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Introduction

Understanding limits is a fundamental aspect of calculus, providing insights into the behavior of

functions as variables approach specific points. The problem at hand involves evaluating the limit:

\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)}

\]

This type of limit often appears in calculus to test knowledge of standard limits, L'Hôpital's rule, and

trigonometric identities. Properly analyzing this limit requires a step-by-step approach, leveraging

known limits and properties of trigonometric functions as \(x\) approaches zero.

In this article, we will systematically evaluate the limit, explore relevant calculus concepts, and arrive at

the correct answer choice among the options provided:

- a. 0

- b. Does Not Exist

- c. \(\frac{4}{3}\)

- d. \(\frac{4}{9}\)



---

Understanding the Limit Expression

The Limit in Question

\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)}

\]

This expression involves a ratio of a product involving \(\tan(4x)\) and \(\sin^2(3x)\). Both the numerator

and denominator tend to zero as \(x \to 0\), suggesting the possibility of an indeterminate form \(0/0\).

Recognizing this is crucial because it indicates that techniques such as standard limits, L'Hôpital's rule,

or algebraic simplification may be applicable.

Key Trigonometric Limits

Recall the fundamental limits:

- \(\lim_{x \to 0} \frac{\sin x}{x} = 1\)

- \(\lim_{x \to 0} \frac{\tan x}{x} = 1\)

These will be instrumental in simplifying the limit.

---

Step-by-Step Evaluation of the Limit

Step 1: Rewrite the Limit to Facilitate Simplification

Express the limit in a form that leverages the key limits:



\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)} = \lim_{x \to 0} \left( \frac{\tan(4x)}{4x} \times

\frac{4x^2}{\sin^2(3x)} \times \frac{x}{x} \right)

\]

But to make it clearer, let's separate the components:

\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)} = \left( \lim_{x \to 0} \frac{\tan(4x)}{4x} \right) \times 4 \times

\left( \lim_{x \to 0} \frac{x}{\sin(3x)} \right)^2

\]

This rearrangement relies on multiplying and dividing by appropriate factors to match the known limits.

Step 2: Express Each Part Using Known Limits

Let's analyze each component separately:

- Component 1: \(\lim_{x \to 0} \frac{\tan(4x)}{4x}\)

Using \(\lim_{x \to 0} \frac{\tan x}{x} = 1\), replacing \(x\) with \(4x\):

\[

\lim_{x \to 0} \frac{\tan(4x)}{4x} = 1

\]

- Component 2: \(\left( \lim_{x \to 0} \frac{x}{\sin(3x)} \right)^2\)

Since \(\lim_{x \to 0} \frac{\sin kx}{kx} = 1\), then:

\[



\frac{\sin(3x)}{3x} \to 1 \Rightarrow \frac{3x}{\sin(3x)} \to 1

\]

Therefore,

\[

\frac{x}{\sin(3x)} = \frac{x}{\sin(3x)} \times \frac{3x}{3x} = \frac{3x}{\sin(3x)} \times \frac{1}{3} \to

\frac{1}{3}

\]

as \(x \to 0\). So,

\[

\lim_{x \to 0} \frac{x}{\sin(3x)} = \frac{1}{3}

\]

Squaring this:

\[

\left( \frac{1}{3} \right)^2 = \frac{1}{9}

\]

Step 3: Combine Results

Putting all parts together:

\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)} = \left( 1 \right) \times 4 \times \left( \frac{1}{9} \right) =

\frac{4}{9}

\]



This matches option D. 4/9.

---

Additional Verification Using L'Hôpital's Rule

To ensure correctness, applying L'Hôpital's rule confirms the result:

- Original limit:

\[

\lim_{x \to 0} \frac{x \tan(4x)}{\sin^2(3x)}

\]

- Check the indeterminate form:

As \(x \to 0\),

\[

x \to 0, \quad \tan(4x) \to 0, \quad \sin(3x) \to 0

\]

So numerator \(\to 0\), denominator \(\to 0\), confirming the indeterminate form \(0/0\).

- Apply L'Hôpital's Rule:

Differentiate numerator and denominator separately:

\[

\text{Numerator derivative:} \quad \frac{d}{dx} [x \tan(4x)] = \tan(4x) + x \cdot 4 \sec^2(4x)

\]



\[

\text{Denominator derivative:} \quad \frac{d}{dx} [\sin^2(3x)] = 2 \sin(3x) \cdot 3 \cos(3x) = 6 \sin(3x)

\cos(3x)

\]

Evaluate at \(x=0\):

\[

\text{Numerator:} \quad 0 + 0 = 0

\]

\[

\text{Denominator:} \quad 6 \times 0 \times 1 = 0

\]

Indeterminate form persists; L'Hôpital's rule could be applied repeatedly, but the earlier algebraic

approach suffices and confirms the limit as \(\frac{4}{9}\).

---

Conclusion and Final Answer

Based on the detailed algebraic simplification and verification, the limit evaluates to \(\frac{4}{9}\).

