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Understanding the structure of subgroups within cyclic groups such as \( Z_{40} \) and \(
Z_{30} \) is a fundamental aspect of group theory. This article aims to explore the
formation of both cyclic and non-cyclic subgroups of order 12 within the direct product \(
Z_{40} \times Z_{30} \). We will delve into the properties of these groups, methods for
identifying subgroups, and specific examples illustrating cyclic and non-cyclic subgroups
of the specified order.

Background on Cyclic Groups and Direct Products

Understanding Cyclic Groups
A cyclic group is a group generated by a single element. Specifically, a group \( G \) is
cyclic if there exists an element \( g \in G \) such that every element of \( G \) can be
expressed as \( g^k \) for some integer \( k \). The order of a cyclic group generated by \( g
\) is the order of \( g \).

For example, \( Z_{n} \), the integers modulo \( n \), is a cyclic group of order \( n \),
generated by 1 (or any element coprime with \( n \)). The elements of \( Z_{n} \) are \( \{0,
1, 2, \ldots, n-1\} \), with addition modulo \( n \).

Direct Product of Cyclic Groups
The direct product \( Z_{a} \times Z_{b} \) is the set of ordered pairs \( (x, y) \), where \( x
\in Z_{a} \) and \( y \in Z_{b} \), with the operation defined component-wise:
\[
(x_1, y_1) + (x_2, y_2) = (x_1 + x_2, y_1 + y_2).
\]
This group is abelian and can be cyclic or non-cyclic depending on the structure of the
factors.

Key Point: The structure of subgroups within \( Z_{a} \times Z_{b} \) depends on the
divisors of \( a \) and \( b \), as well as the properties of the elements involved.



Analyzing \( Z_{40} \times Z_{30} \)

Order of the Group
The order of the direct product \( Z_{40} \times Z_{30} \) is:
\[
|Z_{40} \times Z_{30}| = 40 \times 30 = 1200.
\]
However, our focus is on subgroups of order 12, which is a divisor of 1200.

Subgroups of \( Z_{40} \) and \( Z_{30} \)
- \( Z_{40} \) has subgroups of order dividing 40: 1, 2, 4, 5, 8, 10, 20, 40.
- \( Z_{30} \) has subgroups of order dividing 30: 1, 2, 3, 5, 6, 10, 15, 30.

The subgroups of the direct product can be constructed from subgroups of the factors,
often via their direct sums or through more intricate subgroup constructions.

Finding a Cyclic Subgroup of Order 12 in \(
Z_{40} \times Z_{30} \)

Conditions for a Cyclic Subgroup of Order 12
A subgroup \( H \) of \( Z_{40} \times Z_{30} \) is cyclic of order 12 if it is generated by an
element \( (x, y) \) such that:
\[
| (x, y) | = 12,
\]
where the order of \( (x, y) \) is the least common multiple (lcm) of the orders of \( x \) and
\( y \):
\[
| (x, y) | = \operatorname{lcm} (|x|, |y|).
\]
To have \( | (x, y) | = 12 \), the orders \( |x| \) and \( |y| \) must satisfy:
\[
\operatorname{lcm} (|x|, |y|) = 12.
\]

Therefore, the possible orders of \( x \) and \( y \) are divisors of 40 and 30 respectively,
that satisfy this condition.



Finding elements with appropriate orders in \( Z_{40} \)
and \( Z_{30} \)
- The elements of \( Z_{40} \) with order dividing 40 are of orders 1, 2, 4, 5, 8, 10, 20, 40.
- The elements of \( Z_{30} \) with order dividing 30 are of orders 1, 2, 3, 5, 6, 10, 15, 30.

Key observation: To generate a subgroup of order 12 via \( (x,y) \), the orders of \( x \) and
\( y \) must satisfy:
\[
\operatorname{lcm} (|x|, |y|) = 12.
\]
Since 12 factors as \( 2^2 \times 3 \), the orders of \( x \) and \( y \) must include factors 3
and 4, or combinations that produce the lcm of 12.

