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INTRODUCTION

A CerTAIN STATISTIC D IS BeiNg Usep To ESTIMATE A PopuLATION PARAMETER D. THE ExPECTED VALUE OF D Is A
FUNDAMENTAL CONCEPT IN STATISTICAL INFERENCE, SERVING AS THE CORNERSTONE FOR UNDERSTANDING THE ACCURACY AND
RELIABILITY OF ESTIMATORS. IN STATISTICAL ANALYSIS, AN ESTIMATOR IS A RULE OR FORMULA THAT PROVIDES AN ESTIMATE
OF AN UNKNOWN POPULATION PARAMETER BASED ON SAMPLE DATA. THE EXPECTED VALUE OF AN ESTIMATOR, OFTEN DENOTED
AS E[D], OFFERS INSIGHT INTO ITS LONG-TERM BEHAVIOR OVER NUMEROUS SAMPLES. WHEN E[D] EQUALS THE TRUE PARAMETER,
THE ESTIMATOR IS SAID TO BE UNBIASED, WHICH IS A DESIRABLE PROPERTY IN STATISTICAL ESTIMATION. THIS ARTICLE DELVES
INTO THE INTRICACIES OF ESTIMATORS, THEIR EXPECTED VALUES, AND THE IMPLICATIONS FOR STATISTICAL INFERENCE,
PROVIDING A COMPREHENSIVE UNDERSTANDING OF HOW THESE CONCEPTS UNDERPIN DATA ANALYSIS AND DECISION-MAKING.

UNDERSTANDING POPULATION PARAMETERS AND STATISTICS

WHAT Is A POPULATION PARAMETER?

A POPULATION PARAMETER IS A NUMERICAL CHARACTERISTIC OF A POPULATION. |T DESCRIBES SOME ASPECT OF THE ENTIRE
POPULATION AND IS USUALLY UNKNOWN IN PRACTICE. EXAMPLES INCLUDE:

® POPULATION MEAN (M)Z THE AVERAGE OF ALL INDIVIDUALS IN THE POPULATION.
e POPULATION VARIANCE (22>Z THE MEASURE OF DISPERSION WITHIN THE POPULATION.
® POPULATION PROPORTION (P)I THE FRACTION OF THE POPULATION POSSESSING A CERTAIN ATTRIBUTE.

BECAUSE COLLECTING DATA FROM EVERY INDIVIDUAL IN A POPULATION IS OFTEN IMPRACTICAL OR IMPOSSIBLE, STATISTICIANS
RELY ON SAMPLES TO ESTIMATE THESE PARAMETERS.

WHAT Is A STATISTIC?

A STATISTIC IS A NUMERICAL CHARACTERISTIC COMPUTED FROM A SAMPLE. |T SERVES AS AN ESTIMATE OF A POPULATION
PARAMETER. EXAMPLES INCLUDE:

o SampLE MEAN (\(\BAR{x}\)): THE AVERAGE OF THE SAMPLE DATA.
o SAMPLE VARIANCE (52): THE DISPERSION WITHIN THE SAMPLE.
o SampLE PRoPORTION (\(\HAT{P}\)): THE FRACTION OF THE SAMPLE WITH A CERTAIN ATTRIBUTE.

STATISTICS ARE RANDOM VARIABLES BECAUSE THEY VARY FROM SAMPLE TO SAMPLE, UNLIKE PARAMETERS WHICH ARE FIXED BUT
UNKNOWN QUANTITIES.



ESTIMATORS AND THEIR PROPERTIES

DEFINING AN ESTIMATOR

AN ESTIMATOR IS A RULE, OFTEN A FORMULA, THAT USES SAMPLE DATA TO PRODUCE AN ESTIMATE OF A POPULATION
PARAMETER. FORMALLY, IF \(\THETA\) IS THE POPULATION PARAMETER, THEN THE ESTIMATOR \(\HAT{\THETA}\) IS A
FUNCTION OF THE SAMPLE DATA DESIGNED TO ESTIMATE \(\THETA\).

ExPecTED VALUE OF AN ESTIMATOR

THe exPECTED VALUE OF AN ESTIMATOR \(\HAT{\THETA}\), DENOTED AS E[\(\HAT{\THETA}\)], IS THE AVERAGE VALUE THE
ESTIMATOR WOULD TAKE OVER AN INFINITE NUMBER OF SAMPLES DRAWN FROM THE POPULATION. |T PROVIDES A MEASURE OF
THE ESTIMATOR'S LONG-TERM BEHAVIOR.

