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Introduction to the Wave Equation and Polynomial Solutions

The wave equation is a fundamental partial differential equation (PDE) that models a wide variety of
physical phenomena such as vibrations of strings, sound waves, and electromagnetic waves. It is typically

expressed as:
\[ u_{tt} = u_{xx} \]

where \( u(t, x) \) describes the wave's displacement at time \(t \) and position \( x \). In this context,
finding solutions that are polynomials in \( t \) and \( x \) provides insights into specific wave behaviors and

simplifies complex analyses.

This article aims to explore all polynomial solutions \( P(t, x) \) of the wave equation \( u_{tt} = u_{xx} \),
focusing on solutions where \( P(t, x) \) is a polynomial of degree 2 and degree 3. We will systematically

analyze these cases, deriving the general forms and solutions.

Mathematical Framework and Approach

Before delving into solutions, it is essential to understand the key concepts:

- Polynomial Solutions: Functions \( P(t, x) \) that can be expressed as a finite sum of powers of \(t \) and \(
x \) with constant coefficients.

- Degree of Polynomial: The highest total degree of any term in \( P(t, x) \). For example, a quadratic
polynomial has degree 2, and a cubic polynomial has degree 3.

- Methodology: Substituting the polynomial form into the wave equation and equating coefficients for

corresponding powers of \( t \) and \( x \) to find constraints on the coefficients.
The main steps involve:
1. Assume a general polynomial form of the specified degree.

2. Compute the second derivatives \( u_{tt} \) and \( u_{xx} \).

3. Equate \( u_{tt} \) and \( u_{xx} \) to derive conditions on the coefficients.



Part A: Polynomial Solutions of Degree 2

General Form of Degree 2 Polynomial Solutions

A general quadratic polynomial in variables \( t \) and \( x \) can be written as:
\[ P(t, x) =a_{00} +a_{10} t + a_{01} x +a_{20} t"2 + a_{11} t x + a_{02} x"2\]

where \('a_{ij} \) are constant coefficients.

Calculating Derivatives for the Wave Equation

Compute the second derivatives:

- \( P_{tt} = \frac{\partial"2 P}{\partial t*2} = 2 a_{20} \)
- \( P_{xx} = \frac{\partial*2 P}{\partial x"2} = 2 a_{02} \)

Note that derivatives of linear terms vanish after second differentiation.

Applying the Wave Equation Condition

The PDE requires:

\[ P_{tt} = P_{xx} \]

Substituting the derivatives:

\[ 2a_{20} =2 a_{02} \Rightarrow a_{20} = a_{02} \]

This relation constrains the coefficients.



Resulting Polynomial Solutions of Degree 2

The general form of solutions is:
\[ P(t, x) =a_{00} +a_{10} t + a_{01} x + a_{11} t x + a_{20} (t"2 + x"2) \]

where \('a_{20} \) is arbitrary, and \( a_{02} = a_{20} \). The coefficients \( a_{00}, a_{10}, a_{01}, a_{11} \)

are arbitrary constants.

Summary of solutions:

\[Pt,x)=c O+cit+c2x+c3tx+cd(t'2+x"2))\]
with arbitrary constants \( c_0, c_1, c_2, c_3, c_4\).

Key Takeaways:

- Polynomial solutions of degree 2 are characterized by a quadratic form involving \( t"2 + x"2\).

- The coefficients of the quadratic terms must satisfy the relation \( a_{20} = a_{02} \).

Part B: Polynomial Solutions of Degree 3

General Form of Degree 3 Polynomial Solutions

A general cubic polynomial in \(t\) and \( x \):

\

\begin{aligned}

P(t, x) &= b_{000} + b_{100} t + b_{010} x + b_{200} t*2 + b_{110} t x + b_{020} x*2 \\
&\quad + b_{300} t3 + b_{210} t*2 x + b_{120} t x*2 + b_{030} x"3

\end{aligned}

\

where \( b_{ijk} \) are constant coefficients.



