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Understanding the geometric properties of points in the complex plane that
satisfy specific conditions is a fundamental aspect of complex analysis. One
such condition involves the L-metric or L-distance between points, which can
be used to describe various geometric loci such as circles, lines, or other
shapes. In this article, we focus on the problem: Describe the set of points
Z in the complex plane that satisfy L_mz = 2.

This problem involves analyzing the set of all complex numbers \( Z \) (or
points in the complex plane) for which a certain metric or function, denoted
as \( L_mz \), equals 2. To fully understand and interpret this, we need to
explore what \( L_mz \) represents, the nature of the set it defines, and the
geometric shape of such points in the complex plane.

---

Understanding the Context: What Is \( L_mz \)?

Before delving into the solution, it is crucial to clarify what \( L_mz \)
signifies. In complex analysis, various functions or metrics can be denoted
with \( L_mz \), depending on the context. Common interpretations include:

- The distance between \( Z \) and a fixed point \( m \), often expressed as
\( |Z - m| \).
- A linear functional or a special metric involving a parameter \( m \).
- A Lagrange or linear approximation, although less likely here given the
notation.

Given the notation \( L_mz \), a logical and typical interpretation in the
context of geometric loci is that \( L_mz \) represents the distance between
the point \( Z \) and a fixed point \( m \) in the complex plane.

Assumption:
Let’s assume that \( L_mz = |Z - m| \), i.e., the Euclidean distance between
the point \( Z \) and a fixed point \( m \) in the complex plane.

If this assumption holds, then the problem reduces to describing the set of
all points \( Z \) such that:

\[
|Z - m| = 2
\]

---



Geometric Interpretation: The Circle in the
Complex Plane

Assuming \( L_mz = |Z - m| \), the equation:

\[
|Z - m| = 2
\]

represents a circle in the complex plane with:

- Center: At the fixed point \( m \) in the complex plane.
- Radius: \( 2 \).

This is a fundamental concept in complex analysis and Euclidean geometry:

- The set of all points at a fixed distance from a given point in the plane
forms a circle.

Implication:
The locus of all points \( Z \) satisfying \( L_mz = 2 \) is a circle
centered at \( m \) with radius 2.

---

Detailed Analysis of the Set \( Z \) satisfying
\( L_mz = 2 \)

The Set of Points \( Z \)

Given the assumption, the points \( Z \) in the complex plane can be
expressed as:

\[
Z = x + iy
\]

where \( x, y \in \mathbb{R} \). Let \( m = a + ib \) be the fixed point in
the complex plane. The equation:

\[
|Z - m| = 2
\]

becomes:

\[
| (x + iy) - (a + ib) | = 2
\]

which simplifies to:

\[
\sqrt{(x - a)^2 + (y - b)^2} = 2
\]



Squaring both sides:

\[
(x - a)^2 + (y - b)^2 = 4
\]

This is the equation of a circle with center \( (a, b) \) and radius 2.

Geometric Properties

- Center: \( (a, b) \), the fixed point \( m \).
- Radius: 2.
- Perimeter: All points exactly 2 units away from \( m \).
- Area: \( \pi \times 2^2 = 4\pi \).

Visual Representation

In the complex plane:

- Plot the point \( m \).
- Draw a circle centered at \( m \) with radius 2.
- Any point \( Z \) lying on this circle satisfies the condition \( L_mz = 2
\).

---

Special Cases and Variations

While the primary interpretation involves the Euclidean distance, it’s worth
considering other potential meanings of \( L_mz \):

1. Other Distance Metrics

- Taxicab (Manhattan) Distance: \( |x - a| + |y - b| = 2 \).
This defines a diamond-shaped (rhombus) locus.

- Maximum or Minimum Norms:
For example, \( \max(|x - a|, |y - b|) = 2 \), which produces a square
rotated 45 degrees.

However, unless specified, the Euclidean distance is the standard assumption.

2. Complex Functional or Other Metrics

If \( L_mz \) is a different function, such as a linear functional, the locus
could be a line or a different geometric shape. For instance:

- If \( L_mz \) is linear in \( Z \), the set could be a line.
- If \( L_mz \) involves modulus of derivatives or other functionals, the
shape could be more complex.

But in typical problems, the notation points to a distance measure.

---



Conclusion: The Geometric Locus for \( L_mz = 2
\)

Based on the most common and logical interpretation, the set of points \( Z
\) in the complex plane satisfying \( L_mz = 2 \) is:

> A circle centered at the fixed point \( m \) with radius 2.

This geometric locus is fundamental in complex analysis, illustrating how
distances in the complex plane define circles and how these loci are used to
understand complex functions, mappings, and transformations.

