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Introduction

In the realm of number theory, the concept of divisibility and the properties of integers play
a vital role in understanding the structure and behavior of numbers. One intriguing problem
that exemplifies the power of mathematical reasoning and combinatorial arguments is the
statement: Among 7 randomly chosen integers, there must be 2 whose difference is
divisible by 6. This problem not only showcases the elegance of the pigeonhole principle
but also provides insight into modular arithmetic and its applications in mathematics.

Understanding why this statement holds true involves exploring concepts such as residues
(or remainders), equivalence classes modulo a number, and combinatorial logic. This
problem is a classic example often used in introductory number theory courses to illustrate
how simple principles can lead to non-trivial conclusions.

In this article, we will delve deeply into the proof of this statement, discuss the underlying
mathematical concepts, and explore related problems and their solutions. Our goal is to
provide a comprehensive, clear, and SEO-optimized explanation suitable for students,
educators, and math enthusiasts interested in number theory and combinatorics.
Background and Context

The Pigeonhole Principle

At the heart of many proofs involving divisibility and modular arithmetic is the pigeonhole
principle. This fundamental principle states:

> If \( n\) items are placed into \( m\) boxes and \( n > m ), then at least one box contains
more than one item.

In the context of our problem, the "items" are the integers chosen, and the "boxes" are the
possible residue classes modulo 6.

Modular Arithmetic

Modular arithmetic involves working with the remainders of integers when divided by a
fixed number, known as the modulus. For example, when dividing by 6, any integer \( n\)
will leave a remainder \( r\) such that:

\[ n\equiv r \pmod{6} \]

where \( r\) is an integer between 0 and 5, inclusive.



Residue Classes Modulo 6
The set of all integers can be partitioned into six residue classes modulo 6:

( \text{Class } 0: \{ n\mid n \equiv 0 \pmod{6} \} \
(\text{Class } 1:\{ n\mid n\equiv 1 \pmod{6} \} \
( \text{Class } 2: \{ n\mid n\equiv 2 \pmod{6} \} \
( \text{Class } 3: \{ n\mid n\equiv 3 \pmod{6} \} \
( \text{Class } 4:\{ n\mid n \equiv 4 \pmod{6} \} \
( \text{Class } 5:\{ n\mid n\equiv 5 \pmod{6} \} \
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Any integer belongs to exactly one of these classes.
Statement of the Theorem

Theorem: Among any 7 integers chosen at random, there exist two integers such that their
difference is divisible by 6.

Expressed mathematically:

> For any integers \( a_1, a_2, \dots, a_7\), there exist \(i\neq j\) such that:

\[ a_i-a_j\equiv 0\pmod{6} \]

or equivalently:

\[ a_i \equiv a_j\pmod{6} \]

which means the two integers belong to the same residue class modulo 6.

Proof of the Theorem

The proof leverages the pigeonhole principle and properties of modular arithmetic.
Step 1: Assign Residues to Each Integer

When 7 integers are selected, each one falls into one of the 6 residue classes modulo 6:

-\(a_1\equivr_ 1\pmod{6}\)
-\(a_2\equivr_2\pmod{6}\)

-\(a_7 \equiv r_7 \pmod{6}\)

where each \( r_i\in\{0, 1, 2, 3, 4, 5\} \).

Step 2: Apply the Pigeonhole Principle

Since there are only 6 possible residue classes but 7 integers, by the pigeonhole principle:

> At least two of the integers must belong to the same residue class.



Let these two integers be \( a_i\) and \( a_j\), with:

\[ a_i\equiv a_j\pmod{6} \]

Step 3: Conclude the Difference is Divisible by 6

Because \( a_i \equiv a_j\pmod{6} ), their difference:

\[ a_i-a_j\equiv 0 \pmod{6} \]

which implies:

\[ 6 \mid (a_i-a_j)\]

Thus, the difference between these two integers is divisible by 6, confirming the statement.
Significance and Applications

This result is a classic illustration of how simple combinatorial reasoning combined with
modular arithmetic can yield powerful conclusions. Its applications extend across various
fields:

- Cryptography: Understanding residue classes and divisibility is fundamental in
cryptographic algorithms.

- Number Theory: Helps in solving problems related to divisibility, congruences, and residue
systems.

- Computer Science: Algorithms involving hashing, modular operations, and data
partitioning often rely on similar principles.

- Mathematical Olympiads: Serves as an example of elegant reasoning using the pigeonhole
principle.

Related Problems and Extensions

Problem 1: Difference Divisible by a Different Number

Question: Among 9 integers, must there be two whose difference is divisible by 87

Solution: Similar reasoning applies. Since there are 8 residue classes modulo 8, choosing 9
integers guarantees at least two share the same residue class, and thus their difference is
divisible by 8.

