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Understanding the quantum nature of atomic structures is fundamental in
modern physics and chemistry. Among the pioneering models that laid the
groundwork for quantum theory is Bohr's model of the hydrogen atom. While
Bohr's model provides a simplified, semi-classical picture of electron
orbits, it introduces specific concepts about the electron's position and
energy levels. One critical aspect of quantum mechanics, which extends and
refines Bohr's ideas, is the uncertainty principle—-particularly, the
uncertainty in the electron's radial coordinate within the hydrogen atom as
described by Bohr's framework. This article explores this concept
comprehensively, examining Bohr's model, the nature of the radial coordinate,
and how uncertainty manifests within this context.

Understanding Bohr's Model of the Hydrogen Atom

Overview of Bohr's Model

Bohr's model, proposed by Niels Bohr in 1913, was revolutionary in explaining
atomic spectra. It introduced the idea that electrons orbit the nucleus in
discrete, quantized orbits without radiating energy, contrary to classical
physics predictions. The key postulates include:

- Electrons move in circular orbits around the nucleus with quantized angular
momentum:

\ [

m v r = n \hbar

\1]

where \(m\) is the electron mass, \(v\) is its velocity, \(r\) is the radius
of the orbit, \(n\) is a positive integer (principal quantum number), and

\ (\hbar\) is the reduced Planck constant.

- The energy of the electron in these orbits is quantized:

\ [

E n = -\frac{13.6\, \text{eV}}{n"2}

\1]

- Transitions between orbits involve absorption or emission of photons with
energy equal to the difference in energy levels.



Quantized Orbits and Radial Distance

In Bohr's model, the radius of the \(n~{th}\) orbit is given by:

\ [

rn=n"2a0

\1]

where \(a_0 \approx 0.529 \times 10"{-10}\) meters is the Bohr radius. The
model suggests that the electron's position is well-defined along a specific
circular orbit, with a fixed radius, for each energy level.

Radial Coordinate in Bohr's Model

Definition of Radial Coordinate

In atomic physics, the radial coordinate \(r\) refers to the distance from
the nucleus to the electron at any given moment. It is a scalar quantity
representing how far the electron is from the center of the atom, regardless
of its angular position.

Electron Localization in Bohr's Model

Bohr's model treats electrons as classical particles moving in well-defined
circular orbits. This means that, according to Bohr:

- The radial coordinate in a stationary orbit is exactly \(r n = n™2 a 0\).
- The electron's position in each orbit is sharply defined, implying zero
uncertainty in the radial coordinate within this classical framework.

Limitations of the Classical View

While Bohr's model assigns a definite radius to each orbit, it does not
account for quantum mechanical principles such as wave-particle duality or
the probabilistic nature of electron positions. Therefore, the model's
precise radial distances are idealized, not reflecting the inherent
uncertainties predicted by quantum mechanics.

Uncertainty in the Radial Coordinate: Quantum
Mechanical Perspective



Heisenberg's Uncertainty Principle

The key to understanding the uncertainty in the radial coordinate comes from
Heisenberg's uncertainty principle, which states:

\ [
\Delta r \, \Delta p_r \geq \frac{\hbar}{2}

\1]

where:
- \(\Delta r\) is the uncertainty in the radial position,
- \(\Delta p r\) is the uncertainty in the radial component of momentum.

This principle implies that the more precisely one knows the electron's
position, the less precisely one can know its momentum, and vice versa.

Wave Nature of Electrons and Probability
Distributions

Quantum mechanics describes electrons not as particles following fixed orbits
but as wavefunctions \(\psi(r, \theta, \phi)\). The probability density \(
[\psi(r, \theta, \phi)|”2 \) indicates the likelihood of finding the electron
at a particular position.

In the case of the hydrogen atom:

- The wavefunctions are solutions to the Schrddinger equation.

- The radial part of the wavefunction, \( R {n,1l}(r) \), provides a
probability distribution for the radial coordinate.

- The most probable radius for an electron in a given state is not
necessarily the same as the classical Bohr radius, especially for higher
energy levels.

Radial Probability Distribution
The radial probability distribution \( P(r) \) is given by:

\ [
P(r) = r"2 |R {n,1}(r)|"2
\]

This function indicates the probability of finding the electron at a distance
\(r\) from the nucleus. For the ground state (\(n=1, 1=0\)):

- The most probable radius is approximately \(a 0\).
- The distribution is broad, with a significant probability of finding the
electron at distances both less than and greater than \(a 0\).



