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Y(1)=-2
When tackling differential equations, one of the most effective methods is the technique of
separation of variables. This approach is particularly useful for solving first-order ordinary
differential equations where the variables can be separated into functions of x and y individually. In
this article, we will explore how to use separation of variables to solve a differential equation with

the initial condition Y(1) = -2, providing a detailed step-by-step guide to help you understand and
apply this method confidently.

Understanding Separation of Variables

Before diving into solving specific equations, it's essential to understand what separation of
variables entails.

What Is Separation of Variables?

Separation of variables is a method used to solve differential equations of the form:

\[ \frac{dy}{dx} = g(x)h(y) \]
where the right-hand side can be expressed as a product of a function of x and a function of y. The

core idea is to rewrite the equation so that all y terms are on one side and all x terms are on the
other, enabling integration of both sides independently.

When Can You Use Separation of Variables?

This technique is applicable when:
e The differential equation can be written as \( \frac{dy}{dx} = g(x)h(y) \).

e Both g(x) and h(y) are continuous functions in the interval of interest.

If these conditions are met, separation of variables provides a straightforward route to the solution.



Step-by-Step Solution Using Separation of Variables

Let's consider a specific example to illustrate the process:
Given the differential equation:

\[\frac{dy}{dx} = y~2\]

with the initial condition:

\[y(1) =-2\]

Our goal is to solve this differential equation for y(x), satisfying the given initial condition.

Step 1: Rewrite the Differential Equation

Since the equation is:

\[\frac{dy}{dx} =y"2\]

we recognize that it can be separated as:
\[ \frac{dy}{y"2} = dx ]

This step involves dividing both sides by \( y~2 \) (assuming \( y \neq 0 \)) and multiplying both sides
by dx.

Step 2: Integrate Both Sides
Next, integrate both sides:

\[ \int \frac{dy}{y”~2} = \int dx \]
Recall that:

\[int y~{-2} dy = -y~ {-1} + C\]
Therefore, integrating gives:

\[ -\frac{1}{y} =x+ C\]

where C is the constant of integration.

Step 3: Solve for y(x)

Rearranged, the general solution is:
\[ - \frac{1}{y} =x+ C\]

or equivalently,



\[y =-\frac{1}{x + C}\]

Step 4: Apply the Initial Condition
Use the initial condition \( y(1) = -2)) to find C:

\[-\frac{1}{1 + C} =-2\]
Multiply both sides by \(1 + C\):
\[-1=-2(1+C)\]

Simplify:

\[-1=-2-2C\]

Add 2 to both sides:

\[1=-2C\]

Divide both sides by -2:

\[ C =-\frac{1}{2} \]

Step 5: Write the Particular Solution

Substitute C back into the general solution:
\ly = - \frac{1}{x - \frac{1}{2}} \]

which simplifies to:

\[ y(x) = - \frac{1}{x - \frac{1}{2}} \]

This is the particular solution satisfying the initial condition \( y(1) = -2\).

Additional Tips for Using Separation of Variables

To effectively apply the separation of variables technique, keep in mind these practical tips:

Identify if the Equation is Suitable

- Ensure the differential equation can be expressed as \( \frac{dy}{dx} = g(x)h(y) \).
- Confirm that both g(x) and h(y) are integrable over the domain.



Handle Initial Conditions Carefully

- Use initial conditions to find the constant of integration after integrating.
- Check that the initial condition is consistent with the solution domain.

Watch for Implicit Solutions

- Sometimes, solving for y explicitly isn't straightforward, and the solution remains implicit.
- It's acceptable to leave the solution in implicit form if it accurately describes y(x).

Common Challenges and Solutions

Despite its straightforward nature, separation of variables can sometimes present challenges:

Division by Zero

- Be cautious when dividing by expressions involving y; ensure y # 0 unless explicitly addressed.
- For solutions where y=0 is a solution, verify separately.

Complex Integrals

- Some functions may lead to integrals that are difficult to evaluate.
- Use substitution or partial fractions where applicable.

