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Understanding how to manipulate and decompose functions is a crucial aspect of advanced
mathematics, especially in the context of function composition. In this article, we will explore how to
express the given function \( H(x) = \frac{1}{x} + 3\) in the form \( H(x) = F \circ G (x) \), where \(
G(x) = x + 3), and subsequently determine the explicit form of the function \( F(x) \). This process
involves a deep understanding of function composition, inverse functions, and algebraic manipulation,
which are foundational concepts in calculus and algebra.

What Is Function Composition?

Before delving into the specifics of the problem, it is essential to understand the concept of function
composition.

Definition of Function Composition

Function composition is a process of applying one function to the results of another function. If we
have two functions, \( F(x) \) and \( G(x) \), their composition, denoted as \( F \circ G ), is defined as:

\[
(F \circ G)(x) = F(G(x))
\]

This means that to compute \( (F \circ G)(x) \), you first evaluate \( G(x) \), then plug this result into \(
F\).

Importance in Mathematics

Function composition is a fundamental operation used to build complex functions from simpler ones.
It appears frequently in calculus, differential equations, and various fields of applied mathematics,
especially when transforming functions into more manageable forms.

Understanding the Given Functions



The problem provides:

\frac{1}{x} + 3\)
X+ 3\

and asks us to express \( H(x) \) as a composition \( F(G(x)) \), then find the explicit form of \( F(x) \).

Analyzing \( H(x) \)

Observe that \( H(x) \) is a combination of a reciprocal function \( \frac{1}{x} \) and a constant
addition \( +3\). The reciprocal function is \( f(x) = \frac{1}{x} \), which is a basic rational function.

Understanding \( G(x) \)

The function \( G(x) = x + 3\) is a simple linear function that shifts the input by 3 units to the right.

Expressing \( H(x) \) as \( F(G(x)) \)

The goal is to find a function \( F\) such that:

\[
H(x) = F(G(x)) = F(x + 3)
\]

Given the structure of \( H(x) \), we notice that it involves \( \frac{1} {x} \), which suggests we should
relate \( G(x) \) to \( x\) in a way that allows us to express \( H(x) \) as a composition.

Step-by-Step Approach

1. Identify the inner function \( G(x) \):
We are told \( G(x) = x + 3\).

2. Express \( H(x) \) in terms of \( G(x) \):
Since \( G(x) = x + 3\), then\( x = G(x) - 3\).

3. Rewrite \( H(x) \):

\[

H(x) = \frac{1}{x} + 3

\]

Substituting \( x = G(x) - 3'\), we get:

\[



H(x) = \frac{1}{G(x) - 3} + 3
\]

4. Formulate \( F\) in terms of \( G(x) \):
From the previous step, it's clear that:

\[
F(G(x)) = \frac{1}{G(x) - 3} + 3
\]

Therefore, the function \( F\) takes an input \( t\) (which is \( G(x) \)) and outputs:

\[
F(t) = \frac{1}{t-3} + 3
\]

Deriving the Explicit Form of \( F(x) \)

From the above, the explicit form of \( F ) is:

\[
F(t) = \frac{1}{t-3} + 3
\]

Since the problem asks for \( F(x) \), replacing \( t\) with \( x \):

\[
F(x) = \frac{1}{x-3} + 3
\]

This is the function that, when composed with \( G(x) = x + 3\), produces \( H(x) \).

Summary of the Solution

- The inner function is:

\[
G(x)=x+3
\]

- The outer function \( F\) is:

\[
F(x) = \frac{1}{x-3} +3
\]



- Therefore, the composition:

\[

H(x) = F(G(x)) = \frac{1}{(x + 3) - 3} + 3 =\frac{1}{x} + 3
\]

which matches the original \( H(x) \).

Applications and Importance of This Approach

Understanding how to decompose functions into compositions is vital for multiple reasons:

- Simplification of complex functions: Breaking down complicated functions into simpler parts makes
analysis easier.

- Inverse functions: Recognizing compositions helps in finding inverse functions.

