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Understanding the behavior of stochastic processes is fundamental in various fields such as finance, physics,
and engineering. One of the most prominent models in financial mathematics is the Geometric Brownian
Motion (GBM), which is used to model stock prices, commodities, and other assets. This article provides a
comprehensive, step-by-step derivation of the dynamics of a GBM with zero drift and a constant diffusion
term. We will explore the mathematical foundations, the stochastic differential equations (SDEs) involved,
and the implications of this model in real-world applications.

---

Introduction to Geometric Brownian Motion

What Is Geometric Brownian Motion?
Geometric Brownian Motion is a continuous-time stochastic process that models the evolution of a
variable—such as an asset price—whose logarithm follows a Brownian motion with drift. The defining
characteristics of GBM include:

- The process is multiplicative, ensuring positive values.
- It incorporates stochastic fluctuations via Brownian motion.
- It is widely used in financial modeling, especially for option pricing (e.g., Black-Scholes model).

Mathematically, GBM is expressed as a stochastic differential equation (SDE):

\[ dS_t = \mu S_t dt + \sigma S_t dW_t \]

where:
- \( S_t \) is the asset price at time \( t \),
- \( \mu \) is the drift coefficient,
- \( \sigma \) is the diffusion coefficient (volatility),
- \( W_t \) is a standard Brownian motion or Wiener process.

---



Special Case: Zero Drift and Constant Diffusion

Setting the Parameters: \(\mu = 0\) and \(\sigma = \text{constant}\)
In this scenario, we analyze a simplified version of GBM where:

- The drift term, \(\mu\), is zero, implying no deterministic growth or decline.
- The diffusion term, \(\sigma\), is constant, representing fixed volatility.

This simplification allows us to focus solely on the stochastic fluctuations around a baseline level, without
any directional bias.

The SDE reduces to:

\[ dS_t = \sigma S_t dW_t \]

---

Mathematical Derivation of the Dynamics

Step 1: Starting with the Simplified SDE
Given the simplified SDE:

\[ dS_t = \sigma S_t dW_t \]

Our goal is to find an explicit expression for \( S_t \), the solution process, describing its dynamics over
time.

Step 2: Applying Itô's Lemma
To handle the multiplicative nature of the process, we take the natural logarithm of \( S_t \):

\[ X_t = \ln S_t \]

Applying Itô's lemma for the transformation:

\[ dX_t = \frac{1}{S_t} dS_t - \frac{1}{2} \frac{1}{S_t^2} (dS_t)^2 \]



Since \( dS_t = \sigma S_t dW_t \), we have:

\[ dX_t = \frac{1}{S_t} (\sigma S_t dW_t) - \frac{1}{2} \frac{1}{S_t^2} (\sigma^2 S_t^2 dt) \]

Simplifying:

\[ dX_t = \sigma dW_t - \frac{1}{2} \sigma^2 dt \]

Result: The dynamics of \( X_t \) are governed by a linear SDE with constant coefficients.

Step 3: Solving the SDE for \( X_t \)
The SDE:

\[ dX_t = - \frac{\sigma^2}{2} dt + \sigma dW_t \]

has the explicit solution:

\[ X_t = X_0 - \frac{\sigma^2}{2} t + \sigma W_t \]

where \( X_0 = \ln S_0 \) is the initial log-price.

Step 4: Reverting to \( S_t \)
Since \( S_t = e^{X_t} \), the explicit solution is:

\[ S_t = S_0 \exp \left( - \frac{\sigma^2}{2} t + \sigma W_t \right) \]

Interpretation: The process \( S_t \) follows a log-normal distribution with parameters:

- Mean of the log: \( \ln S_0 - \frac{\sigma^2}{2} t \),
- Variance of the log: \( \sigma^2 t \).