Multiple Solution Branches

- Certain differential equations may have more than one solution; consider the initial condition to
select the appropriate branch.

Conclusion

Separation of variables remains a fundamental technique in solving first-order ordinary differential
equations, especially when the variables can be separated cleanly. By following systematic
steps—rearranging the equation, integrating both sides, and applying initial conditions—you can find
explicit solutions efficiently. The example provided demonstrates how to handle the differential
equation \( \frac{dy}{dx} = y~2\) with the initial condition \( y(1) = -2 ), arriving at the particular
solution \( y(x) = - \frac{1}{x - \frac{1}{2}} ).

Mastering this method enhances your problem-solving toolkit, enabling you to tackle a wide range of
differential equations encountered in physics, engineering, and mathematics. Remember to verify
the applicability of separation of variables for each problem and carefully interpret the solutions
within their domain constraints. With practice, solving differential equations using separation of
variables will become an intuitive and powerful skill in your mathematical repertoire.



Frequently Asked Questions

How do I set up the separation of variables for the differential
equation when given an initial condition Y(1) = -2?

First, rewrite the differential equation in the form dy/dx = f(x)g(y), then separate variables by
placing all y terms on one side and x terms on the other. After integrating both sides, use the initial
condition Y(1) = -2 to solve for the constant of integration.

What are the typical steps to solve a differential equation
using separation of variables with the initial condition Y(1) =
-2?

The steps include: 1) Write the differential equation in separable form, 2) Integrate both sides with
respect to their variables, 3) Solve for the general solution, 4) Use the initial condition Y(1) = -2 to
find the specific solution.

Can you provide an example of solving a differential equation
with separation of variables and initial condition Y(1) = -2?

Yes. For example, consider dy/dx = y/x. Separating variables gives dy/y = dx/x. Integrate both sides:
In|y| = In|x| + C. Exponentiating yields |y| = e~ {C} x. Using the initial condition Y(1) = -2, we find
e~{C} =2,s0y =-2x.

What should I do if the integration after separation leads to an
implicit solution when solving with the initial condition Y(1) =
-2?

If the solution is implicit, solve explicitly for y in terms of x whenever possible. Use the initial
condition to determine the constant, and then check if the explicit form satisfies the original
differential equation and initial condition.

Are there common pitfalls to avoid when using separation of
variables with initial conditions like Y(1) = -2?

Yes. Common pitfalls include forgetting to include absolute value signs after integration, neglecting
to apply the initial condition to solve for the constant correctly, and assuming the solution is valid
outside the interval determined by the initial condition. Always verify the solution satisfies both the
differential equation and initial condition.

Additional Resources
Use Separation of Variables To Solve The Differential Equation With Initial Condition Y(1) = -2



Introduction

Differential equations are fundamental in modeling phenomena across physics, engineering, biology,
and many other scientific disciplines. Among the various techniques used to solve ordinary
differential equations (ODEs), separation of variables stands out as one of the most straightforward
and elegant methods for solving a class of first-order differential equations. This review delves into
the process of applying separation of variables to solve a differential equation with a specified initial
condition, specifically focusing on the problem where \( Y(1) = -2 ).

Understanding this method involves recognizing when it can be applied, how to manipulate the
equation, and how to incorporate initial conditions to find particular solutions. The detailed
explanation provided here aims to give a comprehensive understanding suitable for students,
educators, and practitioners seeking to deepen their grasp of these techniques.

Overview of Separation of Variables
What Is Separation of Variables?

The separation of variables is a method used to solve first-order differential equations that can be
expressed in the form:

\[
\frac{dy}{dx} = f(x) g(y)
\]

where the right side can be written as a product of a function of \( x \) and a function of \( y \).
The core idea involves:

- Rearranging the equation to isolate all \( y \)-dependent terms on one side.
- Isolating all \( x \)-dependent terms on the other side.
- Integrating both sides to find the solution.

When Is Separation of Variables Applicable?

