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Solving differential equations is a fundamental aspect of mathematical
analysis, especially in understanding physical systems, engineering problems,
and scientific phenomena. When classical methods such as separation of
variables or integrating factors do not apply directly, series solutions
offer a powerful alternative. In this guide, we will explore how to solve the
initial-value problem given by the differential equation \( X y'' + 3y =20
\) with initial conditions \( Y(0) = 1 \) and \( Y'(0) \) (which appears to
be incomplete but can be assumed as an initial derivative value). Our
approach involves finding a power series solution centered at \( x=0 \), a
method particularly useful for differential equations with variable
coefficients or where solutions are not expressible in elementary functions.

Understanding the Differential Equation and
Initial Conditions

Before diving into the solution process, it’s essential to interpret the
problem correctly:

- The differential equation is given as:

\ [

XxXy''"+3y=0

\1

where \( y = y(x) \) is the unknown function, and \( y'' = \frac{d"2 y}{dx"2}
\).

- The initial conditions provided are:

\ [

Y(0) =1, \quad Y'(0) = \text{(value not specified, but assume as an initial
derivative)}.

\1
Since the original prompt appears incomplete regarding \( y'(0) \), we will
proceed assuming \( y'(0) = y' 0 \) is known or can be represented as a

parameter for generality.

Note: The problem involves finding a power series solution around \( x=0 \),



which means representing the solution as an infinite sum:
\ [

y(x) = \sum {n=0}"{\infty} a n x™n

\1

where \( a n \) are coefficients to be determined.

Transforming the Differential Equation for
Series Solution

To find a power series solution, follow these steps:

Step 1: Assume a Power Series Solution

Express \( y(x) \) as a power series centered at 0O:

\ [
y(x) = \sum {n=0}"{\infty} a n x™n
\1

The derivatives are:

\ [

y'(x) = \sum_{n=1}"{\infty} n a n x~{n-1}

\1

\ [

y''(x) = \sum {n=2}"{\infty} n(n-1) a n x~{n-2}
\1]

Step 2: Substitute into the Differential Equation

Plug the series expressions into the original differential equation:

A\
Xy''+3y=20
\1]

which becomes:

\ [

x \left( \sum {n=2}"\infty n(n-1) a n x~{n-2} \right) + 3 \left(
\sum_{n=0}"\infty a n x”n \right) = 0

\1



Simplify each term:

\ [
\sum_ {n=2}"\infty n(n-1) a n x*{n-1} + 3 \sum {n=0}"\infty a n x™n = 0
\1

Deriving the Recurrence Relation

Step 3: Reindex Series for Uniform Powers of \( x \)

To combine the sums, align the powers of \( x \). For the first sum:

- Let \( n-1 = m \implies n = m+1 \)
- When \( n=2 \), \( m=1 \); as \( n \to \infty \), \( m \to \infty \)

Thus,

\ [
\sum {m=1}"\infty (m+1)m a {m+1} x~{m}
\1]

The second sum remains:

\ [
3 \sum_{n=0}"\infty a n x™n
\1

Now, write both sums with the index \( n \):

\ [
\sum_ {n=1}"\infty n(n+1l) a {n+1} x~{n} + 3 \sum {n=0}"\infty a n x*n = 0
\1

Break the second sum into \( n=0 \) term and the rest:

\ [
a 0 + \sum {n=1}"\infty 3 a n x™n
\1

Putting it all together:

\ [
a 0 + \sum {n=1}"\infty \left[ n(n+l) a {n+1l} + 3 a n \right] x*n = 0
\1]



Since the series sum equals zero for all \( x \), the coefficients must
satisfy:

- For \( n=0 \):
\ [

af=2~0

\1

- For \( n \geq 1 \):

\ [
n(n+l) a {n+l} + 3 an=20
\1

Note: The initial condition \( y(0) = 1 \) implies:

\ [
y(0) =a 0 =1
\1

Contradiction arises here because earlier, we deduced \( a 0 = 0 \) from the
coefficient comparison. To resolve this, note that the series solution
assumes a power series expansion about \( x=0 \), and the initial condition
directly gives:

\ [
a0=y(0) =1
\1]

Therefore, the previous step should be adjusted to:

- For \( n=0 \):
\ [

a0=1

\1

- The recurrence relation for \( n \geq 1 \):
\ [

n(n+l) a {n+l} + 3 an=20
\]

Finding the Series Coefficients



Step 4: Recursion Formula

Rearranged:

\ [
a {n+l} = - \frac{3 a n}{n(n+l)}
\1

with initial condition:

\ [
a0=1
\]

If \( y'(0) =y' 0 \), then the derivative at zero provides:

\ [
y'(x) = \sum {n=1}"\infty n a n x~{n-1}
\1]

and thus:

\[
y'(0) =al=y'0
\]

which allows us to determine \( a_ 1 \) directly if the initial derivative is
specified.

Step 5: Computing Coefficients

Using the recurrence relation:

\ I

a {n+l} = - \frac{3 a n}{n(n+l)}

\1]

and initial:

\ [

a0=1 \quad al=y"'0

\1]

we can compute subsequent coefficients:

- For \( n=1 \):

\[



a 2 = - \frac{3 a 1}{1 \times 2} = - \frac{3 y' 03}{2}

\1]

- For \( n=2 \):

\ [

a 3 = - \frac{3 a 2}{2 \times 3} = - \frac{3 \left(- \frac{3

y' 0}{2}\right)}{6} = \frac{9 y' 0}{12} = \frac{3 y' 0}{4}
\1]

- For \( n=3 \):

\ [

a 4 = - \frac{3 a 3}{3 \times 4} = - \frac{3 \times \frac{3 y' 0}{4}}{12} = -
\frac{9 y' 0 / 4}{12} = - \frac{9 y' 0}{48} = - \frac{3 y' 0}{16}

\1]

Continuing this process yields the general pattern for the coefficients.

Constructing the Power Series Solution

The solution can now be written as:

\ [
y(x) = \sum {n=0}"\infty a n x™n
\1]

where:

\ [

a0=1, \quad a1l=y"'0
\1

and for \( n \geq 1 \):

\ [
a {n+l} = - \frac{3 a n}{n(n+l)}
\1

Expressing the coefficients explicitly involves recognizing the factorial
patterns:

\ [
an=(-1)"n \frac{3”n a 0}{n!}
\1]

but due to the specific recurrence, the coefficients involve more intricate
factorials and products; typically, the recursive process suffices for



practical computations or truncation at finite \( n \).

Analyzing the Series Solution and Its
Convergence

Radius of Convergence

The series' convergence depends on the behavior of the coefficients \( a n
\). Since the recurrence involves factorial denominators and powers, the
series generally converges for

Frequently Asked Questions

What is the initial-value problem involving the
differential equation X y'' + 3 y = 0 with initial
conditions Y(0) = 1 and Y'(0) unknown?

The problem is to solve the differential equation X y'' + 3 y = 0 with
initial condition Y(0) = 1, aiming to find a series solution around X=0, even
though Y'(0) is unspecified.

How do you set up a power series solution for the
differential equation X y'' + 3 y = 0 near X=07?

Assume y = ¥ a n X*n, compute derivatives y' and y'', substitute into the
equation, and match coefficients of like powers of X to find recurrence
relations for a n.

What challenges arise when solving the differential
equation X y'' + 3 y = 0 at X=07?

Since the coefficient of y'' is X, the point X=0 is a regular singular point,
requiring the Frobenius method rather than standard power series, and initial
conditions influence the choice of solution form.

How does the initial condition Y(0) = 1 influence
the series solution for this differential equation?