---

Summary of Key Points

- The problem involves describing the locus of points \( Z \) such that \(
L_mz = 2 \).
- Assuming \( L_mz = |Z - m| \), the set is a circle centered at \( m \) with
radius 2.
- The general equation of this circle is:

\[
(x - a)^2 + (y - b)^2 = 4
\]

- This locus is fundamental in understanding geometric properties in the
complex plane.
- Variations of the problem could involve different metrics or functionals,
leading to different geometric shapes.

---

Applications and Further Exploration

Understanding such loci is crucial in various areas of complex analysis and
geometry:

- Mapping properties: How functions map circles to other shapes.
- Potential theory: Circles as level sets of potential functions.
- Complex dynamics: Iterations involving points on circles.
- Geometric function theory: Studying conformal mappings that preserve
circles.

---

Final Notes

When approaching problems involving the set of points satisfying certain
conditions in the complex plane, it is essential to clarify the nature of the



function \( L_mz \). Assuming it represents the Euclidean distance, the
problem simplifies to identifying circles. Recognizing these geometric loci
allows for a deeper understanding of complex functions and their geometric
properties.

If additional context or different definitions of \( L_mz \) are provided,
the locus could take on other forms, requiring tailored analysis accordingly.
Nonetheless, the core idea remains: fixed-distance conditions produce
circles, which serve as fundamental building blocks in the geometric study of
the complex plane.

Frequently Asked Questions

What is the set of points Z in the complex plane
satisfying |z| = 2?

The set of points Z in the complex plane satisfying |z| = 2 is the circle
centered at the origin with radius 2.

How can we interpret the equation |z| = 2
geometrically?

Geometrically, |z| = 2 represents all points in the complex plane that are
exactly 2 units away from the origin, forming a circle with radius 2.

Does the set |z| = 2 include the origin?

No, the origin (0,0) is not included because its modulus is 0, which does not
satisfy |z| = 2.

Is the set |z| = 2 bounded or unbounded?

The set |z| = 2 is bounded, as it is a circle with finite radius 2.

Can the set |z| = 2 be represented parametrically?

Yes, it can be parametrized as z = 2(cos θ + i sin θ), where θ ranges from 0
to 2π.

What is the significance of the modulus in the set
|z| = 2?

The modulus |z| measures the distance from the origin; setting |z| = 2 fixes
all points at a constant distance of 2 units from the origin.

How does the set |z| = 2 relate to the complex
plane's polar coordinates?

In polar coordinates, the set |z| = 2 corresponds to all points with radius r
= 2, regardless of the angle θ.



Is the set |z| = 2 symmetric about any axes?

Yes, the circle |z| = 2 is symmetric about both the real and imaginary axes,
as well as the origin.

How would the set change if the equation was |z| < 2
instead of |z| = 2?

The set would include all points inside the circle of radius 2, forming an
open disk centered at the origin with radius 2.

Additional Resources
The set of points Z in the complex plane that satisfy the condition |z - m z|
= 2

Understanding the geometric and algebraic nature of specific sets in the
complex plane is a fundamental aspect of complex analysis. When dealing with
conditions like |z - m z| = 2, where z is a complex number and m is a fixed
parameter, it becomes essential to interpret the set of all points Z that
satisfy this equation. This exploration reveals interesting geometric loci,
transformations, and properties that deepen our comprehension of complex
functions and their geometric representations.

---

Introduction to the Problem

The problem centers around identifying the set of all points Z in the complex
plane that satisfy the relation:

|z - m z| = 2

where z is a complex variable representing points in the plane, and m is a
fixed complex parameter. At first glance, the expression involves the
difference between z and a scaled version of z, which suggests a geometric
interpretation related to dilations, rotations, or translations depending on
m's nature.

The crucial first step is to analyze the algebraic structure of the equation
and interpret it geometrically. Specifically, the absolute value (or modulus)
indicates a distance measure, so the equation defines a locus of points
equidistant from some transformation of z, scaled by m.

---

Analyzing the Equation |z - m z| = 2



Algebraic Simplification

Rewrite the equation:

|z - m z| = 2

Factor out z:

|z(1 - m)| = 2

Since z is a complex number, and 1 - m is a fixed complex constant, we get:

|z| |1 - m| = 2

This leads to:

|z| = 2 / |1 - m|

This is a straightforward relation indicating that the set of points z in the
complex plane satisfying the original condition lie on a circle centered at
the origin with radius 2 divided by |1 - m|, provided that |1 - m| ≠ 0.

Conditions on m

- If |1 - m| ≠ 0, then the set of points z satisfying |z| = 2 / |1 - m| is a
circle centered at the origin with radius R = 2 / |1 - m|.

- If |1 - m| = 0, i.e., when m = 1, then the denominator becomes zero, and
the equation is undefined or degenerates. We need to analyze this special
case separately.