The key condition for applying this method is that the differential equation can be written in the
form:

\[
\frac{dy}{dx} = \text{function of } y \times \text{function of } x

\]

or, equivalently,

\[
\frac{dy}{g(y)} = f(x) dx
\]



This allows us to integrate both sides separately, hence the name.
Significance of Initial Conditions

Initial conditions specify the value of the solution at a particular point, typically denoted as \( y(x_0)
=y 0)). Incorporating initial conditions is crucial because:

- It allows us to determine the constant of integration.
- It transforms the general solution into a particular solution relevant to the problem.

In this context, the initial condition \( Y(1) = -2 ) indicates that at \( x=1), the solution \( y\) takes
the value \(-2\).

Step-by-Step Process to Solve the Differential Equation
1. Write the Differential Equation in Separable Form
Suppose the differential equation is:

\[
\frac{dy}{dx} = f(x) g(y)
\]

Example:

\[
\frac{dy}{dx} =y \cdot e™ {x}
\]

This equation is separable because:

\[

\frac{dy}{g(y)} = f(x) dx
\]

with

\[

g(y) = y \quad \text{and} \quad f(x) = e~ {x}
\]

2. Rearrange Terms to Separate Variables
Rearranged as:

\[
\frac{1}{g(y)} dy = f(x) dx



\]

For the example:

\[
\frac{1}{y} dy = e~ {x} dx
\]

3. Integrate Both Sides
Integrate each side separately:

\[
\int \frac{1}{g(y)} dy = \int f(x) dx
\]

For the example:

\[

\int \frac{1}{y} dy = \int e™{x} dx
\]

which yields:

\[
\Inly| =e~{x} + C
\]

where \( C) is the constant of integration.

4. Solve for \(y\)
Exponentiate both sides to solve for \( y \):

\[
ly| =e~{e~{x} + C} =e”~{C} \cdot e~ {e~{x}}
\]

Define \( K = e”{C} ), an arbitrary positive constant, so:

\[
y =\pm Ke~{e”{x}}
\]

The sign can be absorbed into the constant, leading to the general solution:

\[



y=Ce~{e”{x}}
\]

where \( C'\) is an arbitrary constant (positive or negative).

5. Apply the Initial Condition
Given the initial condition \( Y(1) = -2), substitute \( x=1\) and \( y=-2\):

\[

2=Ce™e™{1}} =C" e™{e}
\]

Solve for \( C'\):

\[
C' =\frac{-2}{e"{e}}
\]

Thus, the particular solution becomes:

\[
Y(x) = \frac{-2}{e"{e}} e~{e~{x}}
\]

which simplifies to:

\[
Y(x) = -2 \frac{e~{e~{x}}}{e"{e}} =-2e~{e"{x} -e}
\]

Generalized Solution and Considerations
1. Handling Other Types of Separable Equations

Depending on the form of the differential equation, the steps are similar, but the integration might
involve:

- Logarithmic functions

- Exponential functions

- Power functions

- Trigonometric functions (if they can be separated)

2. Domain of the Solution

When applying the separation of variables, it is important to consider the domain restrictions:



- Values for which \( g(y) \neq 0 )
- The domain restrictions imposed by the integrals
- Continuity and differentiability conditions

3. Significance of Absolute Values

In integrating \( \frac{1}{g(y)} dy ), the absolute value often appears. When solving for \( y\), the
constant \( C'\) encapsulates the sign, so explicit consideration of positive or negative solutions may
be necessary.

Practical Application: Solving a Specific Differential Equation

Let’s consider a concrete example with the initial condition \( Y(1) = -2 \) and a specific differential
equation to illustrate the process.