Quantifying the Uncertainty in the Radial
Coordinate in Bohr's Model

Idealized Sharpness of the Radial Distance

In the classical Bohr model:

- The electron's radial coordinate is sharply defined and fixed at \( r n =
n“2 a 0 \).

- There is no inherent uncertainty; the model treats the electron as moving
in a perfect circle with a precise radius.

Realistic Quantum Mechanical View

Contrarily, quantum mechanics reveals that:

- The radial coordinate has an intrinsic uncertainty \( \Delta r \).

- This uncertainty depends on the quantum state of the electron, particularly
on the principal quantum number \(n\) and the angular momentum quantum number
\(1\).

Estimating Radial Uncertainty

Given the radial wavefunctions, the uncertainty \( \Delta r \) can be
calculated as:

\ [
\Delta r = \sqrt{\langle r*2 \rangle - \langle r \rangle”2}
\1

where:

- \(\langle r \rangle\) is the expectation value of \(r\),
- \(\langle r*2 \rangle\) is the expectation value of \(r"2\).

For the hydrogen atom:

- These expectation values are well tabulated.

- For the ground state, \( \langle r \rangle \) 1is approximately \ (1.5 a 0\),
and \( \sgrt{\langle r~2 \rangle - \langle r \rangle”2} \) (the standard
deviation) is roughly \ (0.5 a 0\).

This indicates that even in the lowest energy state, the electron's radial
position is not sharply defined but is spread over a range of distances,
reflecting the quantum uncertainty.



Implications of Radial Uncertainty for Atomic
Physics

Limitations of Bohr's Model

While Bohr's model accurately predicts spectral lines and gives a simple
picture of atomic structure, it:

- Cannot account for the probabilistic nature of electron positions.

- Ignores the inherent uncertainty in the radial coordinate as dictated by
quantum mechanics.

- Treats the electron's radius as exact, which is incompatible with modern
quantum theory.

Modern Quantum Mechanical Approach

In the current understanding:

- The electron's position is described by a probability distribution.

- The radial uncertainty is an intrinsic property, not just a measurement
limitation.

- The concept of fixed radii is replaced by radial probability distributions,
emphasizing the electron's wave nature.

Relevance to Spectroscopy and Atomic Behavior

Understanding the uncertainty in the radial coordinate is essential for:

- Explaining atomic spectral lines and transition probabilities.

- Modeling electron behavior in atoms more accurately.

- Developing quantum computing and nanotechnology applications where electron
localization is critical.

Conclusion

In summary, according to Bohr's model, the radial coordinate of the hydrogen
atom's electron is precisely defined at discrete energy levels with fixed
radii. However, this classical depiction neglects the quantum mechanical
principles that govern the actual behavior of electrons. When incorporating
quantum mechanics, the uncertainty in the radial coordinate becomes evident,
characterized by probability distributions derived from the hydrogen atom's
wavefunctions. The uncertainty is non-zero and quantifiable, typically on the



order of a fraction of the Bohr radius, depending on the energy state.
Recognizing this uncertainty is fundamental for a comprehensive understanding
of atomic structure and behavior, bridging the gap between classical models
and the quantum reality that underpins the microscopic world.

Frequently Asked Questions

According to Bohr's model of the hydrogen atom, what
is the uncertainty in the radial coordinate?

Bohr's model treats the electron as orbiting the nucleus in a fixed circular
orbit, implying a definite radius. Therefore, in this model, the uncertainty
in the radial coordinate is effectively zero, as the electron's orbital
radius is considered precisely known.

How does the classical Bohr model address the
uncertainty in the electron's radial position?

The classical Bohr model assumes fixed, quantized orbits with specific radii,
which means the uncertainty in the radial coordinate is zero. However, this
is an idealization, not accounting for quantum uncertainties.

Why does the Bohr model not incorporate the
uncertainty principle when describing the hydrogen
atom?

Because the Bohr model treats electrons as particles moving in fixed orbits
with definite radii, it does not include the principles of quantum mechanics
such as the Heisenberg uncertainty principle, which states that position and
momentum cannot both be precisely known.

In the context of quantum mechanics, how is the
uncertainty in the radial coordinate different from
the Bohr model's assumptions?

