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---

Understanding the Context: Limits of Functions at
Accumulation Points

When analyzing the behavior of functions near specific points, the concept of limits plays a central
role. In particular, understanding the conditions under which limits are unique or can differ is
fundamental in calculus and real analysis. The statement "Suppose F : D ⊆ R → R with X₀ an
accumulation point of D. Assume L₁ and L₂ are limits of F at X₀. Prove" pertains to the core property of
limits: their uniqueness if they exist.

An accumulation point (also called a cluster point) of a domain D is a point where every neighborhood
contains infinitely many points of D, excluding possibly the point itself if it is not in D. When a function
is defined on a domain with an accumulation point, the behavior of the function near that point can be
characterized via limits.

The problem at hand investigates the conditions under which the limits of F at X₀ are equal, especially
when two limits, L₁ and L₂, are assumed to exist at X₀. The goal is to demonstrate that, under suitable
conditions, these limits must coincide, emphasizing the uniqueness of limits.

---

Preliminaries and Definitions

Before proceeding with the proof, it is vital to clarify key concepts:

Accumulation Point
- A point X₀ ∈ R is an accumulation point of D if, for every ε > 0, the interval (X₀ - ε, X₀ + ε) contains
at least one point of D different from X₀ itself (if X₀ ∈ D) or infinitely many points of D (if X₀ ∉ D).



Limit of a Function at a Point
- We say that the limit of F as x approaches X₀ is L, written as:

\[
\lim_{x \to X_0} F(x) = L
\]

if, for every ε > 0, there exists δ > 0 such that for all x ∈ D with 0 < |x - X₀| < δ, we have |F(x) - L| <
ε.

Existence and Uniqueness of Limits
- If a limit exists at X₀, then it is unique. The proof of this fact is essential and underpins the entire
argument.

---

Statement of the Theorem and Objective

Given the above definitions, the theorem to be proved can be summarized as:

Theorem:
If F : D ⊆ R → R, with X₀ an accumulation point of D, and if both \(\lim_{x \to X_0} F(x) = L_1\) and
\(\lim_{x \to X_0} F(x) = L_2\) exist, then L₁ = L₂.

The objective is to demonstrate that assuming two different limits at the same point leads to a
contradiction unless those limits are equal, thereby establishing the uniqueness of limits at
accumulation points.

---

Outline of the Proof

The proof proceeds via contradiction and relies on the formal definitions of limits. The core idea:

1. Assume that both limits exist but are not equal, i.e., \(L_1 \neq L_2\).
2. Use the definitions to derive a contradiction.
3. Conclude that \(L_1 = L_2\).

This approach adheres to the standard proof technique in real analysis for the uniqueness of limits.

---



Detailed Step-by-Step Proof

Step 1: Assume Two Limits at X₀
Suppose that:

\[
\lim_{x \to X_0} F(x) = L_1 \quad \text{and} \quad \lim_{x \to X_0} F(x) = L_2,
\]

but assume, for contradiction, that \(L_1 \neq L_2\).

Step 2: Set Up the Contradiction
Since \(L_1 \neq L_2\), let:

\[
\epsilon_0 = \frac{|L_1 - L_2|}{2} > 0.
\]

This positive number measures the gap between the two limits.

Step 3: Use the Definition of Limits to Derive Contradictions
From the definitions of limits, because \(\lim_{x \to X_0} F(x) = L_1\), for \(\epsilon = \epsilon_0\),
there exists \(\delta_1 > 0\) such that:

\[
\text{for all } x \in D, \quad 0 < |x - X_0| < \delta_1 \implies |F(x) - L_1| < \epsilon_0.
\]

Similarly, because \(\lim_{x \to X_0} F(x) = L_2\), for the same \(\epsilon_0\), there exists \(\delta_2 >
0\) such that:

\[
\text{for all } x \in D, \quad 0 < |x - X_0| < \delta_2 \implies |F(x) - L_2| < \epsilon_0.
\]