---

Properties of the Geometric Brownian Motion with Zero Drift



Distributional Characteristics
The solution derived indicates that:

- \( S_t \) is log-normally distributed.
- The probability density function (pdf) at time \( t \):

\[ f_{S_t}(s) = \frac{1}{s \sigma \sqrt{2\pi t}} \exp \left( - \frac{(\ln s - \ln S_0 + \frac{\sigma^2}{2} t)^2}{2
\sigma^2 t} \right), \quad s > 0 \]

- The expected value of \( S_t \):

\[ \mathbb{E}[S_t] = S_0 \]

due to the martingale property when drift is zero.

Implications of Zero Drift
- The process has no deterministic trend; its expected value remains constant over time.
- Variance increases linearly with time, indicating increasing uncertainty.

---

Applications and Significance

Modeling Asset Prices Without Drift
In certain financial scenarios, modeling assets with zero drift approximates situations where:

- The expected return is negligible over the timeframe considered.
- The focus is on the stochastic volatility component.
- The process is used as a baseline for more complex models.

Risk Management and Simulation
The explicit solution allows:

- Efficient simulation of asset paths.
- Analytical computation of probabilities related to the asset reaching certain levels.
- Assessment of the risk of extreme price movements purely driven by stochastic fluctuations.



Limitations and Extensions
While instructive, the zero drift GBM model is idealized. Real-world assets generally exhibit non-zero drift
and varying volatility. Extensions include:

- Incorporating time-dependent volatility.
- Adding jumps or mean reversion.
- Using stochastic volatility models for more accurate modeling.

---

Conclusion
Deriving the dynamics of a geometric Brownian motion with zero drift and constant diffusion term
simplifies the complex stochastic process into a log-normal distribution with well-understood properties.
The explicit solution:

\[ S_t = S_0 \exp \left( - \frac{\sigma^2}{2} t + \sigma W_t \right) \]

provides a powerful tool for simulation, risk analysis, and understanding the stochastic behavior of assets
under neutral drift conditions. Recognizing the assumptions and applications of this model is essential for
financial analysts, quantitative researchers, and engineers working with stochastic systems.

---
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This comprehensive overview provides a clear and detailed derivation of the dynamics of a GBM with
zero drift and constant diffusion, suitable for readers seeking an in-depth understanding of stochastic
modeling in finance and related fields.



Frequently Asked Questions

What is the stochastic differential equation (SDE) for a geometric
Brownian motion with zero drift and constant diffusion?
The SDE is given by dS(t) = σ S(t) dW(t), where σ > 0 is the constant diffusion coefficient and W(t) is a
standard Brownian motion.

How do you derive the explicit solution for a geometric Brownian motion
with zero drift?
By integrating the SDE, the solution is S(t) = S(0) exp(σ W(t) - (σ^2 / 2) t), which accounts for the stochastic
exponential of the Brownian motion.

Why does the solution of a zero-drift geometric Brownian motion
involve the exponential of a Brownian motion?
Because the SDE corresponds to a multiplicative stochastic process, and integrating it leads to the
exponential of the stochastic integral, which is a Brownian motion scaled by σ.

What is the distribution of S(t) in a zero-drift geometric Brownian
motion?
S(t) follows a log-normal distribution with parameters: mean of log S(t) is log S(0) - (σ^2 / 2) t and variance
is σ^2 t.

How does the zero drift assumption affect the expected value of the
process S(t)?
The expected value is E[S(t)] = S(0), indicating that on average, the process remains constant over time
despite stochastic fluctuations.

What is the role of the diffusion coefficient σ in the dynamics of the
process?
The diffusion coefficient σ controls the volatility or magnitude of the stochastic fluctuations in the process,
influencing the spread of the distribution.



Can the process S(t) reach zero in finite time under the zero drift
geometric Brownian motion?
No, since the process is strictly positive almost surely if started positive, but it can approach zero
asymptotically, though it never hits zero in finite time.

How does the zero drift geometric Brownian motion compare to the
standard model used in finance?
Unlike the standard Black-Scholes model which includes a positive drift representing expected return, the
zero drift version models a martingale with no expected growth, suitable for modeling fair game or risk-
neutral scenarios.

