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Understanding the poles of a system is fundamental in control systems engineering, as they directly
influence system stability, response characteristics, and robustness. When analyzing a system
described by state equations, determining the poles involves deriving the system's characteristic
equation from its state-space representation. This article provides a comprehensive explanation of
how to find the poles of a system from its state equations, including detailed derivations,
explanations, and practical insights.

Introduction to State-Space Representation

Before delving into pole calculation, it is essential to understand what state equations are and how
they describe a dynamic system.

What Are State Equations?
State equations provide a mathematical model of a system's dynamics in the form of first-order
differential equations:

\[
\dot{\mathbf{x}}(t) = A\mathbf{x}(t) + B\mathbf{u}(t)
\]

where:
- \(\mathbf{x}(t)\) is the state vector (n×1),
- \(A\) is the system matrix (n×n),
- \(B\) is the input matrix (n×m),
- \(\mathbf{u}(t)\) is the input vector (m×1),
- \(\dot{\mathbf{x}}(t)\) is the derivative of the state vector with respect to time.

The output equation, which relates the states to the output, is typically:

\[
\mathbf{y}(t) = C\mathbf{x}(t) + D\mathbf{u}(t)
\]

However, for pole analysis, focus primarily on the state equation.



Understanding System Poles

Definition of Poles
The poles of a dynamic system are values of the complex variable \(s\) (from Laplace transform) at
which the system's transfer function becomes unbounded. Physically, they correspond to the roots of
the characteristic equation derived from the system's differential equations and dictate the natural
response, stability, and transient behavior.

In state-space form, the poles are directly related to the eigenvalues of the system matrix \(A\).
Specifically, the poles are the roots of the characteristic polynomial:

\[
\det(sI - A) = 0
\]

where:
- \(I\) is the identity matrix with size matching \(A\),
- \(\det\) denotes the determinant,
- \(s\) is a complex variable.

Derivation of System Poles from State Equations

The process involves transforming the state equations into the Laplace domain, leading to the
characteristic equation whose roots are the poles.

Step 1: Apply Laplace Transform to State Equations
Assuming zero initial conditions (\(\mathbf{x}(0) = 0\)) for simplicity, take Laplace transforms:

\[
s\mathbf{X}(s) = A\mathbf{X}(s) + B\mathbf{U}(s)
\]

where:
- \(\mathbf{X}(s)\) is the Laplace transform of \(\mathbf{x}(t)\),
- \(\mathbf{U}(s)\) is the Laplace transform of \(\mathbf{u}(t)\).

Rearranged, this becomes:

\[
(sI - A)\mathbf{X}(s) = B\mathbf{U}(s)
\]

The matrix \(sI - A\) encapsulates the system dynamics in the Laplace domain.



Step 2: Analyze the Homogeneous Part for Poles
The homogeneous solution (response without input) is determined by:

\[
(sI - A)\mathbf{X}(s) = 0
\]

Non-trivial solutions exist when:

\[
\det(sI - A) = 0
\]

This characteristic equation's roots, the eigenvalues of \(A\), are the system's poles.

Step 3: Derive the Characteristic Equation
The characteristic polynomial is obtained by expanding the determinant:

\[
\det(sI - A) = 0
\]

This polynomial is of degree \(n\), where \(n\) is the dimension of the state vector \(\mathbf{x}(t)\).

Example:
Suppose \(A\) is a 2×2 matrix:

\[
A = \begin{bmatrix}
a_{11} & a_{12} \\
a_{21} & a_{22}
\end{bmatrix}
\]

then,

\[
\det(sI - A) = \det \begin{bmatrix}
s - a_{11} & -a_{12} \\
-a_{21} & s - a_{22}
\end{bmatrix} = (s - a_{11})(s - a_{22}) - a_{12}a_{21}
\]

which simplifies to:

\[
s^2 - (a_{11} + a_{22})s + (a_{11}a_{22} - a_{12}a_{21}) = 0
\]



The roots of this quadratic are the eigenvalues, and hence, the system poles.

Eigenvalues and System Poles

The eigenvalues of matrix \(A\) are the roots of the characteristic polynomial:

\[
\det(sI - A) = 0
\]

These eigenvalues are complex numbers, and their real and imaginary parts determine the stability
and oscillatory nature of the system.