Calculating Derivatives for the Wave Equation

Compute second derivatives:

~\(P_{tt} = 6 b_{300} t + 2 b_{210} x + 2 b_{200} \)
S\(P_{xx} = 6 b_{030} x + 2 b_{120} t + 2 b_{020} \)

Note: derivatives of linear and quadratic terms contribute to these second derivatives, with cubic terms

contributing linearly.

Applying the Wave Equation Condition

Set \( P_{tt} = P_{xx} \):

\

6 b_{300} t + 2b_{210} x + 2 b_{200} = 6 b_{030} x + 2 b_{120} t + 2 b_{020}
\

Matching coefficients of like terms:

- For \(t\):

\[
6 b_{300} = 2 b_{120} \Rightarrow 3 b_{300} = b_{120}

2b_{210} = 6 b_{030} \Rightarrow b_{210} = 3 b_{030}
\]

- For constant terms:

\[
2b_{200} = 2 b_{020} \Rightarrow b_{200} = b_{020}

\]



General Form of Cubic Polynomial Solutions

The constraints above imply specific relations among the coefficients:

\[

b_{120} = 3 b_{300} \\
b_{210} = 3 b_{030} \\
b_{200} = b_{020}

\]

Thus, the polynomial solutions are:

\[

\begin{aligned}

P(t, x) &= b_{000} + b_{100} t + b_{010} x + b_{200} t*2 + b_{110} t x + b_{020} x"2 \\
&\quad + b_{300} t3 + 3 b_{300} t2 x + b_{120} t x"2 + b_{030} x"3

\end{aligned}

\

with arbitrary constants \( b_{000}, b_{100}, b_{010}, b_{200} (= b_{020}), b_{110}, b_{300}, b_{030} \), and
\( b_{120} \).

Summary of solutions:

\[

Pit,x)=c O0+ci1t+c2x+c3t2+cdtx+c5x2+c6t'3+3c6t"2x+c 7tx"2+c_8x"3
\]

where \( ¢_0, c_1, c_2, c_3 (= c_5), c_4, c_6, c_7, c_8 \) are arbitrary constants.

Key Takeaways:

- Cubic polynomial solutions involve specific relations among coefficients of cubic and quadratic terms.

- The structure reflects the symmetry and linearity of the wave equation.

Physical and Mathematical Significance of Polynomial Solutions

Polynomial solutions to the wave equation, although limited in their scope, serve as foundational tools in

understanding wave behaviors and as building blocks for more complex solutions. They:



- Offer explicit forms that can be used in initial value problems.
- Help verify numerical methods by providing exact solutions.

- Serve as basis functions in polynomial approximation techniques.

Conclusion and Summary

In this comprehensive analysis, we have identified all polynomial solutions \( P(t, x) \) to the wave

equation \( u_{tt} = u_{xx} \) for degrees 2 and 3.

For degree 2:

- The general solution is:
\[P(t,x)=cO+clt+tc2x+c3tx+c4d(t'2+x'2))\]

- The key condition is that the quadratic coefficients satisfy \( a_{20} = a_{02} \).
For degree 3:

- The general

Frequently Asked Questions

What is the general approach to finding polynomial solutions P(t, X) of
the wave equation Utt = u_{zz} with degree 2?

For degree 2 polynomials, assume P(t, z) = A(t)z*2 + B(t)z + C(t), substitute into the wave equation, and
equate coefficients to derive ODEs for A(t), B(t), and C(t). Solving these ODEs yields all polynomial

solutions of degree 2.

How do polynomial solutions of degree 3 differ when solving the wave
equation Utt = u_{zz}?

When considering degree 3 polynomials P(t, z) = A(t)z"3 + B(t)z"2 + C(t)z + D(t), substituting into the
wave equation results in a system of ODEs for A(t), B(t), C(t), and D(t). Solving these provides the

polynomial solutions of degree 3, which involve more complex relations than degree 2.



What are the key steps to find all polynomial solutions of degree 2 for the

wave equation?

First, assume P(t, z) = A(t)z"2 + B(t)z + C(t). Substitute into the wave equation, equate coefficients of
powers of z to obtain ODEs for A(t), B(t), and C(t). Solve these ODEs to find the explicit polynomial

solutions.