Set \(\delta = \min(\delta_1, \delta_2)\). Now, consider any \(x \in D\) satisfying:

\[
0 < |x - X_0| < \delta,
\]

then both inequalities hold:

\[



|F(x) - L_1| < \epsilon_0,
\]
\[
|F(x) - L_2| < \epsilon_0.
\]

---

Step 4: Derive the Contradiction
From the inequalities:

\[
|F(x) - L_1| < \epsilon_0,
\]
\[
|F(x) - L_2| < \epsilon_0,
\]

we can use the triangle inequality to relate \(L_1\) and \(L_2\):

\[
|L_1 - L_2| = |(L_1 - F(x)) + (F(x) - L_2)| \leq |L_1 - F(x)| + |F(x) - L_2|.
\]

Substituting the bounds:

\[
|L_1 - L_2| < \epsilon_0 + \epsilon_0 = 2\epsilon_0 = |L_1 - L_2|.
\]

But this leads to:

\[
|L_1 - L_2| < |L_1 - L_2|,
\]

which is impossible unless \(|L_1 - L_2| = 0\).

Given that we assumed \(L_1 \neq L_2\), this contradiction implies that the initial assumption is false.

---

Conclusion: Limits at an Accumulation Point are Unique

The contradiction shows that if both limits \(L_1\) and \(L_2\) exist at the same accumulation point
\(X_0\), then they must be equal:



\[
L_1 = L_2.
\]

This fundamental result underpins the well-defined nature of limits in real analysis, ensuring that the
limit of a function at a point (if it exists) is unique, regardless of the approach taken.

---

Implications and Significance in Mathematical Analysis

The proof of the uniqueness of limits at accumulation points has several important implications:

Foundation for Continuity: The definition of continuity at a point relies on the existence and
uniqueness of the limit of the function at that point.

Limit Operations: The linearity and other algebraic properties of limits assume their
uniqueness, making calculations consistent and reliable.

Series and Sequences: Understanding the behavior of sequences and series near points
depends on limit properties, which hinge on the proof of limit uniqueness.

This fundamental property is a cornerstone in analysis, ensuring the stability of various calculations
and theorems.

---

Additional Remarks and Common Misconceptions

- Limit does not depend on the approach path: Whether you approach \(X_0\) from the left or the
right, the limit, if it exists, must be the same.

- Limits at non-accumulation points: The theorem does not directly address points that are not
accumulation points. At isolated points, limits may not be uniquely defined or even exist.

- Existence implies uniqueness: The proof hinges on the existence of the limit. If the limit does not
exist, the question of uniqueness is moot.

---



Summary

In summary, the proof that the limits of a function at an accumulation point are unique is a
fundamental aspect of mathematical analysis. Assuming two different limits leads to a contradiction,
reinforcing that the limit, when it exists, is well-defined and unique. This principle ensures

Frequently Asked Questions

What is the significance of an accumulation point X₀ in the
context of limits of a function F : D → R?
An accumulation point X₀ of the domain D is a point where every neighborhood around X₀ contains
infinitely many points of D, allowing us to analyze the behavior of F near X₀ and define limits at that
point.

What does it mean for L₁ and L₂ to be limits of F at X₀?
L₁ and L₂ are both potential limits of F at X₀ if, for every sequence {x_n} in D approaching X₀, the
sequence {F(x_n)} converges to L₁ and L₂ respectively, with the limits possibly being equal or
different.

What is the main goal of the proof regarding the limits L₁ and
L₂ of F at X₀?
The main goal is to prove that if both L₁ and L₂ are limits of F at X₀, then they must be equal,
establishing the uniqueness of the limit at an accumulation point.

What key property of limits is used to prove that L₁ = L₂ when
both are limits at X₀?
The proof relies on the property that if a limit exists at a point, then any sequence approaching that
point yields a sequence of function values converging to the same limit, ensuring the uniqueness of
the limit.

How does the concept of sequences approaching X₀ help in
proving the equality of L₁ and L₂?
By considering sequences {x_n} approaching X₀ from within D, and showing that F(x_n) converges to
both L₁ and L₂, we can conclude that L₁ must equal L₂ to maintain consistency.