Problem 2: Generalization

Question: Given any integer \( n\), how many integers must be chosen to guarantee that
two have a difference divisible by \( n\)?

Answer: Selecting \( n+1\) integers guarantees, by the pigeonhole principle, that two are in
the same residue class modulo \( n\), and their difference is divisible by \( n'\).

Problem 3: Pairs with Difference Not Divisible by a Number



Question: Can we find a set of integers where no two have a difference divisible by 67

Answer: Yes. For example, choosing one integer from each residue class modulo 6, such as
\(0,1, 2, 3,4,5)\), ensures no two have a difference divisible by 6. But adding a seventh
integer will force at least two to share a residue class, thus producing a pair with a
difference divisible by 6.

Conclusion

The statement that among 7 randomly chosen integers, there must be two whose
difference is divisible by 6, is a fundamental example demonstrating the interplay of the
pigeonhole principle and modular arithmetic. By understanding the structure of residue
classes modulo 6, we see that the mere act of selecting more integers than available
residue classes guarantees the existence of at least one pair with a difference divisible by
6.

This insight not only enriches our understanding of number theory but also underscores the
importance of combinatorial reasoning in solving problems involving divisibility, residues,
and partitions. The elegance of this proof exemplifies how simple principles can lead to
profound conclusions, making it a cornerstone concept in both theoretical and applied
mathematics.

Keywords: number theory, divisibility, modular arithmetic, residue classes, pigeonhole
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Frequently Asked Questions

What is the main idea behind proving that among 7
randomly chosen integers, there are two whose
difference is divisible by 6?

The proof relies on the Pigeonhole Principle by considering the residues of the integers
modulo 6; since there are only 6 possible remainders, selecting 7 integers guarantees at
least two share the same remainder, and their difference is divisible by 6.

Why do the residues modulo 6 play a crucial role in
demonstrating the result?

Because the difference between any two integers with the same remainder modulo 6 is
divisible by 6, analyzing remainders helps identify such pairs directly.

Can you provide an example set of 7 integers that



illustrates this principle?

Yes, for example, the set {1, 2, 3, 4, 5, 6, 7} has multiple pairs with differences divisible by
6, such as 1 and 7 (difference 6), demonstrating the principle.

Does this principle hold for any set of 7 integers,
regardless of their specific values?

Yes, this is a general combinatorial principle; regardless of the integers chosen, among any
7 integers, there must be two whose difference is divisible by 6.

How can this concept be extended to other moduli, such
as 5 or 8?

The idea extends by considering residues modulo n; for any set of n+1 integers, there must
be two with the same residue modulo n, thus their difference is divisible by n, following the
same reasoning.

Additional Resources
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Introduction

The question of relationships and common properties among sets of integers has long
fascinated mathematicians. One intriguing problem asks: "If you select seven integers at
random, must there necessarily be two among them whose difference is divisible by 67" At
first glance, this might seem like a simple puzzle, but it reveals deep insights into the
structure of integers, modular arithmetic, and combinatorial principles. This article aims to
explore this problem thoroughly, providing rigorous proof, contextual explanations, and
broader implications within number theory.

The Significance of the Problem

Understanding why certain properties hold for sets of integers is fundamental in number
theory, combinatorics, and computer science. Problems like this often serve as gateways to
more complex concepts such as the pigeonhole principle, modular arithmetic, and group
theory. The specific problem concerning seven integers and divisibility by 6 is a classic
example illustrating how seemingly simple questions can encapsulate rich mathematical
ideas.

Furthermore, this problem is not just theoretical; it has applications in coding theory,
cryptography, and algorithm design, where understanding relationships among data points



modulo certain bases is crucial.

Modular Arithmetic and Its Role

Before delving into the proof, it is essential to understand the concept of modular
arithmetic, which is fundamental to the problem.

What Is Modular Arithmetic?

Modular arithmetic involves working with the remainders of integers when divided by a
fixed number, called the modulus. For example, when dividing integers by 6, the possible
remainders are 0, 1, 2, 3, 4, and 5.

- Notation: We write \( a \equiv b \pmod{n} \) to indicate that \( a\) and \( b \) leave the
same remainder when divided by \( n\).

- Example: \( 14 \equiv 2 \pmod{6} \), since 14 divided by 6 leaves a remainder of 2.
Why Is Modular Arithmetic Useful Here?

In the context of the problem, examining the integers modulo 6 allows us to classify each
integer into one of six residue classes:

- Class 0: numbers congruent to 0 mod 6
- Class 1: numbers congruent to 1 mod 6
- Class 2: numbers congruent to 2 mod 6
- Class 3: numbers congruent to 3 mod 6
- Class 4: numbers congruent to 4 mod 6
- Class 5: numbers congruent to 5 mod 6

The crux of the problem is to analyze how these classes interact among seven randomly
chosen integers.