However, in \( Z_{40} \), elements of order 4, 8, 10, 20, 40 exist, but not of order 12
directly. Similarly, in \( Z_{30} \), elements of order 3 and 6 exist, but no element of order
12. This suggests we need to find elements whose orders' least common multiple is 12.

Constructing a Cyclic Subgroup of Order 12
Let’s consider specific elements:

- In \( Z_{40} \), an element of order 4 exists, for example, \( x = 10 \) (since \( 10 \times 4
= 40 \)), so \( |10|=4 \).
- In \( Z_{30} \), an element of order 3 exists, for example, \( y = 10 \) (since \( 10 \times 3
= 30 \)), so \( |10|=3 \).

Now, the order of \( (10, 10) \) in \( Z_{40} \times Z_{30} \) is:
\[
\operatorname{lcm}(4, 3) = 12,
\]
which is exactly what we want.

Hence, the subgroup generated by \( (10, 10) \) is cyclic of order 12.

Explicit Example of the Cyclic Subgroup
\[
H = \langle (10, 10) \rangle = \{ (k \times 10, k \times 10) \mid k = 0, 1, \ldots, 11 \}
\]
where the operations are modulo 40 and 30 respectively.

The elements are:
\[
\begin{aligned}
&(0, 0), \\
&(10, 10), \\
&(20, 20), \\
&(30, 30), \\



&(0, 0), \quad \text{(cycle repeats after 12 elements)}
\end{aligned}
\]

This subgroup is cyclic of order 12, generated by \( (10, 10) \).

---

Finding a Non-Cyclic Subgroup of Order 12 in \(
Z_{40} \times Z_{30} \)

Understanding Non-Cyclic Subgroups
A subgroup is non-cyclic if it cannot be generated by a single element. Often, such
subgroups are the direct product of smaller cyclic groups or more complex constructions.

To find a non-cyclic subgroup of order 12, consider subgroups that are direct products of
smaller cyclic groups whose orders multiply to 12 but are not generated by a single
element.

Constructing a Non-Cyclic Subgroup of Order 12
One natural approach is to consider the direct product of two cyclic subgroups whose
orders multiply to 12 but are not coprime, for example:

- \( Z_4 \) and \( Z_3 \), with orders 4 and 3 respectively.
- The direct product \( Z_4 \times Z_3 \) has order \( 4 \times 3 = 12 \).

Since \( Z_4 \times Z_3 \) is isomorphic to a subgroup of \( Z_{40} \times Z_{30} \), it can
serve as a non-cyclic subgroup of order 12.

Explicit Construction:

- Select subgroups:
- \( H_1 = \langle a \rangle \subset Z_{40} \) with \( |a|=4 \). For example, \( a=10 \).

Frequently Asked Questions

What is a cyclic subgroup in the context of Z40 × Z30?
A cyclic subgroup of Z40 × Z30 is a subgroup generated by a single element, meaning all
elements can be expressed as multiples of that generator within the group.



How do you determine the order of a subgroup in Z40 ×
Z30?
The order of a subgroup is the number of elements it contains. For cyclic subgroups, it
equals the order of the generator, while for non-cyclic subgroups, it depends on the
subgroup's structure and can be found using subgroup and element order calculations.

What conditions must an element in Z40 × Z30 satisfy
to generate a cyclic subgroup of order 12?
The element's order must be 12, meaning its components' orders in Z40 and Z30 must
combine such that the least common multiple (LCM) of their orders is 12.

How can we find an element in Z40 × Z30 that
generates a cyclic subgroup of order 12?
Identify elements whose orders in Z40 and Z30 have an LCM of 12, such as (g^k, h^l)
where the orders of g^k in Z40 and h^l in Z30 multiply to give an LCM of 12.

What is an example of a cyclic subgroup of order 12 in
Z40 × Z30?
An example is the subgroup generated by the element (10, 6), where the order of 10 in
Z40 is 4, and 6 in Z30 is 5; since LCM(4, 5) = 20, you would select elements with
compatible orders to achieve order 12, such as (12, 6).