Can two different limits L₁ and L₂ exist for F at X₀? Why or why
not?
No, because the limit of a function at an accumulation point, if it exists, must be unique. If two



different limits existed, it would violate the definition of the limit.

What role does the epsilon-delta definition play in the proof of
limit uniqueness?
The epsilon-delta definition provides a formal framework to show that for any epsilon > 0, the values
of F near X₀ are within epsilon of the limit, which helps establish that different limits cannot coexist.

What assumptions are necessary about the function F and the
point X₀ to ensure the proof holds?
It is necessary that X₀ is an accumulation point of D and that both limits L₁ and L₂ exist as limits of F
at X₀. No additional assumptions about continuity are required for the limit's uniqueness.

Why is the proof of limit uniqueness important in real
analysis?
Proving the uniqueness of limits is fundamental because it ensures that the limit of a function at a
point, if it exists, is well-defined and consistent, which is crucial for further analysis and theorems.

How does this proof relate to the concept of continuous
functions at X₀?
If a function is continuous at an accumulation point X₀, then its limit at X₀ exists and equals the
function’s value at X₀. The proof of limit uniqueness underpins the formal foundation for continuity.

Additional Resources
Understanding the Behavior of Limits of Functions at Accumulation Points

When exploring the properties of functions in calculus, the concept of limits plays a central role. In
particular, understanding the behavior of a function at an accumulation point of its domain offers
profound insights into the function's continuity and differentiability. The statement: Suppose \(F : D \to
\mathbb{R}\) with \(X_0\) an accumulation point of \(D\). Assume \(L_1\) and \(L_2\) are limits of \(F\)
at \(X_0\). Prove — encapsulates a fundamental theorem about limits, often used to establish the
uniqueness of limits at a point. This article provides a comprehensive, step-by-step breakdown of this
theorem, elucidating the logic, the proof, and its significance in mathematical analysis.

---

Introduction: The Significance of Limits at Accumulation Points

In the realm of calculus and real analysis, limits describe the behavior of functions as their inputs
approach particular points. An accumulation point (or limit point) of a domain \(D\) is a point \(X_0\)
such that every neighborhood around \(X_0\) contains infinitely many points of \(D\). Understanding
limits at an accumulation point is essential because it often determines the continuity and
differentiability of functions at that point.



The core question addressed here is: If a function \(F\) has two limits, \(L_1\) and \(L_2\), at the same
accumulation point \(X_0\), can these limits be different? Intuitively, the answer should be no, and the
goal is to rigorously prove this fact.

---

Setting the Stage: Definitions and Assumptions

Before delving into the proof, let's clarify the key concepts:

- Function \(F : D \to \mathbb{R}\): A real-valued function defined on a subset \(D\) of \(\mathbb{R}\).

- Accumulation point \(X_0\) of \(D\): A point such that in every open interval around \(X_0\), there are
infinitely many points of \(D\).

- Limits of \(F\) at \(X_0\): The values \(L_1, L_2 \in \mathbb{R}\) are said to be limits of \(F\) at \(X_0\)
if, for every \(\varepsilon > 0\), there exists a \(\delta > 0\) such that:

\[
\forall x \in D, 0 < |x - X_0| < \delta \implies |F(x) - L| < \varepsilon
\]

where \(L\) is either \(L_1\) or \(L_2\).

---

Theorem Statement: Uniqueness of Limits at an Accumulation Point

Theorem:
Let \(F : D \to \mathbb{R}\) be a function, and \(X_0\) an accumulation point of \(D\). Suppose that
\(L_1\) and \(L_2\) are limits of \(F\) at \(X_0\). Then, \(L_1 = L_2\).

This theorem states that limits of a function at an accumulation point are unique if they exist. The
proof hinges on the contradiction approach and the properties of limits.

---

Step-by-Step Proof of the Theorem

Step 1: Assume Contradiction — Suppose \(L_1 \neq L_2\)

To establish the proof by contradiction, assume:

\[
L_1 \neq L_2
\]

Without loss of generality, assume:

\[
|L_1 - L_2| = \delta_0 > 0



\]

This positive difference will serve as the key in deriving a contradiction.

