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Understanding binomial coefficients and their properties is fundamental in combinatorics and number
theory. In particular, analyzing the parity (whether terms are odd or even) within the binomial
expansion of \((1 + x)™n\) reveals interesting patterns linked to powers of 2. This article provides a
comprehensive exploration and proof that the number of odd binomial coefficients among \( C(n,0),
C(n,1), C(n,2), \ldots, C(n,n) \) is always a power of 2, thoroughly explaining the concepts, proof
strategies, and implications.

Introduction to Binomial Coefficients and Parity

Binomial Coefficients: Definition and Notation

Binomial coefficients \( C(n, k) \) (also written as \(\binom{n}{k}\)) are defined as:

\[
C(n, k) = \frac{n!}{k!'(n - k)'}
\]

for integers \( 0 \leq k \leq n\). They appear in the binomial expansion:

\[
(1 +x)"n =\sum _{k=0}"n C(n, k) x~k
\]

Each coefficient \( C(n, k) \) counts the number of ways to choose \(k\) elements from an \(n\)-element
set.

Parity of Binomial Coefficients

The focus here is on the parity (odd or even) of \( C(n, k) \) for various \(k\). The question is: how many
of these binomial coefficients are odd?



Statement of the Problem and Its Significance

The problem asks to demonstrate that:

> The number of odd terms among \( C(n, 0), C(n, 1), C(n, 2), \ldots, C(n, n)\) is a power of 2.
Understanding this property is significant because:

- It reveals a deep combinatorial structure relating to binary representations.

- It connects to Lucas's theorem and Lucas's congruences in modular arithmetic.
- It has applications in coding theory, combinatorial design, and computational mathematics.

Key Concepts and Tools for the Proof

Binary Representation of Numbers

Binary representation plays a central role in understanding the parity of binomial coefficients. For a
natural number \( n\), write:

\[
n=n_rn_{r-1} \ldots n_1 n_0 \quad \text{(binary form)}
\]

where each \( n_i\in \{0, 1\} \).

Lucas's Theorem

Lucas's theorem provides a way to compute binomial coefficients modulo a prime \( p \) (here, \( p=2
\)). It states:

\[
C(n, k) \equiv \prod {i=0}"r C(n_i, k_i) \pmod{p}
\]

where \( n_i, k_i\) are the binary digits of \( n'\) and \( k \) respectively.
Specifically for \( p=2\), this simplifies to:
\[

C(n, k) \equiv 1 \pmod{2} \quad \text{if and only if} \quad k_i\leq n_i \quad \text{for all } i
\]



which implies \( C(n, k) \) is odd if and only if \( k'\) is component-wise less than or equal to \( n\) in
binary.

Proof That The Number of Odd Binomial Coefficients Is
a Power of 2

Step 1: Expressing the Count of Odd Terms

From Lucas's theorem, the parity of \( C(n, k) \) depends on the binary digits of \( n\) and \( k \).
Specifically:

-\( C(n, k) \) is odd if and only if, for every position \(i\), \( k_i\leqn_i\).
- Equivalently, the set of \( k'\) such that \( C(n, k) \) is odd corresponds to all \( k\) whose binary
digits satisfy \( k_i\leq n_i\).

This set corresponds to all binary numbers \( k \) where, for each position \(i\):

\[
k_i\in\{0, 1\} \quad \text{with} \quad k_i \leq n_i
\]

which means:

If\(n_i=0\), then\(ki=0\).
SIF\(n_i = 1), then \( k_i\in \{0, 1\} \).

Thus, the total number of such \( k'\) is the product over all positions:
\[

\text{Number of odd } C(n, k) = \prod_{i=0}"{r} (n_i + 1)

\]

since for each \( n_i\), the number of choices for \( k_i\) (that satisfy the inequality) is\( n_i + 1).