What distinguishes a non-cyclic subgroup of order 12
from a cyclic one in Z40 × Z30?
A non-cyclic subgroup of order 12 cannot be generated by a single element; it has multiple
generators and a more complex structure, often isomorphic to a direct product of smaller
cyclic groups.

How do you construct a non-cyclic subgroup of order 12
in Z40 × Z30?
Construct it by taking the direct product of smaller cyclic subgroups whose orders
multiply to 12 but do not combine into a single cyclic group, such as Z4 × Z3 embedded
within Z40 × Z30.

Why are some subgroups of Z40 × Z30 non-cyclic
despite having the same order as cyclic subgroups?
Because their elements cannot be generated by a single element due to the group’s
internal structure, resulting in subgroups that are direct products of smaller cyclic groups
rather than cyclic themselves.



What is the significance of finding both cyclic and non-
cyclic subgroups of order 12 in Z40 × Z30?
It highlights the diversity of subgroup structures within the group and aids in
understanding its algebraic properties, such as classification, subgroup lattice, and
potential applications in group theory and cryptography.

Additional Resources
Find A Cyclic Subgroup Of Z40 Z30 Of Order 12. And A Non-Cyclic Subgroup Of Z40 Z30
Of Order 12.
Understanding the structure of subgroups within direct products of cyclic groups is
fundamental in group theory. When dealing with groups like Z40 and Z30, which are cyclic
groups of orders 40 and 30 respectively, questions often arise about the existence and
construction of subgroups of particular orders—specifically, how to find a cyclic subgroup
of order 12 and a non-cyclic subgroup of the same order within their direct product. This
guide aims to break down the process step-by-step, illustrating how to identify such
subgroups and understand their properties.

---

Introduction to Z40, Z30, and Their Direct Product

Before diving into subgroups, let's establish the basic concepts involved:

- Z40: The cyclic group of order 40, consisting of integers modulo 40, with addition as the
operation.
- Z30: The cyclic group of order 30, consisting of integers modulo 30.

The direct product Z40 × Z30 combines these two groups into a new group where
elements are ordered pairs \((a, b)\) with \(a \in Z40\) and \(b \in Z30\). The operation is
component-wise addition:

\[
(a_1, b_1) + (a_2, b_2) = (a_1 + a_2, b_1 + b_2)
\]

This structure is fundamental because it allows us to analyze subgroups based on
properties of the component groups.

---

Step 1: Determining the Order of Elements in Z40 × Z30

The order of an element \((a, b)\) in the direct product is the least common multiple (lcm)
of the orders of \(a\) and \(b\):

\[
\text{order}(a, b) = \operatorname{lcm}(\text{order}(a), \text{order}(b))



\]

- The order of an element \(a\) in \(Z40\) divides 40.
- The order of an element \(b\) in \(Z30\) divides 30.

Given this, to find elements of order 12 in the product, we need to find pairs \((a, b)\) such
that:

\[
\operatorname{lcm}(\text{order}(a), \text{order}(b)) = 12
\]

---

Step 2: Finding a Cyclic Subgroup of Order 12

Goal: Identify a cyclic subgroup of \(Z40 \times Z30\) with order 12.

2.1. Understanding Cyclic Subgroups

A cyclic subgroup generated by an element \((a, b)\) is:

\[
\langle(a, b)\rangle = \{ n \cdot (a, b) \mid n \in \mathbb{Z} \}
\]

The order of this subgroup equals the order of \((a, b)\). Therefore, to find a cyclic
subgroup of order 12, we need an element \((a, b)\) such that:

\[
\operatorname{lcm}(\text{order}(a), \text{order}(b)) = 12
\]

2.2. Finding Suitable Elements

- Possible orders of elements in \(Z40\): Divisors of 40: 1, 2, 4, 5, 8, 10, 20, 40.
- Possible orders of elements in \(Z30\): Divisors of 30: 1, 2, 3, 5, 6, 10, 15, 30.