- Function transformations: It provides insight into how functions shift, stretch, and reflect.

- Solving equations: Composition forms are often used in solving functional equations or in calculus
problems involving substitution.

Additional Examples of Function Composition

To solidify understanding, consider these examples:

e Express \(y =\sin(2x) \) as \( F(G(x)) \):
o Inner function: \( G(x) = 2x\)

o Quter function: \( F(t) = \sint\)

e Express \(y =\sqrt{3x + 5} \):
o Inner function: \( G(x) =3x + 51\)

o Quter function: \( F(t) = \sqrt{t} \)

In each case, identifying the inner and outer functions allows for easier manipulation and
understanding of the overall function behavior.



Conclusion

Expressing functions as compositions is a fundamental skill in algebra and calculus. In the given
problem, by recognizing the structure of \( H(x) \) and the known \( G(x) \), we successfully
decomposed \( H\) into \( F \circ G ), and derived the explicit form of \( F \). This approach not only
helps in understanding the structure of functions but also simplifies complex mathematical problems,
paving the way for advanced analysis and problem-solving in mathematics.

By mastering these concepts, students and mathematicians can handle a wide array of functional
equations, transformations, and analytical tasks with greater confidence and precision.

Frequently Asked Questions

Given the function H(x) = 1/(x+3) and G(x) = x + 3, how can
we express H(x) in the form F o G?

Since H(x) = 1/(x+3) and G(x) = x+3, we can write H(x) as F(G(x)) where F(t) = 1/t.

What is the function F(x) if H(x) = F(G(x)) and G(x) = x + 3?

F(x) = 1/x, because substituting G(x) into F gives H(x) = F(G(x)) = 1/(x+3).

How do you find F(x) from the composition H(x) = F(G(x)) with
the given functions?

Identify G(x) = x+3 and then express F(t) as H of G inverse or directly as F(t) = 1/t, since H(x) =
1/(x+3).

If H(x) = 1/(x+3) and G(x) = x+3, what is the composition
F(G(x))?

F(G(x)) = 1/(G(x)) = 1/(x+3), so F(t) = 1/t.

Can you verify that F(t) = 1/t satisfies H(x) = F(G(x))?
Yes, substituting G(x) = x+3 into F(t) = 1/t yields F(G(x)) = 1/(x+3), which equals H(x).

What is the inverse function of G(x) = x + 3, and how does it
relate to finding F?

The inverse is G™{-1}(x) = x - 3. It helps to express F in terms of H and G, but in this case, F(t) = 1/t
directly fits the composition.



Is the function F(x) = 1/x valid for expressing H(x) in the form
F - G with G(x) = x+3?

Yes, because substituting G(x) into F gives H(x) = 1/(x+3), matching the original function.

What are some common mistakes to avoid when determining
F(x) in this composition?

A common mistake is confusing the roles of G and F; remember G(x) = x+3 and that F(t) must satisfy
F(G(x)) = H(x).

How can understanding function composition help in
simplifying complex functions like H(x) = 1/(x+3)?

It allows breaking down the function into simpler parts, making it easier to analyze and identify the
component functions F and G.

Summarize the steps to find F(x) given H(x) and G(x) such
that H(x) = F(G(x)).

First, identify G(x). Then, write H(x) in terms of G(x) and isolate F by expressing F(t) = H(G™{-1}(t)) or
directly matching H(x) to F(G(x)). In this case, F(t) = 1/t.

Additional Resources

Understanding the Composition of Functions: Deriving F(x) from H(x) and G(x)

When delving into the fascinating world of functions, one of the core concepts is the composition of
functions. The problem at hand involves expressing a given function \( H(x) \) in the form \( H(x) =
F(G(x)) \), where \( G(x) \) is specified, and the task is to find the function \( F(x) \). This type of
problem is fundamental in understanding how complex functions can be broken down into simpler
components, and it often appears in higher-level mathematics, including calculus, algebra, and
functional analysis.

In this detailed exploration, we will break down the problem, analyze the given functions, and

methodically derive \( F(x) \). We will also discuss related concepts, properties, and potential
applications to deepen understanding.

