electrostatic Equivalence: Demonstrates how different charge distributions can produce identical external
fields, a principle used in shielding and designing electrostatic devices.

- Inverse Problems: Helps in reconstructing charge distributions from measured potentials.

- Potential Theory: Offers insights into how boundary conditions influence potential and field

configurations.

In practical terms, this knowledge is applied in fields such as:

- Electrostatic shielding: Designing materials that mimic point charges in their external potential.
- Particle physics: Modeling extended charges that behave like point particles at large distances.
- Electromagnetic compatibility: Ensuring devices produce desired external potentials without internal

charge complications.

Conclusion

In summary, the potential of a non-uniformly charged sphere can indeed be the same as that of a point
charge under specific conditions. Primarily, at large distances, the potential depends only on the total

charge, so if the total charge is matched and the charge distribution is spherically symmetric, the external



potential will be indistinguishable from that of a point charge. However, within and near the sphere, the

potential generally differs unless the charge distribution is uniform or carefully engineered.

This exploration underscores the elegance of electrostatics: the fact that different charge arrangements can
produce identical external potentials exemplifies the principle of superposition and the importance of
boundary conditions. It also highlights the challenges in creating or controlling charge distributions in
practical applications. As such, while the theoretical framework supports the possibility, real-world
constraints often limit the extent to which a non-uniformly charged sphere can mimic the potential of a

point charge across all regions.

Understanding these principles is crucial for advancing applications in electronics, materials science, and

physics, where controlling electric potentials and fields at various scales is fundamental.
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