Step 2: Simplification of the Count

Given the binary digits \( n_i\), the count becomes:

\[
\text{Number of odd } C(n, k) = \prod {i=0}"r (n_i + 1)



\]
Recall that each \( n_i\in \{0, 1\} \), so:

-If\(n_i=0\),then\(ni+1=1)\).
-If\(ni=1\),then\(ni+1=2)\).

Therefore, the total number simplifies to:

\[
\text{Number of odd } C(n, k) = 2~ {\text{number of 1's in the binary expansion of } n}
\]

which is the count of the set bits (1's) in the binary representation of \( n'\).

Step 3: Conclusion and Final Result

Since the number of 1's in the binary expansion of \( n\) is an integer, the total number of odd
binomial coefficients among \( C(n,0), C(n,1), \ldots, C(n,n)\) is:

\[
\boxed({
\text{Number of odd } C(n, k) = 2"~ {\text{popcount}(n)}

}
\]

where \( \text{popcount}(n) \) denotes the number of 1's in the binary representation of \( n\).

This number is always a power of 2, confirming the statement.

Implications and Applications of the Result

1. Binary Structure of Pascal's Triangle

The result showcases a direct link between the binary structure of \( n\) and the pattern of odd and
even entries in Pascal's triangle. For example, for \( n=7\):

- Binary form:\( 111_2)
- Number of 1's: 3
- Number of odd coefficients: \( 2°3 =8\)



which matches the observation that the 8 entries \( C(7, 0), \Idots, C(7, 7) \) contain exactly 8 odd
numbers.

2. Lucas's Theorem in Modular Arithmetic

This proof exemplifies the utility of Lucas's theorem in understanding binomial coefficients modulo 2,
often used in combinatorial proofs and number theory.

3. Applications in Coding Theory and Combinatorics

Knowing the distribution of odd coefficients assists in designing error-correcting codes, combinatorial
enumerations, and understanding fractal patterns like the Sierpinski triangle, which visually
represents Pascal's triangle modulo 2.

Additional Examples and lllustrations

Example 1: \( n=5)

- Binary form: \( 101_2)
- Number of 1's: 2
- Number of odd coefficients: \( 272 = 4)

Verify the coefficients:

\[

C(5, 0) = 1 \quad (\text{odd})

\]

\[

C(5, 1) = 5\quad (\text{odd})

\]

\[

C(5, 2) = 10 \quad (\text{even})
\]

\[

C(5, 3) = 10 \quad (\text{even})
\]

\[

C(5, 4) = 5\quad (\text{odd})

\]

\[

C(5, 5) = 1\quad (\text{odd})



\]

0dd coefficients: \( C(5,0), C(5,1), C(5,4), C(5,5) \) — total 4, which matches \( 2°2).

Example 2: \( n=8)

- Binary form: \( 1000 2)
- Number of 1's

Frequently Asked Questions

How can we determine the number of odd binomial
coefficients among C(n,0), C(n,1), ..., C(n,n)?

The number of odd binomial coefficients in the nth row corresponds to 2~ {k}, where k is the number
of 1's in the binary representation of n. This is based on Lucas's theorem and properties of binomial
coefficients modulo 2.

Why is the number of odd terms in the binomial expansion
always a power of 2?

Because the count of odd binomial coefficients in the nth row equals 2™ { ext{number of ones in
binary representation of n}}, which is inherently a power of 2 due to binary properties.

Can you provide an example demonstrating that the number
of odd binomial coefficients is a power of 2?

Yes. For n=5 (binary 101), the number of ones is 2, so the number of odd coefficients is 2™ {2} = 4.
The coefficients are C(5,0)=1, C(5,2)=10, C(5,3)=10, and C(5,5)=1, with 4 odd terms.

What is the significance of binary representation in proving
that the number of odd binomial coefficients is a power of 2?

Binary representation directly relates to Lucas's theorem, which states that C(n,k) modulo 2 depends
on the binary digits of n and k. Counting the number of k with C(n,k) odd reduces to counting subsets
of the 1's in n's binary form, leading to powers of 2.