Step 2: Set \(\varepsilon\) to a Suitable Value

Choose:

\[
\varepsilon = \frac{\delta_0}{3}
\]

This specific choice ensures that the neighborhoods around \(L_1\) and \(L_2\) are disjoint, which is
crucial.

Step 3: Use the Definition of Limits for \(L_1\) and \(L_2\)

Since \(L_1\) is a limit of \(F\) at \(X_0\), for \(\varepsilon = \delta_0/3\), there exists \(\delta_1 > 0\)
such that:

\[
\forall x \in D, 0 < |x - X_0| < \delta_1 \implies |F(x) - L_1| < \frac{\delta_0}{3}
\]

Similarly, because \(L_2\) is a limit, there exists \(\delta_2 > 0\) such that:

\[
\forall x \in D, 0 < |x - X_0| < \delta_2 \implies |F(x) - L_2| < \frac{\delta_0}{3}
\]

Define:

\[
\delta = \min(\delta_1, \delta_2)
\]

Step 4: Find Points in \(D\) Approaching \(X_0\)

Since \(X_0\) is an accumulation point of \(D\), for this \(\delta > 0\), there exist points \(x_1, x_2 \in
D\) such that:

\[
0 < |x_1 - X_0| < \delta \quad \text{and} \quad 0 < |x_2 - X_0| < \delta
\]

Now, consider these points:

- For \(x_1\):

\[
|F(x_1) - L_1| < \frac{\delta_0}{3}



\]

- For \(x_2\):

\[
|F(x_2) - L_2| < \frac{\delta_0}{3}
\]

Step 5: Derive the Contradiction

Observe that:

\[
|L_1 - L_2| \leq |L_1 - F(x_1)| + |F(x_1) - F(x_2)| + |F(x_2) - L_2|
\]

But more straightforwardly, using the triangle inequality:

\[
|L_1 - L_2| \leq |L_1 - F(x_1)| + |F(x_1) - F(x_2)| + |F(x_2) - L_2|
\]

Since the points \(x_1, x_2\) are close to \(X_0\), and \(F\) approaches \(L_1\) and \(L_2\) respectively,
the quantities:

\[
|F(x_1) - L_1| < \frac{\delta_0}{3}, \quad |F(x_2) - L_2| < \frac{\delta_0}{3}
\]

Now, considering the difference \(F(x_1) - F(x_2)\):

\[
|F(x_1) - F(x_2)| \leq |F(x_1) - L_1| + |L_1 - L_2| + |L_2 - F(x_2)|
\]

But since the previous bounds are small, and \(L_1 - L_2\) is assumed to be \(\delta_0\):

\[
|F(x_1) - F(x_2)| \geq |L_1 - L_2| - |F(x_1) - L_1| - |F(x_2) - L_2| > \delta_0 - \frac{\delta_0}{3} -
\frac{\delta_0}{3} = \delta_0 - \frac{2\delta_0}{3} = \frac{\delta_0}{3}
\]

But this contradicts the fact that both \(F(x_1)\) and \(F(x_2)\) are within \(\delta_0/3\) of \(L_1\) and
\(L_2\) respectively, implying that the difference \(|F(x_1) - F(x_2)|\) should be less than or equal to:

\[
|F(x_1) - L_1| + |L_1 - L_2| + |L_2 - F(x_2)| < \frac{\delta_0}{3} + \delta_0 + \frac{\delta_0}{3} =
\delta_0 + \frac{2\delta_0}{3} = \frac{5\delta_0}{3}
\]

However, the key contradiction arises because the initial assumption \(|L_1 - L_2| = \delta_0 > 0\)



leads to incompatible bounds, showing that the initial assumption \(L_1 \neq L_2\) must be false.

Conclusion:

\[
\boxed{
L_1 = L_2
}
\]

Thus, the limit of a function at an accumulation point, if it exists, is unique.

---

Significance and Applications of the
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