Can all polynomial solutions of degree 2 or 3 be expressed explicitly, and
if so, how?

Yes. By assuming polynomial forms, substituting into the wave equation, and solving the resulting ODEs
for their coefficients, explicit solutions for P(t, z) can be derived, involving functions satisfying the

differential equations obtained.

Are there any restrictions on the coefficients of polynomial solutions of

degree 2 or 3 for the wave equation?

Yes, the coefficients must satisfy specific ODEs derived from substituting the polynomial into the wave
equation. These restrictions ensure that the polynomial form solves the PDE, leading to particular

relationships among the coefficients.

What is the significance of polynomial solutions in understanding the

wave equation?

Polynomial solutions serve as fundamental building blocks, providing explicit examples and insights into
the structure of solutions. They help in understanding the behavior of solutions and can be used to construct

more complex solutions via superposition.

How does the degree of the polynomial influence the complexity of

solving the wave equation?

Higher-degree polynomials lead to more complex systems of ODEs for the coefficients, making the solution
process more involved. Degree 2 solutions involve simpler ODEs, while degree 3 introduces additional

coupled equations, increasing computational complexity.

Additional Resources
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Introduction: The Significance of Polynomial Solutions to the
Wave Equation

Wave equations are fundamental in mathematical physics, modeling phenomena such as sound waves,
electromagnetic waves, and vibrations in elastic media. A classical form of the wave equation in one spatial

dimension is:

\

u_{tt} = u_{xx}

\

where \( u(t, x) \) is the wave function depending on time \( t \) and spatial coordinate \( x \). Solving this
partial differential equation (PDE) in general involves sophisticated techniques, but specific classes of
solutions—particularly polynomial solutions—offer valuable insights into the structure and symmetry
properties of the wave equation. Polynomial solutions are especially appealing in theoretical analyses
because of their simplicity and explicitness, and they often serve as building blocks for more complicated

solutions.

This article explores the problem of finding all polynomial solutions \( P(t, x) \) to the wave equation \(
u_{tt} = u_{xx} \), focusing on solutions where the polynomial's total degree is either 2 or 3. Such an
investigation involves a detailed algebraic approach, examining the constraints imposed by the PDE on the
coefficients of the polynomial and leveraging symmetry considerations. The results not only elucidate the
structure of polynomial solutions but also highlight the constraints that the wave equation imposes on

polynomial forms.

Problem Setup and Methodology

The core problem is to find all polynomial functions \( P(t, x) \) such that

\
P_{tt}(t, x) = P_{xx}(t, x),
\

where \( P(t, x) \) is a polynomial of a specified degree, either 2 or 3. To proceed systematically, we express

\( P(t, x) \) in a general polynomial form and analyze the derivatives.

Methodological steps include:



1. Expressing the Polynomial:

Write \( P(t, x) \) in a general polynomial form with indeterminate coefficients.

2. Computing Partial Derivatives:
Calculate \( P_{tt} \) and \( P_{xx} \) explicitly.

3. Applying the PDE Constraints:

Equate \( P_{tt} = P_{xx} \) and derive algebraic conditions on the coefficients.

4. Solving the Algebraic System:

Determine all possible sets of coefficients satisfying these conditions.

5. Interpreting the Results:

Classify the solutions and analyze their structure, particularly focusing on the degrees specified.

Polynomial Solutions of Degree 2

General Form of a Quadratic Polynomial

Any degree-2 polynomial \( P(t,x) \) can be written as:

\

P(t, x) =a_{00} + a_{10} t + a_{01} x + a_{20} t"2 + a_{11} t x + a_{02} x"2,
\

where \( a_{ij} \) are real coefficients.

Note: The polynomial contains six coefficients, but the wave equation's constraints will relate these

coefficients, reducing the degrees of freedom.

Derivatives and the Wave Equation Constraint

Compute the second derivatives:

- Temporal second derivative:



\[
P{tt}=2a.{20} +0+0+0+0+0=2a{20}.

\]

- Spatial second derivative:

\[
P{xx}=0+0+0+0+0+2a{02}=2a_{02)}.