- If all eigenvalues have negative real parts, the system is asymptotically stable.
- Eigenvalues with positive real parts indicate instability.
- Eigenvalues on the imaginary axis (zero real part) suggest marginal stability or oscillations.

Methods to Find Eigenvalues
Eigenvalues of \(A\) can be found via:
- Analytical solution of the characteristic polynomial (possible for small matrices).
- Numerical algorithms (e.g., QR algorithm) for larger matrices.

Practical Example: Finding Poles from State Equations

Consider the following system:

\[
\dot{\mathbf{x}}(t) = \begin{bmatrix}
0 & 1 \\
-2 & -3
\end{bmatrix} \mathbf{x}(t)
\]

The matrix \(A\) is:

\[
A = \begin{bmatrix}
0 & 1 \\
-2 & -3
\end{bmatrix}
\]

Step 1: Form the characteristic polynomial

\[



sI - A = \begin{bmatrix}
s & -1 \\
2 & s + 3
\end{bmatrix}
\]

\[
\det(sI - A) = s(s + 3) - (-1)(2) = s^2 + 3s + 2
\]

Step 2: Solve for roots

\[
s^2 + 3s + 2 = 0
\]

\[
s = \frac{-3 \pm \sqrt{9 - 8}}{2} = \frac{-3 \pm 1}{2}
\]

\[
s_1 = -1, \quad s_2 = -2
\]

These roots are the system poles, indicating a stable system.

Conclusion and Key Takeaways

- The poles of a system described by state equations are the roots of the characteristic polynomial
\(\det(sI - A) = 0\).
- These roots are equivalent to the eigenvalues of the system matrix \(A\).
- The stability and dynamic response of the system depend critically on the location of these poles in
the complex plane.
- To find the poles:
- Form the matrix \(sI - A\),
- Calculate its determinant,
- Solve the resulting polynomial for \(s\).

Additional Insights and Advanced Topics

- Controllability and Observability: These concepts influence whether all eigenvalues (poles) can be
shifted through feedback.
- Pole Placement: Techniques allow designers to assign system poles through state feedback for
desired dynamic characteristics.
- Eigenvalue Sensitivity: Small changes in \(A\) can significantly affect pole locations, impacting
stability.



Summary

Finding the poles from the system's state equations involves deriving the characteristic polynomial
by calculating \(\det(sI - A)\). The roots of this polynomial are the eigenvalues of \(A\), which are the
system's poles. This process is essential for analyzing system stability, transient response, and
designing controllers. Mastery of this derivation enables control engineers to predict and manipulate
system behavior effectively.

In essence:
- Convert the state equations to Laplace domain.
- Derive the characteristic equation from \(\det(sI - A)\).
- Solve for \(s\) to find the poles.

Understanding this derivation forms the foundation for advanced control system analysis and design.

Frequently Asked Questions

How can the poles of a system be determined from its state
equations?
The poles of a system are found by deriving the system's transfer function from its state equations
and then locating the roots of the denominator polynomial. Alternatively, directly solving the
eigenvalue problem of the system matrix A (i.e., solving det(sI - A) = 0) yields the poles.

What is the process to derive the pole locations from the state-
space representation?
Starting from the state-space equations dx/dt = Ax + Bu, the system's transfer function is G(s) =
C(sI - A)^(-1)B + D. The poles are the roots of the characteristic equation det(sI - A) = 0, obtained by
setting the denominator of the transfer function to zero, which involves calculating the eigenvalues
of A.

Why are the eigenvalues of matrix A important in determining
the system poles?
Eigenvalues of matrix A directly correspond to the poles of the system because they are the roots of
the characteristic equation det(sI - A) = 0. These eigenvalues determine the system's stability and
dynamic response.

Can you provide the mathematical derivation of how the poles
relate to the state matrix A?
Yes. Starting from the homogeneous state equation dx/dt = Ax, assume a solution of the form x(t) =
ve^{st}. Substituting gives s v e^{st} = A v e^{st}, which simplifies to (A - sI)v = 0. For non-trivial
solutions, det(A - sI) = 0. The values of s satisfying this are the eigenvalues of A, which are the



system poles.