Quantum mechanics describes the electron's position probabilistically,
leading to a non-zero uncertainty in the radial coordinate. Unlike the Bohr
model's fixed radius, the quantum model provides a probability distribution
for the electron's position, reflecting inherent uncertainty.

Can the Bohr model accurately predict the
uncertainty in the electron's radial coordinate for



hydrogen?

No, because the Bohr model does not account for quantum uncertainties; it
assumes a definite radius for the electron's orbit. Accurate uncertainty
predictions require a quantum mechanical treatment using wavefunctions and
probability distributions.

Additional Resources

Uncertainty in the Radial Coordinate According to Bohr’s Model of the
Hydrogen Atom: A Detailed Examination

Introduction

The quantum nature of atomic systems has challenged classical notions of
precise particle localization. Among the foundational models developed in
early quantum theory, Bohr’s model of the hydrogen atom holds a special place
for its historical significance and conceptual insights. However, this model
also embodies certain limitations, especially concerning the certainty with
which the position of the electron can be specified. This review delves into
the question: According to Bohr’s model of the hydrogen atom, what is the
uncertainty in the radial coordinate? We will explore the underlying
principles of Bohr’s model, the concept of the radial coordinate, and how
quantum mechanics and the uncertainty principle influence our understanding
of electron localization within this framework.

Overview of Bohr’s Model of the Hydrogen Atom
Historical Context and Core Postulates

Developed by Niels Bohr in 1913, Bohr’s model was a pivotal step in atomic
physics, introducing quantized energy levels for electrons orbiting the
nucleus. Its key postulates included:

- Quantized Orbits: Electrons move in specific, stable circular orbits
without radiating energy, characterized by quantum numbers \( n =1, 2, 3,
\ldots \).

- Angular Momentum Quantization: The angular momentum of the electron is
guantized as \( L = n \hbar \), where \( \hbar = \frac{h}{2\pi} \).

- Energy Quantization: The energy associated with each orbit is discrete,
leading to the emission or absorption of photons with energy corresponding to
the difference between levels.

Electron Orbits and the Radial Coordinate



In classical terms, the size of the orbit is given by the radius \( r \),
which in Bohr’s model is:

\ [
r n=\frac{n™2 h"2}{4 \pi®*2 m e”2} = n"2 a 0
\1

where:

- \( n\) is the principal quantum number,

- \( m\) is the electron mass,

- \( e \) is the elementary charge,

- \( h \) is Planck’s constant,

- \( a 0 \approx 0.529 \times 107{-10} \, \text{m} \) is the Bohr radius.
This formula indicates that for each energy level \( n \), the electron is

associated with a specific, well-defined radius, implying a definite radial
coordinate in the classical picture.

The Radial Coordinate in Classical vs. Quantum Contexts
Classical Perspective

In classical physics, the electron’s position, including its radial distance
from the nucleus, can be determined precisely at any given instant. The orbit
is a deterministic circle with a fixed radius \( r_n \).

Bohr’s Model Perspective

Bohr’s model assigns a specific radius \( r_n \) to each energy level,
implying the electron resides precisely at that radius in a stationary orbit.
This leads to the assumption of a well-defined radial coordinate-—an
idealization aligning with classical intuition, but inconsistent with modern
quantum mechanics.

Quantum Mechanical Perspective

Quantum mechanics replaces these deterministic notions with probability
distributions. The electron’s position is described by a wavefunction \(
\psi(r, \theta, \phi) \), and the probability density \( |\psi|"2 \)
determines the likelihood of finding the electron at a certain position.
Consequently, the radial coordinate becomes a statistical quantity with an
associated uncertainty, not a fixed value.



The Uncertainty Principle and Its Implications for the Radial Coordinate
Heisenberg’s Uncertainty Principle

The foundational principle governing uncertainties in quantum systems is the
Heisenberg Uncertainty Principle, which states:

\ [

\Delta r \, \Delta p_r \geq \frac{\hbar}{2}

\1]

where:

- \( \Delta r \) is the uncertainty in the radial position,

- \( \Delta p r \) is the uncertainty in the radial momentum.

This inequality implies that precise knowledge of the radial position
inherently limits the precision with which radial momentum can be known, and
vice versa.

Applying the Uncertainty Principle to Bohr’s Model

Although Bohr’s model treats the electron as moving in a fixed radius orbit,
qguantum mechanics reveals that such a precise localization is impossible. In

particular:

- The electron cannot be localized at a single radius \( r n \) with zero
uncertainty.