Analyzing the Given Functions and Problem Statement

The problem states:

-\( H(x) = \frac{1}{x} + 3\)



-\(G(x) =x+ 3))
- Express \( H(x) \) in the form \( F(G(x)) \)

and then find \( F(x) \).

This setup implies that:

\[

H(x) = F(G(x)) \Rightarrow \text{for all } x, \quad F(G(x)) = H(x)
\]

Given that \( G(x) = x + 3\), the goal is to determine a function \( F\) such that substituting \( G(x) \)
into \( F\) yields \( H(x) \).

Understanding Function Composition

Function composition involves applying one function to the result of another. If \( F\) and \( G ) are
functions, then:

\[
(F\circ G)(x) = F(G(x))
\]

In this context:

-\( G(x) \) transforms \( x \) into another value
-\( F\) then acts on that value

The process of "breaking down" a complex function into a composition involves identifying an inner
function (here \( G \)) and an outer function (here \( F\)).

Key observations:

- The composition simplifies the understanding of the function's behavior
- Recognizing the form of \( H(x) \) in terms of \( G(x) \) allows us to backtrack and find \( F\)

Step-by-Step Derivation of \( F(x) \)

To find \( F(x) \), we need to express \( H(x) \) in terms of \( G(x) \). Since:

\[



\]

and

\[

G(x)=x+3

\]

we can proceed as follows:

1. Express \( H(x) \) in terms of \( G(x) \)

Starting with:

\[
H(x) = \frac{1}{x} + 3
\]

but we know:

\[

x =G {-1}t)

\]

where \( t = G(x) \), i.e.,

\[
t=x+3
\]

Thus:

\[
x=t-3
\]

Now, rewrite \( H(x) \) in terms of \( t \):

\[

H(x) = \frac{1}{x} + 3 =\frac{1}{t-3} + 3

\]

Since \( x\) is replaced by \( t - 3'\), and recognizing that \( H(x) = F(G(x)) \), then:
\[

F(t) = H(x) \quad \text{where} \quad t = G(x)

\]

which leads us to:

\[



F(t) = \frac{1}{t-3} + 3
\]

2. Write the Function \( F(t) \)

Therefore, the function \( F\) (as a function of a general variable \( t\)) is:

\[

\boxed{

F(t) = \frac{1}{t-3} + 3

}

\]

This is the explicit form of \( F(x) \) in terms of an independent variable \( t\).

3. Final expression for \( F(x) \)

Replacing \( t\) with \( x\) (as the placeholder variable), we obtain:

\[

\boxed{

F(x) = \frac{1}{x-3} + 3
}

\]

Thus, the function \( F\) that satisfies the composition \( H(x) = F(G(x)) \) is:

\[

\boxed{

F(x) = \frac{1}{x -3} + 3
}

\]

Verification and Consistency Checks

It's essential to verify that the derived \( F(x) \) indeed reconstructs \( H(x) \) when composed with \(
G(x) \).

Verification:

\[

F(G(x)) = F(x + 3) = \frac{1}{(x + 3) -3} + 3 =\frac{1}{x} + 3
\]

which matches the original \( H(x) \). This confirms our derivation is correct.



Deeper Insights into the Function \( F )

Understanding the nature of \( F(x) = \frac{1}{x - 3} + 3\) provides several insights:
1. Domain and Range
- Domain of \( F \): All real numbers except \( x = 3\), because division by zero is undefined.

\[
\text{Domain}:\quad \mathbb{R} \setminus \{3\}
\]

- Range of \( F\): All real numbers except perhaps the value at the asymptote, which approaches
infinity or negative infinity near \( x = 3\).

2. Asymptotic Behavior
- Vertical asymptote at \( x = 3\):

\[

\lim_{x \to 3~ +} F(x) = +\infty,\quad \lim_{x \to 3~-} F(x) = -\infty
\]

- Horizontal asymptote as \( x \to \pm \infty \):

\[

\lim_{x \to \pm \infty} F(x) = 3
\]

3. Graphical Representation

- The graph of \( F(x) \) is a shifted reciprocal function, with a vertical asymptote at\( x = 3\) and a
horizontal asymptote at \(y = 3\).