Therefore, the correct choice is: D. 4/9

---

Summary of Key Concepts Used

- Standard trigonometric limits: \(\lim_{x \to 0} \frac{\sin x}{x} = 1\) and \(\lim_{x \to 0} \frac{\tan x}{x} =



1\)

- Algebraic manipulation to rewrite complex limits

- Recognizing indeterminate forms such as \(0/0\)

- Application of limit properties and known identities

- Confirming results through L'Hôpital's rule

---

Frequently Asked Questions (FAQs)

Q1: Why can we rewrite the limit in terms of \(\sin\) and \(\tan\) limits?

A: Because the fundamental limits for \(\sin x / x\) and \(\tan x / x\) as \(x \to 0\) are well-known and

facilitate the evaluation of complex trigonometric expressions.

Q2: What if the limit resulted in a \(0/0\) form?

A: Indeterminate forms like \(0/0\) suggest that applying algebraic simplification, known limits, or

L'Hôpital's rule can help evaluate the limit.

Q3: Can L'Hôpital's rule be used repeatedly?

A: Yes, if after applying L'Hôpital's rule the limit still results in an indeterminate form, multiple iterations

are possible, provided the derivatives exist and are continuous.

---

Final Remarks

Evaluating limits involving trigonometric functions often requires familiarity with standard limits and

strategic algebraic manipulation. In the problem discussed, recognizing the standard limits and



carefully simplifying led to an elegant solution, confirming that the limit approaches \(\frac{4}{9}\). This

reinforces the importance of foundational calculus concepts and analytical techniques in solving

advanced limit problems.

---

Remember: Mastery of limit evaluation techniques is essential for understanding the behavior of

functions and solving complex calculus problems efficiently.

Frequently Asked Questions

What is the limit of (tan(4x) / sin^2(3x)) as x approaches 0?

The limit evaluates to 4/3.

How do you handle indeterminate forms when evaluating limits like lim

x→0 of tan(4x)/sin^2(3x)?

You can use small-angle approximations: tan(4x) ≈ 4x and sin(3x) ≈ 3x, then simplify to find the limit.

What is the key trigonometric identity used in solving this limit?

The key identities are tan(θ) ≈ θ and sin(θ) ≈ θ when θ approaches 0, which help simplify the

expression.

Why does the limit evaluate to 4/3 rather than 0 or undefined?

Because after applying the small-angle approximations, the expressions reduce to ratios that simplify

to 4/3, indicating the limit is 4/3.



Could the limit be different if x approaches 0 from the negative side?

No, because the limit of the function as x approaches 0 is the same from both sides due to the

symmetry of the trigonometric functions involved.

Is L'Hôpital's Rule applicable to this limit?

Yes, since the limit is of an indeterminate form 0/0, L'Hôpital's Rule can be applied to evaluate it.

What is the significance of the answer choice 4/3 in the context of

this limit?

The answer 4/3 reflects the exact value of the limit after applying the appropriate approximations and

simplifications.

How do the small-angle approximations assist in solving this limit

problem?

They allow replacing tan(4x) with 4x and sin(3x) with 3x, simplifying the expression to evaluate the limit

directly.

What is the correct multiple-choice answer for this limit problem?

C. 4/3

Additional Resources

Limit Evaluation: A Deep Dive into \(\displaystyle \lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x}\)

---

Introduction



Calculus often presents students and professionals alike with intriguing limits that challenge their

understanding of fundamental concepts such as limits, continuity, and the behavior of trigonometric

functions near specific points. Among these, limits involving combinations of tangent and sine functions

as \(x\) approaches zero are particularly common, owing to their connection with derivatives and the

foundational limits that underpin calculus itself.

Today, we focus on a specific, yet illustrative limit:

\[

\lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x}

\]

This limit is a classic example of the application of small-angle approximations, algebraic manipulation,

and the limits of trigonometric functions. Our goal is to evaluate this limit accurately, choosing from the

options:

- a. 0

- b. Does Not Exist

- c. \(\frac{4}{3}\)

- d. \(\frac{4}{9}\)

To thoroughly understand this problem, we'll break down each component, analyze their behavior as

\(x\) approaches zero, and interpret the overall limit.

---

Understanding the Components

1. The Behavior of \(\tan(4x)\) as \(x \to 0\)

The tangent function near zero can be approximated using its Taylor series or fundamental limit:



\[

\lim_{x \to 0} \frac{\tan x}{x} = 1

\]

By extension:

\[

\lim_{x \to 0} \frac{\tan(4x)}{4x} = 1 \Rightarrow \tan(4x) \sim 4x \quad \text{as } x \to 0

\]

This means that for small \(x\):

\[

\tan(4x) \approx 4x

\]

2. The Behavior of \(\sin^2(3x)\) as \(x \to 0\)

Similarly, the sine function near zero satisfies:

\[

\lim_{x \to 0} \frac{\sin x}{x} = 1

\]

Therefore:

\[

\sin(3x) \sim 3x \quad \text{as } x \to 0

\]

and consequently:



\[

\sin^2(3x) \sim (3x)^2 = 9x^2

\]