The Pigeonhole Principle: The Underlying Logic

At the heart of the proof lies a fundamental combinatorial concept known as the pigeonhole
principle. It states that if \( n\) items are placed into \( k\) boxes, and if \( n > k'\), then at
least one box must contain more than one item.

In the context of the problem:

- The "items" are the seven integers.
- The "boxes" are the six residue classes modulo 6.

Since there are only six residue classes, but seven integers, the pigeonhole principle
guarantees that at least two integers must fall into the same residue class.



Formal Proof of the Statement
Restating the Problem

Claim: Among any seven integers, there exist two such that their difference is divisible by
6.

Step-by-Step Proof

1. Classify each of the seven integers by their residue modulo 6.
For each integer \( a_i\), determine \( r_i \equiv a_i \pmod{6} \).
2. Apply the pigeonhole principle.

Since there are six possible residues \( (0, 1, 2, 3, 4, 5)\), and seven integers, at least two
integers, say \( a_j\) and \( a_k\), satisfy:

\[

a_j \equiv a_k \pmod{6}

\]

3. Analyze the difference of these two integers.

The difference:

\[
a_j-a_k\equiv 0 \pmod{6}
\]

because their residues are equal, and subtracting two numbers with the same residue
modulo 6 yields a number divisible by 6.

4. Conclude the proof.

Therefore, among any seven integers, there must be two with a difference divisible by 6.

Broader Implications and Related Results

This problem is a specific case of a more general principle related to the pigeonhole
principle and modular arithmetic:

- Generalization to other moduli: For any integer \( n\), among \( n+1) integers, there are
two whose difference is divisible by \( n\). This fact is often used in proofs involving

divisibility and residue classes.

- Applications in combinatorics: Such principles underpin many results concerning coloring,



partitioning, and the existence of certain configurations within sets.

- Relation to the Erdds-Ginzburg-Ziv theorem: A more advanced generalization states that
for any \( 2n - 1) integers, there exists a subset of size \( n\) whose sum is divisible by \( n
\). While related, it extends the idea from differences to sums.

Exploring the Limitations and Extensions

While the statement holds true for the specific case of 6 and 7 integers, considering
variations reveals interesting nuances:

- Smaller sets: For example, with only 6 integers, it is possible that all differences are not
divisible by 6, depending on the chosen numbers.

- Larger moduli: For modulus \( n'\), the minimal number of integers needed to guarantee
two with a difference divisible by \( n\) is\( n + 1).

- Different properties: Similar reasoning applies to other properties, such as sums or
products, though these often require more sophisticated tools.

Practical Examples and Intuitive Understanding

To solidify understanding, consider concrete examples:
Example 1: Seven integers

Suppose the integers are:

\[
\{2, 5,11, 13, 17, 23, 29\}
\]

- Residues modulo 6:

-2-2
-5-5
-11 -5
-13-1
-17 -5
-23-5
-29-5

- Observations:
- Multiple integers share the same residue class 5 (namely 5, 11, 17, 23, 29).

- The difference between 5 and 11 is \( 6 \), divisible by 6.
- Or, for example, between 17 and 23, the difference is 6, divisible by 6.



This example illustrates the principle concretely.
Example 2: Constructing a set with no two differences divisible by 6

It is impossible to construct a set of 7 integers without two having a difference divisible by
6, due to the pigeonhole principle. But for fewer integers, such as 5, it is possible to choose
integers all in different residue classes, avoiding differences divisible by 6.

Broader Context and Significance

The proof and understanding of this problem illuminate several critical facets of number
theory:

- Modular reasoning as a powerful tool: Recognizing the importance of residues helps
simplify complex problems involving divisibility.

- The pigeonhole principle's pervasiveness: Its simplicity belies its strength in guaranteeing
the existence of certain configurations within sets.

- Foundational nature in discrete mathematics: These ideas underpin many algorithms and
proofs in computer science, cryptography, and combinatorial design.

- Educational value: Problems like these are instrumental in teaching students how to think
abstractly about numbers and leverage simple principles to derive significant results.

Conclusion

The statement that among 7 randomly chosen integers, there must be two whose
difference is divisible by 6 is a prime example of the elegance and power of basic
mathematical principles like modular arithmetic and the pigeonhole principle. It
demonstrates how a straightforward logical argument can lead to a guaranteed property
within a set, highlighting the inherent structure in the integers.

This problem not only exemplifies fundamental concepts in number theory but also opens
pathways to more advanced topics and applications across mathematics and computer
science. Its simplicity and depth make it a cornerstone example for understanding the
interplay between set size, residue classes, and divisibility—an enduring testament to the
beauty of mathematical reasoning.
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