4. Composition and Function Behavior

- When composed with \( G(x) = x + 3\), the domain of \( H(x) \) is constrained by the domain of \( F
\). Since \( G(x) \) takes all real \( x\) and maps to \( \mathbb{R} \), the domain of \( H) is:

\[
\{ x\in \mathbb{R} \;|\; G(x) \neq 3 \} \Rightarrow x \neq 0
\]

- S0, \( H(x) \) is undefined at \( x = 0\) because \( G(0) = 3\), which makes \( F(G(0)) \) undefined.



Applications and Broader Context

Understanding how to decompose and reconstruct functions like \( H(x) \) into compositions of simpler
functions has numerous applications:

1. Simplification of Complex Functions

- Breaking down complex functions into compositions allows easier analysis, differentiation,
integration, and graphing.

2. Inverse Function Analysis

- The process of expressing \( H\) as \( F \circ G ) closely relates to understanding inverse functions,
especially when \( G ) is invertible.

3. Functional Transformations

- Recognizing the structure of functions helps in performing transformations like shifts, reflections,
and scaling, which are crucial in modeling real-world phenomena.

4. Calculus Applications

- Deriving derivatives or integrals becomes more manageable when functions are expressed as
compositions, thanks to chain rule applications.

5. Programming and Algorithm Design

- In computer science, functions are often composed to build modular, reusable code, paralleling the
mathematical concept.

Advanced Considerations and Variations

While the problem at hand is straightforward, it opens doors to various advanced topics:
1. Inverse Functions
-Since \( G(x) = x + 3\), its inverse is \( G™{-1}(x) = x - 3\).

- The explicit form of \( F\) can be linked to the inverse of \( H\), providing insights into invertibility
and inverse functions.

2. Generalization

- If the original \( H(x) \) were different, the process of finding \( F \) would involve algebraic
manipulations or solving equations.



- For example, if \( H(x) = \frac{1}{ax + b} + c\), and \( G(x) = dx + e ), then:
\[

F(t) = \text{expressed in terms of } t

\]

3. Limitations and

If The Function H X 1 X 3 Is Expressed In The Form F O G
Withg X X 3 Then Find The Function F X

If The Function H X 1 X 3 Is Expressed In The Form F O G Withg X X 3 Then Find The Function F X

Related Articles

e Public Relations Activities Are A Major Part Of The Politicalprocess In Many Nations - Discuss.
e A(n) __ Is An Objective Finding That Can Be Seen Upon Observation, Such As A Rash Or
Swelling.

e [ Will Give BRAINLIEST To Whoever Answers It CorrectlyHow Do Texans Use Their State's
Resources?

Back to Home


https://sip.evo9x.com/ma09/if-the-function-h-x-1-x-3-is-expressed-in-the-form-f-o-g-withg-x-x-3-then-find-the-function-f-x.pdf
https://sip.evo9x.com/ma09/if-the-function-h-x-1-x-3-is-expressed-in-the-form-f-o-g-withg-x-x-3-then-find-the-function-f-x.pdf
https://sip.evo9x.com/ma09/public-relations-activities-are-a-major-part-of-the-politicalprocess-in-many-nations-discuss.pdf
https://sip.evo9x.com/ma09/a-n-is-an-objective-finding-that-can-be-seen-upon-observation-such-as-a-rash-or-swelling.pdf
https://sip.evo9x.com/ma09/a-n-is-an-objective-finding-that-can-be-seen-upon-observation-such-as-a-rash-or-swelling.pdf
https://sip.evo9x.com/ma09/i-will-give-brainliest-to-whoever-answers-it-correctlyhow-do-texans-use-their-state-s-resources.pdf
https://sip.evo9x.com/ma09/i-will-give-brainliest-to-whoever-answers-it-correctlyhow-do-texans-use-their-state-s-resources.pdf
https://sip.evo9x.com