---

Geometric Interpretation

Case 1: |1 - m| ≠ 0

In this scenario, the locus is a simple circle centered at the origin with
radius R = 2 / |1 - m|. This implies:

- The set of all points z such that the distance from the origin is R.

- The size of the circle depends on m, specifically on the magnitude of (1 -
m).

Features:

- The circle is centered at the origin, regardless of m.

- The radius varies inversely with |1 - m|.

- As |1 - m| increases, the radius decreases; as |1 - m| decreases, the



radius increases.

- When m approaches 1, the radius tends to infinity, indicating the circle
expands indefinitely.

Visual Representation:

Imagine a circle centered at the origin with a radius determined by the
magnitude of (1 - m). For example, if m = 0, then R = 2 / 1 = 2, a circle of
radius 2. If m = 0.5, then R = 2 / 0.5 = 4, a larger circle.

---

Case 2: |1 - m| = 0

This occurs when m = 1. Substituting m = 1 into the original equation:

|z - 1 z| = |z - z| = 0

The equation reduces to:

0 = 2

which is impossible, indicating no solutions exist in this case.

Conclusion: When m = 1, the set of points satisfying the condition is empty.

---

Special Cases and Further Considerations

When m is real or complex

- If m is real, then |1 - m| is simply |1 - m|, a positive real number unless
m = 1.

- If m is complex, then the magnitude |1 - m| depends on both real and
imaginary parts, affecting the radius accordingly.

Implications for the set Z

- For all m ≠ 1, the set Z is a circle centered at the origin with radius R =
2 / |1 - m|.

- For m = 1, the set is empty.

This indicates that the original condition essentially describes a family of
circles in the complex plane parametrized by m, with the key geometric
feature being that they are centered at the origin.

---



Alternative Geometric Interpretations: When the
Equation is Rewritten

The previous algebraic approach simplifies the problem significantly, but one
might also interpret |z - m z| geometrically without algebraic reduction.

Geometric viewpoint:

- The expression |z - m z| can be viewed as |z(1 - m)|, which geometrically
is the product of the magnitude of z and the magnitude of (1 - m).

- Since |z| measures the distance from the origin, the equation |z| |1 - m| =
2 indicates that the set of points z lie on a circle with radius R = 2 / |1 -
m|.

- The geometric locus is a circle centered at the origin, with the circle's
size depending on m.

Implications:

- The nature of the set depends heavily on the
parameter m.

- The set is always a circle centered at the origin
unless |1 - m| = 0, in which case the set is empty.

---

Summary of the Set Z for |z - m z| = 2

| Condition on m | Geometric locus | Description |
Remarks |
|----------------|------------------|-------------|--
-------|
| |1 - m| ≠ 0 | Circle centered at origin | Radius R
= 2 / |1 - m| |
| m ≠ 1 | | | |
| m = 1 | Empty set | No solutions | Equation reduces
to 0 = 2 (impossible) |



The key takeaway is that the set of points Z
satisfying the condition |z - m z| = 2 forms a family
of circles centered at the origin, with their radii
inversely proportional to |1 - m|. This provides an
elegant geometric picture: as m varies, the circle's
radius changes, shrinking or expanding in a
predictable way, except when m equals 1, where the
set is empty.

---

Additional Features and Insights

- Symmetry: The set is symmetric with respect to the
origin because it is a circle centered at the origin.

- Special cases:

- When m = 0, R = 2, the circle has radius 2.

- When m is very close to 1, R becomes very large,
approaching infinity.

- Behavior at boundary values:

- As |1 - m| approaches zero, the set "blows up,"
indicating that the points satisfying the relation
become unbounded or the set becomes unbounded
(approaching a circle of infinite radius).

- Physical analogy: Imagine a point rotating or
scaling relative to the origin; the condition |z - m
z| = constant constrains the points to lie on a
circle whose size depends on how m scales z.

---



Conclusion

The investigation into the set of points Z in the
complex plane satisfying |z - m z| = 2 reveals an
elegant and straightforward geometric structure: a
circle centered at the origin with radius R = 2 / |1
- m|, provided that m ≠ 1. This analysis showcases
the power of algebraic simplification in complex
analysis, turning a seemingly complicated condition
into a clear geometric locus. Understanding these
sets enhances one's intuition about how complex
parameters influence geometric figures, which is
invaluable for deeper studies in complex functions,
conformal mappings, and geometric function theory.

Key takeaways:

- The set of solutions is a circle centered at the
origin for all m ≠ 1.

- The radius depends inversely on the magnitude of (1
- m).

- When m = 1, the set is empty, highlighting a
boundary case.

- This geometric perspective offers insights into how
complex parameters influence loci in the plane.

This comprehensive understanding bridges algebraic
manipulation with geometric intuition, reinforcing
the interconnected nature of algebra and geometry in
complex analysis.
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