What are the implications of zero drift and constant diffusion for the long-
term behavior of the process?
The process exhibits no systematic upward or downward trend, with fluctuations governed solely by the
diffusion term, resulting in a martingale with constant expected value over time.

Additional Resources
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---

Introduction

In the realm of stochastic processes, Geometric Brownian Motion (GBM) stands out as a fundamental model
with wide-ranging applications, particularly in finance, physics, and engineering. Its popularity stems from
its simplicity and ability to capture the multiplicative nature of many phenomena, such as stock prices or
biological populations.

This article aims to provide a comprehensive and detailed derivation of the dynamics of a specific form of
GBM—namely, the one characterized by zero drift and a constant diffusion term. By systematically
dissecting the underlying stochastic differential equation (SDE), exploring the properties of the process, and
deriving key solutions, we offer a thorough understanding suitable for researchers, students, and
practitioners alike.

---

Understanding Geometric Brownian Motion



What is Geometric Brownian Motion?

At its core, GBM is a continuous-time stochastic process \( S(t) \) that models the evolution of a variable
subject to random fluctuations. It extends the classical Brownian motion by incorporating a multiplicative
structure, ensuring that the process remains positive—an essential feature in financial modeling where
negative prices are nonsensical.

Mathematically, GBM is governed by the SDE:

\[
dS(t) = \mu S(t) dt + \sigma S(t) dW(t),
\]

where:
- \( \mu \) is the drift coefficient representing the average growth rate,
- \( \sigma \) is the volatility coefficient, indicating the intensity of fluctuations,
- \( W(t) \) is a standard Brownian motion or Wiener process.

This form is often used to model asset prices, but the principles extend to other domains.

---

Special Case: Zero Drift and Constant Diffusion

Defining the Model

The particular case under consideration simplifies the general GBM to:

\[
dS(t) = 0 \times S(t) dt + \sigma S(t) dW(t),
\]

which reduces to:

\[
dS(t) = \sigma S(t) dW(t).
\]

Here, the drift term is zero, implying no systematic upward or downward trend in the process, while the
diffusion term remains constant, reflecting a constant level of volatility.

This model can be interpreted as a process exhibiting purely stochastic fluctuations around a constant
mean—no deterministic growth or decay influences the process.



---

Derivation of the Dynamics

Step 1: The Stochastic Differential Equation

Our starting point:

\[
dS(t) = \sigma S(t) dW(t),
\]

with initial condition:

\[
S(0) = S_0 > 0.
\]

This SDE is linear in \( S(t) \), and its solution involves methods from stochastic calculus, particularly Itô's
lemma.

Step 2: Applying Itô's Lemma

Since the equation involves multiplicative noise, it is often easier to analyze the logarithm of \( S(t) \).
Define:

\[
X(t) = \ln S(t).
\]

Applying Itô's lemma to \( X(t) \):

\[
dX(t) = \frac{1}{S(t)} dS(t) - \frac{1}{2} \frac{1}{S(t)^2} (dS(t))^2,
\]

where the second term accounts for the Itô correction due to the stochastic nature of \( dS(t) \).

Substituting \( dS(t) \):

\[
dX(t) = \frac{1}{S(t)} \sigma S(t) dW(t) - \frac{1}{2} \frac{1}{S(t)^2} (\sigma S(t) dW(t))^2,
\]



which simplifies to:

\[
dX(t) = \sigma dW(t) - \frac{1}{2} \sigma^2 (dW(t))^2.
\]

Step 3: Recognizing the Properties of \( dW(t) \)

In stochastic calculus, we have:

\[
(dW(t))^2 = dt,
\]

which is a fundamental property of Brownian motion increments. Using this:

\[
dX(t) = \sigma dW(t) - \frac{1}{2} \sigma^2 dt.
\]

This is a linear SDE with a deterministic drift and stochastic component.