How does Lucas's theorem assist in establishing that the
count of odd binomial coefficients is a power of 2?

Lucas's theorem shows that C(n,k) mod 2 is 1 if and only if each binary digit of k does not exceed that



of n. The number of such k's with C(n,k) odd equals 2™ { ext{number of ones in n's binary form}},
thus ensuring the count is a power of 2.

Is the statement that the number of odd binomial coefficients
is a power of 2 valid for all natural numbers n?

Yes. For every natural number n, the number of odd binomial coefficients in the nth row of Pascal's
triangle is always a power of 2, specifically 2" { ext{number of ones in binary n} }.

Additional Resources
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Introduction

Binomial coefficients, expressed as \( C(n, k) = \binom{n}{k} \), are fundamental combinatorial
objects with wide-ranging applications in mathematics, computer science, and engineering. Their
properties, especially concerning parity (whether they are odd or even), have intrigued
mathematicians for centuries. Among these properties, a well-known and elegant result states that
the number of odd binomial coefficients among the set \( \{\binom{n}{0}, \binom{n}{1}, \Idots,
\binom{n}{n}\}\) is a power of 2.

This article endeavors to thoroughly explore this phenomenon, offering a detailed proof, examining its
implications, and connecting it to broader mathematical themes. The goal is to provide a
comprehensive understanding suitable for both academic review and practical application.

Historical Context and Significance

The study of binomial coefficients dates back to the early work of Blaise Pascal, whose Pascal's
Triangle encapsulates these coefficients and their recursive structure. The parity properties of these
coefficients emerge naturally from the recursive definition:

\[
\binom{n}{k} = \binom{n-1}{k-1} + \binom{n-1}{k}
\]

Understanding the distribution of odd and even entries within Pascal's Triangle has been a topic of
mathematical curiosity, leading to connections with combinatorial identities, number theory, and
algebraic structures.

The specific result that the number of odd coefficients in the nth row is a power of two is both
surprising and elegant, hinting at underlying binary and combinatorial symmetries. This property
underscores the deep interplay between combinatorics and number theory.



The Main Result

Claim:

In the binomial expansion of \((1 + x)”™n\), the number of coefficients \(\binom{n} {k}\) that are odd is
exactly \(2” {\text{popcount}(n)}\), where \(\text{popcount}(n)\) is the number of 1's in the binary
representation of \(n\).

In particular, the count of odd terms among \(\binom{n, 0}, \binom{n, 1}, \ldots, \binom{n, n}\) is a
power of 2, derived directly from the binary structure of \(n\).

Deep Dive: Understanding the Parity of Binomial Coefficients
1. Basic Definitions and Notation

- Binomial coefficient: \(\binom{n} {k}\) counts the number of ways to choose \(k\) elements from an
\(n\)-element set.

- Parity: Whether a number is odd or even.

- Binary representation: \(n\) expressed as a sum of powers of 2.

For example,

\[
n=13=1101 2
\]

has a binary representation with three 1's.
2. The Connection Between Binary Representation and Parity

The core of the proof hinges on Lucas' theorem, which relates binomial coefficients modulo a prime
\(p\) — particularly \(p=2\) — to the binary expansion of \(n\) and \(k\).

Lucas' Theorem and Its Role

Lucas' Theorem (mod 2):
Given non-negative integers \(n\) and \(k\), with binary expansions:

\[
n=n_{r} n_{r-1} \ldots n_{0}
\]
\[
k =k {r} k {r-1} \ldots k {0}
\]

then:

\[
\binom{n}{k} \equiv \prod {i=0}"{r} \binom{n_i}{k i} \pmod{2}
\]



Since \(\binom{n_i}{k_i}\) is 0 or 1 depending on whether \(k_i\leq n_i\), this simplifies to:

\[
\binom{n}{k} \equiv 1 \pmod{2} \quad \text{if and only if} \quad k_i \leq n_i \text{ for all } i
\]

and

\[
\binom{n}{k} \equiv 0 \pmod{2} \quad \text{otherwise}
\]

Thus, \(\binom{n}{k}\) is odd if and only if every binary digit \(k_i \leq n_i\).