It sets the value of the constant term a 0 in the power series expansion,



ensuring that y(0) = a 0 = 1, which guides the determination of the series
coefficients.

Why is the derivative initial condition Y'(0) not
specified, and how does that affect the solution?

Since Y'(0) is not given, the general solution will include an arbitrary
constant associated with the second solution, resulting in a family of
solutions parameterized by Y'(0).

What is the general form of the series solution to
the differential equation, and how is it expressed

around X=07?
The solution is expressed as y(X) =a 0 +al1l X+ a2 X2+ ..., with a 0=1

from initial conditions, and other coefficients determined recursively,
possibly involving logarithmic terms if necessary.

How do Frobenius method and series solutions help
solve the differential equation at the singular
point X=07?

They allow constructing solutions as power series (or Frobenius series) that

accommodate the singularity, providing explicit formulas for the solution
near X=0 despite the coefficient of y'' vanishing at that point.

Additional Resources

Solving the Initial-Value Problem by Finding Series Solutions About \(x=0\):
\(x y'" + 3y =0;\quad y(0) = 1; \quad y'(0) \text{ is known}\)

Introduction

The process of solving differential equations, especially those with variable
coefficients or non-constant terms, often involves the method of power series
expansions. When initial conditions are specified at a particular point-—here,
\ (x=0\)—it becomes advantageous to utilize series solutions to understand the
behavior of solutions around that point.

In this detailed exploration, we will analyze the initial-value problem
(IVP):

\ [
XxXy''"+3y=0,



\]
with initial conditions:

\ [
y(0) = 1, \quad y'(0) \text{ is known}.
\1]

Our goal is to find a power series solution about \(x=0\), understand its
convergence, and interpret the nature of the solutions. The process involves
multiple steps: examining the form of the differential equation, establishing
a series ansatz, deriving recurrence relations, and applying initial
conditions.

Understanding the Differential Equation
The Equation: \(x y'' + 3 y = 0\)

This is a second-order linear differential equation with variable
coefficients. Notably, the coefficient of \(y''\) is \(x\), which becomes
zero at \(x=0\). This indicates a singular point at \(x=0\), which influences
the choice of solution method.

Singular Point and Its Implications

- Regular or Irregular Singularity: Since the coefficient \(x\) multiplying
\(y'"\) vanishes at \(x=0\), the point \(x=0\) is a singular point.

- Method Suitability: For such points, the Frobenius method-—finding solutions
as power series with possibly non-integer exponents—is typically employed
instead of ordinary power series.

Strategy for Solution: Frobenius Series

Given the singularity at \(x=0\), the Frobenius method is the most
appropriate. This method assumes a solution of the form:

\ [

y(x) = x™{r} \sum {n=0}"\infty a n x*{n} = \sum {n=0}"\infty a n x*{n + r},
\]

where:

- \(r\) is the indicial exponent,

- \(a_o \neq O\)r
- the series converges in some radius around \(x=0\).

Step-by-Step Solution Process



1. Assume a Frobenius Series Solution

\ [
y(x) = x™{r} \sum {n=0}"\infty a n x~{n}, \quad a 0 \neq 0.
\1

Calculate derivatives:

\ [
y' = \frac{d}{dx} \left( x~{r} \sum {n=0}"\infty a n x*{n} \right) = x~{r-1}
\left[ r \sum {n=0}"\infty a n x~{n} + \sum {n=0}"\infty a n n x~{n} \right].
\1

\ [
y''" = \frac{d}{dx} y' = x™{r-2} \left[ r(r-1) \sum {n=0}"\infty a n x~{n} + 2
r \sum {n=0}"\infty a n n x*{n} + \sum {n=0}"\infty a n n(n-1) x~{n} \right].
\1]

2. Substitute into the Differential Equation
Original equation:

\ [
Xy''"+3y=0,
\1]

becomes:

\ [
x \times y'' + 3y = 0.
\1]

Substituting the derivatives:

\ [

x \times y'' = x \times x™{r-2} \left[\text{series}\right] = x~{r-1}
\left[\text{series}\right].