How does the transfer function relate to the poles derived
from the state equations?
The transfer function G(s) = C(sI - A)^(-1)B + D has poles at values of s that make (sI - A) singular,
i.e., det(sI - A) = 0. These same values are the eigenvalues of A, confirming that the poles can be
obtained directly from the state matrix.

Are there any special cases where the poles can be found
without calculating eigenvalues?
In some special cases, such as diagonal or block-diagonal A matrices, the poles can be directly read
off from the diagonal elements or blocks. Otherwise, calculating eigenvalues of A remains the
standard method for finding the poles from the state equations.

Additional Resources
How Can The Poles Of A System Be Found From The State Equations? Please Provide The
Derivation.

Understanding the dynamic behavior of a system is fundamental in control engineering, signal
processing, and systems theory. Among the key concepts that describe this behavior are the poles of
the system, which are intrinsic properties that determine stability, transient response, and
oscillatory characteristics. In this article, we explore the question: "How can the poles of a system be
derived directly from its state equations?" We will delve into the mathematical foundations, step-by-
step derivations, and practical implications, providing a comprehensive framework for analyzing
systems via their state-space representations.

---

Introduction to State-Space Representation and System
Poles

Before embarking on the derivation, it is essential to understand what constitutes the state
equations and the significance of the poles.

What Are State Equations?

State equations provide a mathematical model of a system’s internal dynamics. They are typically
expressed in a first-order differential equation form:

\[
\dot{\mathbf{x}}(t) = A \mathbf{x}(t) + B \mathbf{u}(t)
\]



where:
- \(\mathbf{x}(t)\) is the state vector, representing the system's internal variables.
- \(\dot{\mathbf{x}}(t)\) is the derivative of the state vector.
- \(A\) is the system matrix, capturing the dynamics.
- \(B\) is the input matrix.
- \(\mathbf{u}(t)\) is the input vector.

The output equation completes the model:

\[
\mathbf{y}(t) = C \mathbf{x}(t) + D \mathbf{u}(t)
\]

where \(C\) and \(D\) are the output and direct transmission matrices, respectively.

Significance of System Poles

Poles are the roots of the characteristic equation derived from the system's differential equations.
They fundamentally influence the system's stability and response:
- Stable systems have poles with negative real parts (for continuous systems).
- Unstable systems have poles with positive real parts.
- Oscillatory behavior is associated with complex conjugate poles.

For state-space systems, the poles are directly linked to the eigenvalues of the matrix \(A\). This
connection is both elegant and practical, enabling us to analyze and design systems efficiently.

---

Deriving the Poles from State Equations

The core of the analysis lies in transforming the state equations into a form where the system's
characteristic polynomial, and consequently its poles, can be explicitly identified.

Step 1: Homogeneous State Equation

To find the system poles, consider the homogeneous part of the state equations where the input
\(\mathbf{u}(t)\) is zero:

\[
\dot{\mathbf{x}}(t) = A \mathbf{x}(t)
\]

This simplification isolates the intrinsic dynamics of the system, which are dictated by the matrix
\(A\).

Step 2: Solving the Homogeneous Differential Equation

The solution to this matrix differential equation can be written as:



\[
\mathbf{x}(t) = e^{A t} \mathbf{x}(0)
\]

where:
- \(e^{A t}\) is the matrix exponential,
- \(\mathbf{x}(0)\) is the initial state vector.

The behavior of \(\mathbf{x}(t)\) over time hinges on the properties of \(e^{A t}\), which in turn
depend on the eigenvalues of \(A\).

Step 3: Eigenvalues and the System's Dynamics

The matrix exponential can be diagonalized or brought into Jordan form, assuming \(A\) is square:

\[
A = V \Lambda V^{-1}
\]

where:
- \(V\) is the matrix of eigenvectors,
- \(\Lambda\) is a diagonal matrix of eigenvalues \(\lambda_i\), i.e.,

\[
\Lambda = \mathrm{diag}(\lambda_1, \lambda_2, \ldots, \lambda_n)
\]

The exponential of \(A t\) becomes:

\[
e^{A t} = V e^{\Lambda t} V^{-1}
\]

with

\[
e^{\Lambda t} = \mathrm{diag}(e^{\lambda_1 t}, e^{\lambda_2 t}, \ldots, e^{\lambda_n t})
\]

This reveals that the eigenvalues \(\lambda_i\) are the exponents that govern the behavior of each
mode of the system.