The Core Proof: Number of Odd Binomial Coefficients
1. Binary Digit Constraints
Given the binary expansion of \(n\):

\[
n=n_rn_{r-1} \ldots n_0
\]

the set of \(k\) for which \(\binom{n} {k}\) is odd must satisfy:

\[
k_i\leg n_i\quad \text{for all } i
\]

Since each \(k_i\) is either 0 or 1, the number of such \(k\) is the product over all bits of the
possibilities:

\[
\text{Number of odd } \binom{n}{k} =\prod {i=0}"{r} (n_i + 1)
\]

But because each \(n_i\) is either 0 or 1, this simplifies:

- If\(n_i = 1\), then \(k_i\) can be either 0 or 1, contributing 2 options.
- If\(n_i = 0\), then \(k_i\) must be 0, contributing 1 option.

Therefore:

\[

\boxed{

\text{Number of odd } \binom{n}{k} = 2~ {\text{popcount}(n)}
}

\]



where \(\text{popcount}(n)\) is the number of 1's in the binary expansion of \(n\).

Formal Statement and Interpretation

Theorem:

For a non-negative integer \(n\), the number of odd binomial coefficients among \(\{\binom{n} {0},
\binom{n} {1}, \Idots, \binom{n}{n}\}\) is exactly \(2" {\text{popcount}(n)}\).

Implication:

This result not only confirms that the count of odd terms is a power of 2 but also provides a direct link
to the binary structure of \(n\).

Examples and Applications

Example 1: \(n=5\)

Binary: \(5 = 101 _2\)

Number of 1's: 2

Number of odd coefficients: \(2°2 = 4\)
Check explicitly:

\[

\binom{5} {0} = 1 \quad (\text{odd}) \\
\binom{5}{1} = 5\quad (\text{odd}) \\
\binom{5}{2} = 10 \quad (\text{even}) \\
\binom{5}{3} = 10 \quad (\text{even}) \\
\binom{5} {4} = 5 \quad (\text{odd}) \\
\binom{5} {5} = 1 \quad (\text{odd})

\]

0Odd coefficients are at positions \(k=0,1,4,5\), total 4, confirming the theorem.
Example 2: \(n=8\)

Binary: \(1000_2\)

Number of 1's: 1

Number of odd coefficients: \(2°1=2\)

Check:

\[
\binom{8}{0} = 1 \quad (\text{odd}) \\



\binom{8} {1} = 8 \quad (\text{even}) \\
\binom{8} {2} = 28 \quad (\text{even}) \\
\binom{8} {3} = 56 \quad (\text{even}
\binom{8} {4} = 70 \quad (\text{even}
\binom{8} {5} = 56 \quad (\text{even}
\binom{8} {6} = 28 \quad (\text{even}
\binom{8} {7} = 8 \quad (\text{even}) \\
\binom{8} {8} = 1 \quad (\text{odd})

\]

)\
)\
)\
) \\

0Odd coefficients are at positions \(k=0,8\), total 2, matching the theorem.

Broader Mathematical Context

1. Connection to Pascal's Triangle and Fractal Patterns

The pattern of odd and even entries in Pascal's Triangle exhibits self-similar fractal structures, notably
the Sierpinski triangle. The rows of Pascal's Triangle modulo 2 reveal a recursive, fractal pattern, with
the number of odd entries at each row correlating with powers of 2.

2. Applications in Computer Science

- Error-correcting codes: The binary structure underlying these properties relates to coding theory,

especially in the design of error-detecting and error-correcting codes.
- Algorithm optimization: Recognizing the distribution of odd binomial coefficients can
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