Step 4: Solving for \( X(t) \)

Integrate both sides:

\[
X(t) = X(0) + \int_0^t \sigma dW(s) - \frac{1}{2} \sigma^2 t,
\]

where:

\[
X(0) = \ln S_0.
\]

Since \( \int_0^t \sigma dW(s) \sim \mathcal{N}(0, \sigma^2 t) \), \( X(t) \) is normally distributed with
mean:

\[
\mathbb{E}[X(t)] = \ln S_0 - \frac{1}{2} \sigma^2 t,
\]



and variance:

\[
\operatorname{Var}[X(t)] = \sigma^2 t.
\]

Thus, the solution for \( S(t) \) emerges as:

\[
S(t) = e^{X(t)} = S_0 \exp \left( - \frac{1}{2} \sigma^2 t + \sigma W(t) \right).
\]

---

Analytical Properties of the Process

Distributional Characteristics

The derived expression:

\[
S(t) = S_0 \exp \left( - \frac{1}{2} \sigma^2 t + \sigma W(t) \right),
\]

indicates that \( S(t) \) is log-normally distributed with:

- \( \text{Mean of } \ln S(t): \quad \ln S_0 - \frac{1}{2} \sigma^2 t \),
- \( \text{Variance of } \ln S(t): \quad \sigma^2 t \).

This distribution ensures positivity of \( S(t) \) and captures the multiplicative stochastic nature of the
process.

Moments of the Process

- Expected value:

\[
\mathbb{E}[S(t)] = S_0 e^{ - \frac{1}{2} \sigma^2 t } \times e^{ \frac{1}{2} \sigma^2 t } = S_0,
\]

which confirms that, despite fluctuations, the process maintains a constant mean over time.

- Variance:



\[
\operatorname{Var}[S(t)] = S_0^2 \left( e^{ \sigma^2 t } - 1 \right),
\]

which grows exponentially with time, reflecting increasing uncertainty.

---

Interpretation and Implications

Zero Drift and Its Significance

The absence of drift (\( \mu = 0 \)) means the process has no deterministic trend—its expected value
remains constant at \( S_0 \). However, the stochastic component causes the process to spread out over time,
leading to a distribution centered at \( S_0 \) but with increasing variance.

This model is particularly relevant in scenarios where the underlying process fluctuates symmetrically
around a constant level, such as certain physical systems or financial assets with no expected return but
with volatility.

Constant Diffusion Term

The constant \( \sigma \) signifies uniform volatility throughout the process. This simplifies analysis and
aligns with many practical situations where volatility is assumed stationary. It also facilitates explicit
solutions and easier computation of moments.

---

Broader Context and Applications

Financial Modeling

In finance, the classic GBM with zero drift models a martingale—a process with no predictable trend—used
as a baseline in derivative pricing and risk assessment. For example, in the risk-neutral measure, the
discounted price of an asset with zero expected growth aligns with this process.

Biological and Physical Systems

In biology, such stochastic models describe populations with neutral drift—neither growing nor shrinking
systematically but subject to random fluctuations. In physics, similar models capture Brownian motion with
no external forces.

---



Extensions and Generalizations

While the derivation above centers on the simplest form, real-world systems often involve:

- Non-zero drift: introducing a deterministic trend,
- Time-dependent volatility: modeling changing uncertainty,
- Jump processes: accommodating sudden shocks,
- Correlated noise: considering multiple interacting stochastic factors.

Each extension adds complexity but also enriches the model's applicability.

---

Conclusion

The derivation of the dynamics of a geometric Brownian motion with zero drift and constant diffusion
term reveals the elegant interplay between stochastic calculus and probabilistic distribution theory. Starting
from the fundamental SDE, applying Itô's lemma transforms the problem into a linear form that admits
explicit solutions. The resulting process, characterized by a log-normal distribution, exhibits constant mean
but growing variance—an archetype of pure stochastic fluctuation without deterministic trend.

Understanding this process is crucial for modeling systems where randomness dominates, providing a
foundational tool for further exploration into more complex stochastic models. Its simplicity and analytical
tractability make it a cornerstone in fields ranging from quantitative finance to physical sciences,
underscoring the importance of rigorous derivations in grasping the nuanced behavior of stochastic
phenomena.
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