Step 4: Characteristic Equation and Eigenvalues

The eigenvalues \(\lambda_i\) of \(A\) satisfy:

\[
A \mathbf{v}_i = \lambda_i \mathbf{v}_i
\]

and are found by solving the characteristic equation:



\[
\det(sI - A) = 0
\]

where:
- \(s\) is a complex variable,
- \(I\) is the identity matrix of the same size as \(A\).

The roots \(s = \lambda_i\) of this polynomial are precisely the poles of the system.

---

Explicit Derivation of System Poles from the State
Equations

Let's formalize the derivation process step-by-step, including the mathematical reasoning.

Step 1: Formulate the State Equation in the Laplace Domain

Applying the Laplace Transform to the homogeneous state equation:

\[
\mathcal{L}\{\dot{\mathbf{x}}(t)\} = \mathcal{L}\{A \mathbf{x}(t)\}
\]

which yields:

\[
s \mathbf{X}(s) - \mathbf{x}(0) = A \mathbf{X}(s)
\]

Assuming zero initial conditions for simplicity (\(\mathbf{x}(0) = 0\)), we get:

\[
s \mathbf{X}(s) = A \mathbf{X}(s)
\]

Rearranged as:

\[
(sI - A) \mathbf{X}(s) = 0
\]

Step 2: Find Conditions for Non-trivial Solutions

For non-zero \(\mathbf{X}(s)\), the system has solutions only when:

\[



\det(sI - A) = 0
\]

This is the characteristic equation of the system.

Step 3: Characteristic Polynomial and Eigenvalues

The solution to the characteristic equation yields the eigenvalues \(\lambda_i\):

\[
\boxed{
\det(sI - A) = 0
}
\]

- The roots \(s = \lambda_i\) are complex numbers.
- Their positions in the complex plane influence the stability and transient response of the system.

Step 4: From Eigenvalues to Poles

In the context of control systems, poles are precisely the roots of the characteristic polynomial
derived from the system matrix \(A\). Therefore:

\[
\boxed{
\text{Poles} = \text{Eigenvalues of } A
}
\]

This direct correlation simplifies the analysis significantly; instead of solving differential equations
directly, one can analyze the eigenvalues of the system matrix.

---

Special Cases and Additional Considerations

While the above derivation applies generally, certain system properties can influence the process.

Diagonalizable vs. Jordan Form

- If \(A\) is diagonalizable, the eigenvalues are straightforward to compute, and the poles are directly
given by these eigenvalues.
- If \(A\) is defective (not diagonalizable), the Jordan canonical form must be used, but the
eigenvalues (and thus the poles) are still the roots of \(\det(sI - A) = 0\).

Multiple Poles and Repeated Eigenvalues

Repeated eigenvalues lead to multiple poles at the same location, which can cause specific transient
behaviors such as overshoot or slow decay, depending on multiplicity and matrix structure.



Stability Criteria

- Continuous-time systems are stable if all eigenvalues have negative real parts.
- The location of poles in the complex plane provides immediate insight into system stability.

---

Practical Implications in System Analysis and Design

Understanding how to find poles from the state equations is not merely academic; it influences real-
world system design:

- Controller Design: Pole placement techniques involve selecting \(A\) (or feedback gains) to move
poles to desired locations.
- Stability Analysis: Eigenvalues of \(A\) predict whether the system will settle or diverge.
- Transient Response: The real and imaginary parts of poles determine how fast the system responds
and whether oscillations occur.

Furthermore, numerical methods such as eigenvalue algorithms (QR algorithm, for instance)
facilitate the computation of these eigenvalues even for complex or high-dimensional systems.

---

Conclusion

The derivation of a system’s poles from its state equations is rooted in linear algebra and control
theory fundamentals. By transforming the time domain differential equations into the Laplace
domain, the problem reduces to solving a characteristic polynomial derived from the system matrix
\(A\). The eigenvalues of \(A\) directly correspond to the system’s poles, which are central to
analyzing stability, transient response, and overall behavior.

This understanding underscores the elegance of the state-space approach: it provides a powerful,
mathematically rigorous pathway to dissect and design complex dynamic systems through
eigenvalue analysis. Whether for stability assessment, controller synthesis, or system identification,
the ability to derive poles from state equations remains a cornerstone of modern
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