\1

Thus,

\ [

xy'" + 3y =xr-1} \left[ \text{expression} \right] + 3 x~{r} \left][
\text{series} \right] = 0.

\1

Expressed explicitly:

\ [



x™{r-1} \left[ r(r-1) \sum {n=0}"\infty a n x™{n} + 2 r \sum {n=0}"\infty a n
n x™{n} + \sum {n=0}"\infty a n n(n-1) x~{n} \right] + 3 x~{r}

\sum {n=0}"\infty a n x~{n} = 0.

\1

3. Collect Like Terms

Rewrite as:

\ [

x™{r-1} \left[ \sum {n=0}"\infty a n \left( r(r-1) + 2 r n + n(n-1) \right)
x™{n} \right] + 3 x*{r} \sum {n=0}"\infty a n x~{n} = 0.

\1

Express the second term with the same power as the first:

\ [

3 x™{r} \sum {n=0}"\infty a n x*{n} = 3 x™{r-1} \sum {n=0}"\infty a n
x~{n+1}.

\1

Define the sums explicitly:

\ [
\sum {n=0}"\infty a n \left( r(r-1) + 2 r n + n(n-1) \right) x~{n},
\1

and

\ [
\sum {n=0}"\infty a n x*{n+1} = \sum {n=1}"\infty a {n-1} x~{n}.
\1]

Now, the entire equation becomes:

\ [

x~{r-1} \left[ \sum {n=0}"\infty a n Q(n) x~{n} \right] + 3 x~{r-1}
\sum {n=1}"\infty a {n-1} x~{n} = 0,

\1

where

\ [
Q(n) = r(r-1) + 2 r n+ n(n-1).
\1]
Dividing through by \(x*{r-1}\):

\ [



\sum {n=0}"\infty a n Q(n) x~{n} + 3 \sum {n=1}"\infty a {n-1} x~{n} = 0.
\1

Determining the Indicial Equation

The indicial equation arises from the lowest power of \(x\), corresponding to
\(n=0\). For \(n=0\):

\ [
a 0 Qo) = o0,
\]

since the second sum starts at \(n=1\). Compute \(Q(0)\):

\ [
Q(0) = r(r-1) + 0 +0 =r(r-1).
\1

The indicial equation:

\ [

r(r-1) = 0,

\1

which yields:

\ [

r = 0 \quad \text{or} \quad r = 1.
\1

These roots indicate two linearly independent solutions around \(x=0\):

- Solution 1: \(r=0\),
- Solution 2: \(r=1\).

Recurrence Relations for Coefficients

We now focus on each case separately to find the series coefficients.

Case 1: \(r=0\)
When \(r=0\), the series solution is:

\ [
y 1(x) = \sum {n=0}"\infty a n x~{n}.



\]

The recurrence relation comes from equating coefficients of \(x~{n}\):

\ [

anQ(n)+3a{n-1} =0, \quad n \ge 1,

\1

with \(Q(n) = 0(r=0) \Rightarrow Q(n) = n(n-1)\).

Thus,

\ [
ann(n-1) + 3 a {n-1} = 0,
\1

which simplifies to:

\ [
an=-\frac{3 a {n-1}}{n(n-1)}, \quad n \ge 1.
\1]

Initial coefficient \(a 0\) is arbitrary (say, \(a 0 = 1\) for simplicity).
Then:

\ [
al=-\frac{3 a 0}{1 \times 0} \quad \text{undefined},
\1

which indicates a need to examine carefully. Since \(a 1\) involves division
by zero, the recurrence for \(n=1\) must be considered separately.

At \(n=1\):

\ [
a 1 \times 1 \times 0 + 3 a 0 = 0 \Rightarrow 0 + 3 a 0 = 0 \Rightarrow a 0 =
o,
\
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