To have \(\operatorname{lcm}(\text{order}(a), \text{order}(b)) = 12\), we analyze
possible pairs:

- Order pairs in \(Z40\) and \(Z30\) whose lcm is 12:

| \(\text{order}(a)\) in Z40 | \(\text{order}(b)\) in Z30 | \(\operatorname{lcm}\) | Comment
|
|----------------------------|----------------------------|---------------------|---------|
| 4 | 6 | 12 | Valid |
| 4 | 12 (not in Z30) | No (12 not divisor of 30) | Invalid |
| 10 | 6 | 30 | No |
| 20 | 6 | 60 | No |



Since 12 divides 40, and in \(Z40\), elements of order 4 exist, and in \(Z30\), elements of
order 6 exist, the pair \((a, b)\) with:

- \(\text{order}(a) = 4\) in \(Z40\).
- \(\text{order}(b) = 6\) in \(Z30\).

produces an element of order 12.

2.3. Constructing an Element of Order 12

- In \(Z40\): An element of order 4 can be \(k\) such that \(k \times \text{order}(a) = 0
\pmod{40}\). For example, \(a = 10\), since \(10 \times 4=40\), and the order of \(10
\pmod{40}\) is 4.
- In \(Z30\): An element of order 6 is \(b=5\), since \(5 \times 6=30\).

Check the order:

\[
\operatorname{lcm}(4, 6) = 12
\]

Thus, the element \((10, 5)\) in \(Z40 \times Z30\) has order 12.

Therefore, the cyclic subgroup of order 12 is:

\[
\boxed{
\langle (10, 5) \rangle
}
\]

which contains elements:

\[
\{ (0, 0), (10, 5), (20, 10), (30, 15), (0, 20), (10, 25), (20, 30), (30, 35), (0, 40), (10, 45), (20,
50), (30, 55) \}
\]

modulo their respective group orders.

---

Step 3: Finding a Non-Cyclic Subgroup of Order 12

Goal: Construct a subgroup of \(Z40 \times Z30\) of order 12 that is not cyclic.

3.1. Recognizing Non-Cyclic Subgroups

A subgroup is cyclic if it is generated by a single element. To find a non-cyclic subgroup,
we need a subgroup that cannot be generated by a single element, i.e., it is a direct
product of smaller cyclic groups or has a more complex structure.



3.2. Strategy for Construction

One way to create a non-cyclic subgroup of order 12 is to take the direct product of
smaller cyclic groups whose orders multiply to 12 but are not relatively prime, leading to a
subgroup that is not cyclic.

For example, consider:

\[
H = \langle (20, 0), (0, 6) \rangle
\]

where:

- \((20, 0)\) has order 2 in \(Z40\) (since \(20 \times 2=40\))
- \((0, 6)\) has order 5 in \(Z30\) (since \(6 \times 5=30\))

The subgroup generated by these two elements is:

\[
H = \{ (0, 0), (20, 0), (0, 6), (20, 6) \}
\]

But this has order 4, not 12. To get order 12, we need to find elements or subgroups with
appropriate orders.

3.3. Constructing a Non-Cyclic Subgroup of Order 12

Suppose we take:

\[
K = \langle (10, 0), (0, 6) \rangle
\]

- \((10, 0)\) has order 4 in \(Z40\).
- \((0, 6)\) has order 5 in \(Z30\).

The subgroup generated by these two elements has size equal to the product of their
orders if the elements commute and their orders are coprime:

\[
|K| = \text{lcm}(\text{order}(10, 0), \text{order}(0, 6))
\]

But since \(\gcd(4, 5) = 1\), the subgroup generated by these two elements is isomorphic
to \(C_4 \times C_5\), which has order 20, too large.

To get order 12, consider:

\[
L = \langle (20, 0), (0, 6) \rangle



\]

- \((20, 0)\) has order 2.
- \((0, 6)\) has order 5.

The subgroup:

\[
L = \{ (0, 0), (20, 0), (0
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