- Instead, the electron's radial position is described by a probability
distribution with a finite spread \( \Delta r \).

- As the quantum number \( n \) increases, the electron’s wavefunction
becomes more spread out, affecting \( \Delta r \).

The Nature of the Radial Uncertainty
In the context of Bohr’s model:

- Idealized View: The model suggests the electron is exactly at radius \( r_n
\), which would imply \( \Delta r = 0 \).

- Physical Reality: Quantum mechanics dictates \( \Delta r > 0 \). The
electron's actual position is probabilistic, with a distribution centered
around \( r_ n \) but with a finite width.

- Correspondence Principle: At large \( n \), quantum results tend to
classical predictions, and \( \Delta r \) becomes relatively small compared
to \( r n \), making the classical picture a good approximation.



Quantitative Analysis of Radial Uncertainty in Bohr’'s Hydrogen Atom

The Wavefunction Approach

While Bohr’s model does not explicitly incorporate wavefunctions, modern
quantum mechanics provides the radial wavefunctions \( R {n 1}(r) \) derived
from solving the Schrodinger equation for the hydrogen atom.

The probability density for the radial coordinate is:

;Er) = | R {n 1}(r) |72 r"2

\1]

where:

- \( L \) is the azimuthal quantum number,

- \( R {n 1}(r) \) is the radial part of the wavefunction.
Radial Expectation Values and Uncertainty

The expectation value of the radius is:

\ [
\langle r \rangle = \int 0~{\infty} r \, P(r) \, dr
\1]

and the expectation value of \( r*2 \):

\ [
\langle r*2 \rangle = \int 0~{\infty} r~2 \, P(r) \, dr
\1

The radial uncertainty \( \Delta r \) is given by:

Qéelta r = \sqrt{ \langle r*2 \rangle - \langle r \rangle™2 }
\1

For the ground state \( (n=1, 1=0) \):

- \( \langle r \rangle \approx 1.5 a 0 \)

- \( \Delta r \approx 0.3 a 0 \)

which indicates that the electron is most likely found within a region
roughly on the order of \( a 0 \) around the average radius.



Dependence on Quantum Numbers

- Higher \( n \): As \( n \) increases, the radial wavefunctions spread out
more, increasing \( \Delta r \).

- Higher \( 1 \): The radial distribution shifts outward, affecting the
uncertainty.

- Implication: The uncertainty in the radial coordinate does not vanish even

in the simplest hydrogenic states; it remains a finite quantity governed by
the wavefunction’s spread.

Reconciling Bohr’s Model with Quantum Mechanical Reality
Limitations of the Classical Orbit Picture

Bohr'’s model’s assumption of electrons following precise circular orbits with
fixed radii is an idealization that neglects:

- Wave-particle duality,
- Probabilistic electron localization,
- Uncertainty principles.

This leads to the misinterpretation that the radial coordinate can be known
exactly, which modern quantum mechanics refutes.

The Role of Quantum Numbers in Uncertainty

Although the principal quantum number \( n \) determines the average radius
\( \langle r \rangle \), the electron's actual position is distributed about
this average with a finite spread \( \Delta r \). This spread signifies the
inherent uncertainty predicted by quantum mechanics.

The Correspondence Principle and Classical Limit

- For large \( n \), the wavefunctions become more extended, and the
uncertainties \( \Delta r \) become relatively small compared to \( r_n \),
aligning with classical expectations.

- This transition justifies, in the classical limit, the approximation of

well-defined orbits, but it does not mean the uncertainty disappears
entirely.

Conclusion: The Reality of Radial Uncertainty in the Context of Bohr’s Model



To succinctly answer the core question:

According to Bohr’'s model of the hydrogen atom, the radial coordinate is
specified as a fixed, definite value \( r_n \) for each energy level,
implying zero uncertainty in the classical picture. However, this is an
idealization. In the quantum mechanical reality underlying Bohr'’s
assumptions, the electron’s radial position is inherently uncertain,
characterized by a finite spread \( \Delta r \) derived from the
wavefunction's probability distribution.

In numerical terms:
- For the ground state, \( \Delta r \) is approximately \( 0.3 a 0 \),
meaning the electron is most likely found within a region of radius about \(

1.5 a 0 \pm 0.3 a 0\).

- For higher energy states, \( \Delta r \) increases, reflecting greater
positional uncertainty.

In essence:

- The classical Bohr model’s assumption of a precise radial coordinate is a
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