\

Applying the wave equation \( P_{tt} = P_{xx} \):

\
2a_{20} =2 a_{02} \implies a_{20} = a_{02}.

\]

Result: The coefficients of the \( t"2 \) and \( x"2 \) terms must be equal for the polynomial to satisfy the

wave equation.
Additional constraints:

- The cross-term \( a_{11} t x \) does not appear in derivatives of second order when differentiated twice

with respect to \( t \) or \( x \), but it contributes when differentiating twice with respect to each variable:

\
\frac{\partial"2}{\partial t"2} (a_{11} t x) = 0,
\
\
\frac{\partial"2}{\partial x"2} (a_{11} t x) = 0.
\]

- The linear terms \( a_{10} t \) and \( a_{01} x \) vanish upon second differentiation:

\
\frac{\partial"2}{\partial t"2} (a_{10} t) = 0,
\
\
\frac{\partial"2}{\partial x"2} (a_{01} x) = 0.
\

- The constant term \( a_{00} \) also vanishes upon differentiation.

Therefore, the only restriction from the PDE is on \( a_{20} \) and \( a_{02} \), which must be equal.



Complete Set of Degree-2 Polynomial Solutions

The general solution set comprises all quadratic polynomials of the form:

\
P(t, x) =a_{00} + a_{10} t + a_{01} x + a_{11} t x + a_{20} (t"2 + x2),

\

where \(a_{00}, a_{10}, a_{01}, a_{11} \in \mathbb{R} \), and \( a_{20} \in \mathbb{R} \) is arbitrary, but
the quadratic terms satisfy \( a_{20} = a_{02} \).

Key observations:

- The quadratic part is isotropic: \( a_{20}(t"2 + x*2) \).
- The coefficients of linear terms are unrestricted.

- The cross term \( t x \) remains unconstrained, as it does not violate the wave equation.

Summary:

\[

\boxed{

\text{All degree-2 solutions are of the form} \quad P(t,x) = a_{00} + a_{10} t + a_{01} x +a_{11} t x +
a_{20} ("2 + x"2),

}

\]

with arbitrary real coefficients.

Polynomial Solutions of Degree 3

General Form of a Cubic Polynomial

A degree-3 polynomial \( P(t, x) \) can be expressed as:

\

\begin{aligned}

P(t, x) &= b_{00} + b_{10} t + b_{01} x + b_{20} t*2 + b_{11} t x + b_{02} x*2 \\
&\quad + b_{30} '3 + b_{21) t"2 x + b_{12} t x"2 + b_{03) x"3,



\end{aligned}

\]
where \( b_{ij} \) are real coefficients.

Our goal: To find all such polynomials satisfying \( P_{tt} = P_{xx} \).

Derivatives and Constraints from the Wave Equation

Calculate second derivatives:
-\(PLtt)\):

\[
P_{tt) = 6 b_{30} t + 2 b_{21} x + 2 b_{20} + 2 b_{12} x"2,

\

but note that derivatives are taken term-by-term:

\[

\frac{\partial"2}{\partial t"2} (b_{30} t"3) = 6 b_{30} t,

\]

\[

\frac{\partial"2}{\partial t"2} (b_{21} t"2 x) = 2 b_{21} x,
\]

\[

\frac{\partial"2}{\partial t"2} (b_{20} t"2) = 2 b_{20},

\]

\[

\frac{\partial"2}{\partial t"2} (b_{12} t x"2) = 0,

\]

\[

\text{others are linear or constant in } t, \text{ so their second derivatives vanish.}

\]

Similarly, for \( P_{xx} \):

\[
P {xx} =6b {03} x + 2b_{12} t + 2b_{02} + 2 b_{21} "2,

\]

where derivatives are:



\[

\frac{\partial"2}{\partial x"2} (b_{03} x"3) = 6 b_{03} x,
\]

\[

\frac{\partial"2}{\partial x"2} (b_{12} t x"2) = 2 b_{12} t,
\]

\[

\frac{\partial"2}{\partial x"2} (b_{02} x"2) = 2 b_{02},
\]

\[

\frac{\partial"2}{\partial x"2} (b_{21} t"2 x) =
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