Example Equation:

\[
\frac{dy}{dx} = \frac{y}{x}
\]

This is a classic first-order differential equation, separable because:

\[
\frac{dy}{y} = \frac{1}{x} dx
\]

Step 1: Separate the Variables

\[
\frac{1}{y} dy = \frac{1}{x} dx
\]

Step 2: Integrate Both Sides

\[
\int \frac{1}{y} dy = \int \frac{1} {x} dx
\]

\[
\In|y| = \In|x| + C
\]

Step 3: Solve for \(y\)

\[
ly] = e~{\ln|x| + C} = e~{C} \cdot |x|



\]

Let\(A=e"{C}), then:

\[

y =\pmAX

\]

Step 4: Apply the Initial Condition \( Y(1) =-2)
\[

-2 = \pm A \times 1

\]

Since the value at \( x=1) is negative, choose the negative sign:

\[
-2 = -A \Rightarrow A = 2
\]

Thus, the particular solution:
\[

Y(x)=-2x
\]

Advanced Topics and Nuances
1. Non-Separable Equations

Not all differential equations are separable. When encountering non-separable equations, other
methods such as integrating factors, substitution, or numerical methods are necessary.

2. Implicit Solutions

Sometimes, the integral does not yield an explicit solution for \( y \). Instead, the solution remains
implicit, such as:

\[

\In|y| =e~{x} + C

\]

which can be left as such or rearranged depending on the context.

3. Handling Singularities

Singularities occur when the function \( g(y) \) or \( f(x) \) is undefined or discontinuous, requiring
careful analysis of the domain and the behavior of solutions.



4. Initial Condition Compatibility

Ensuring that the initial condition is compatible with the solution's domain is crucial. For example, if
\( y \) must be positive but the initial condition is negative, the solution must reflect that.

Summary and Best Practices

- Identify if the differential equation is separable by examining if it can be written as \(
\frac{dy}{dx} = f(x)g(y) \).

- Rearrange the equation to isolate \( y \) and \( x \) terms.

- Integrate both sides carefully, considering constants of integration.

- Solve for \( y \) explicitly when possible.

- Use initial conditions to determine the constant of integration, ensuring the particular solution
aligns with the problem's specific data.

- Check the domain for any restrictions or singularities introduced by the solution or initial
conditions.

Final Remarks

The technique of separation of variables is a powerful and straightforward tool in the differential
equations toolkit. When correctly applied, it simplifies the process of solving many first-order
equations, especially those modeling exponential growth and decay, mixing processes, or other
multiplic

Use Separation Of Variables To Solve The Differential
Equation With Initial Condition Y 1 2

Use Separation Of Variables To Solve The Differential Equation With Initial Condition Y 1 2

Related Articles

e Determine If The Vector FieldF=y,x+2z2,2yzis Conservative. If It Is, Find A Potential Function.

e Ming Is Taking A Memory Test. She Is More Likely To Recall The Name Of A Popular Singer If
She Had

e In The Last Paragraph Of Passage 2 On Page 6 How Does The Author Imply That He Does Not
Say Dirctly

Back to Home


https://sip.evo9x.com/ma09/use-separation-of-variables-to-solve-the-differential-equation-with-initial-condition-y-1-2.pdf
https://sip.evo9x.com/ma09/use-separation-of-variables-to-solve-the-differential-equation-with-initial-condition-y-1-2.pdf
https://sip.evo9x.com/ma09/determine-if-the-vector-fieldf-y-x-z2-2yzis-conservative-if-it-is-find-a-potential-function.pdf
https://sip.evo9x.com/ma09/ming-is-taking-a-memory-test-she-is-more-likely-to-recall-the-name-of-a-popular-singer-if-she-had.pdf
https://sip.evo9x.com/ma09/ming-is-taking-a-memory-test-she-is-more-likely-to-recall-the-name-of-a-popular-singer-if-she-had.pdf
https://sip.evo9x.com/ma09/in-the-last-paragraph-of-passage-2-on-page-6-how-does-the-author-imply-that-he-does-not-say-dirctly.pdf
https://sip.evo9x.com/ma09/in-the-last-paragraph-of-passage-2-on-page-6-how-does-the-author-imply-that-he-does-not-say-dirctly.pdf
https://sip.evo9x.com