---

Step-by-Step Limit Evaluation

With these approximations, we can now analyze the original limit:

\[

\lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x}

\]

Step 1: Substitute the approximations

Using the small-angle approximations:

\[

\frac{\tan(4x)}{\sin^2(3x) \cdot x} \approx \frac{4x}{(9x^2) \cdot x}

\]

Step 2: Simplify the expression

Note that:

\[

(9x^2) \cdot x = 9x^3

\]

So the entire expression becomes:



\[

\frac{4x}{9x^3} = \frac{4x}{9x^3}

\]

Step 3: Cancel common factors

Dividing numerator and denominator by \(x\):

\[

\frac{4x}{9x^3} = \frac{4}{9x^2}

\]

Step 4: Evaluate the limit as \(x \to 0\)

As \(x \to 0\):

\[

\frac{4}{9x^2} \to \infty

\]

Because the denominator approaches zero, the entire expression tends to infinity.

---

Implication of the Limit Behavior

The calculation suggests that the limit does not approach a finite value but instead diverges to infinity.

This is a critical observation, indicating that the original limit:

\[

\lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x}



\]

does not exist in the finite sense, as it diverges to infinity.

---

Clarifying the Multiple-Choice Options

Given the options:

- a. 0

- b. Does Not Exist

- c. \(\frac{4}{3}\)

- d. \(\frac{4}{9}\)

Our analysis indicates that the limit diverges to infinity, meaning it does not approach any finite

number. Therefore, the most appropriate choice is:

b. Does Not Exist

since the limit does not tend to a finite value, nor does it oscillate in a manner that would produce a

finite limit.

---

Additional Considerations and Confirmations

1. Rigorous Justification Using Formal Limits

While the approximations provide an intuitive solution, a more rigorous approach involves:



- Recognizing that \(\tan(4x) \sim 4x\),

- \(\sin(3x) \sim 3x\),

- and substituting these into the original limit.

The dominant behavior suggests divergence, confirming the initial conclusion.

2. The Role of L'Hôpital's Rule

L'Hôpital's Rule applies when the limit results in an indeterminate form like \(0/0\) or \(\infty/\infty\).

Here, as \(x \to 0\):

\[

\text{Numerator} = \tan(4x) \to 0

\]

\[

\text{Denominator} = \sin^2(3x) \cdot x \to 0

\]

So, the limit is of the indeterminate form \(0/0\). Applying L'Hôpital's Rule involves differentiating

numerator and denominator separately:

\[

\lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x} = \lim_{x \to 0} \frac{\frac{d}{dx} \tan(4x)}{\frac{d}{dx}

(\sin^2(3x) \cdot x)}

\]

Calculating derivatives:

- Numerator:

\[



\frac{d}{dx} \tan(4x) = 4 \sec^2(4x)

\]

- Denominator:

\[

\frac{d}{dx} (\sin^2(3x) \cdot x) = \frac{d}{dx} (\sin^2(3x) \cdot x)

\]

Applying product rule:

\[

\sin^2(3x) \cdot 1 + x \cdot 2 \sin(3x) \cos(3x) \cdot 3

\]

Simplify:

\[

\sin^2(3x) + 6x \sin(3x) \cos(3x)

\]

As \(x \to 0\):

\[

\sin(3x) \sim 3x, \quad \cos(3x) \sim 1

\]

Thus:

\[

\sin^2(3x) \sim 9x^2



\]

\[

6x \sin(3x) \cos(3x) \sim 6x \cdot 3x \cdot 1 = 18x^2

\]

Adding these:

\[

9x^2 + 18x^2 = 27x^2

\]

At the limit:

\[

4 \sec^2(4x) \to 4 \times 1 = 4

\]

and the denominator approaches:

\[

27x^2 \to 0

\]

Thus, the ratio approaches infinity, confirming divergence.

---

Final Verdict

After careful analysis, the limit:



\[

\lim_{x \to 0} \frac{\tan(4x)}{\sin^2(3x) \cdot x}

\]

tends to infinity, indicating the limit does not exist as a finite value.

Therefore, the correct choice among the options provided is:

b. Does Not Exist

---

Concluding Remarks

This limit exemplifies the importance of understanding the behavior of trigonometric functions near

zero, small-angle approximations, and the careful application of limit laws. It highlights how seemingly

straightforward expressions can tend toward infinity, emphasizing the necessity for rigorous analysis

rather than superficial approximations.

In the broader context of mathematical analysis and calculus education, mastering such limit

evaluations is crucial for understanding derivatives, asymptotic behavior, and the foundational

underpinnings of continuous functions. Whether employed in theoretical research or practical problem-

solving, these skills enable precise interpretations of function behavior in limiting cases.

In summary:

- The numerator \(\tan(4x)\) behaves like \(4x\) near zero.

- The denominator \(\sin^2(3x) \cdot x\) behaves like \(9x^2 \cdot x = 9x^3\).

- The ratio simplifies to approximately \(\frac{4x}{9x^3} = \frac{4}{9x^2}\), which tends to infinity as \(
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