MATHEMATICALLY, IF \(\HAT{\THETA}\) IS A RANDOM VARIABLE DEPENDING ON THE SAMPLE, THEN:
E[\hat{\theta}] = \sum \hat{\theta} \times P(\hat{\theta})

WHERE \(P(\HAT{\THETA})\) IS THE PROBABILITY DISTRIBUTION OF \(\HAT{\THETA}\). IN PRACTICE, CALCULATING
ENN(\HAT{\THETA}\)] INVOLVES UNDERSTANDING THE SAMPLING DISTRIBUTION OF THE ESTIMATOR.

Bias AND UNBIASED ESTIMATORS

WHAT Is Bias?

THe B1AS oF AN ESTIMATOR \(A\HAT{\THETA}\) IS THE DIFFERENCE BETWEEN ITS EXPECTED VALUE AND THE TRUE PARAMETER
VALUE:

Bias(\ (\hat{\theta}\)) = E[\(\hat{\theta}\)] - \(\theta\)

IF THE BIAS IS ZERO, THE ESTIMATOR IS CALLED UNBIASED, MEANING THAT ON AVERAGE, IT HITS THE TRUE PARAMETER VALUE.

IMPORTANCE OF UNBIASED ESTIMATORS

o UNBIASED ESTIMATORS ENSURE NO SYSTEMATIC OVER OR UNDERESTIMATION.

e THEY ARE PREFERRED IN STATISTICAL INFERENCE SINCE THEY REFLECT THE TRUE PARAMETER IN EXPECTATION.

HO\X/EVER, SOMETIMES BIASED ESTIMATORS MAY HAVE OTHER DESIRABLE PROPERTIES, SUCH AS LOWER VARIANCE, LEADING TO A
TRADE-OFF KNOWN AS THE BIAS-VARIANCE TRADE-OFF.

CoMMON ExAMPLES OF ESTIMATORS AND THEIR EXPECTED V ALUES

SAMPLE MEAN AS AN ESTIMATOR OF POPULATION MEAN

The sampLE MEAN \(\BAR{X}\) IS A WIDELY USED ESTIMATOR OF THE POPULATION MEAN M. |T IS DEFINED AS:



\(\bar{x} = \frac{1}{n} \sum {i=1}"{n} x i\)

wHERE \(X_1\) ARE THE OBSERVATIONS IN THE SAMPLE AND N IS THE SAMPLE SIZE.

The expecTed vaLUE ofF \(\ear{x}\) Is:

EIN(\bar{x}\)] =

THIS DEMONSTRATES THAT THE SAMPLE MEAN IS AN UNBIASED ESTIMATOR OF THE POPULATION MEAN.

SAMPLE V ARIANCE AS AN ESTIMATOR OF POPULATION V ARIANCE

THe SAMPLE VARIANCE \(s"2\) IS OFTEN USED TO ESTIMATE THE POPULATION VARIANCE £2, CALCULATED AS:
s”2 = \frac{1}{n-1} \sum {i=1}"{n} (x i - \bar{x})"2

THE EXPECTED VALUE of \(s"2\) Is:

E[s"2] = o2

WHICH CONFIRMS THAT \(s"2\) IS AN UNBIASED ESTIMATOR OF THE POPULATION V ARIANCE.

THe RoLE oF THE ExXPECTED V ALUE IN ESTIMATION

UNBIASEDNESS

UNBIASEDNESS IS A CRUCIAL PROPERTY FOR ESTIMATORS BECAUSE IT GUARANTEES THAT, ON AVERAGE, THE ESTIMATOR
PROVIDES THE CORRECT PARAMETER VALUE. THIS PROPERTY IS DESIRABLE BECAUSE IT AVOIDS SYSTEMATIC ERRORS IN
ESTIMATION.

CONSISTENCY

AN ESTIMATOR IS CONSISTENT IF IT CONVERGES IN PROBABILITY TO THE TRUE PARAMETER VALUE AS THE SAMPLE SIZE
INCREASES. W/HILE UNBIASEDNESS PERTAINS TO THE EXPECTED VALUE IN FINITE SAMPLES, CONSISTENCY CONCERNS THE BEHAVIOR
AS THE SAMPLE SIZE TENDS TO INFINITY.

EFFICIENCY

AMONG ALL UNBIASED ESTIMATORS, THE ONE WITH THE SMALLEST VARIANCE IS CONSIDERED THE MOST EFFICIENT. THE EXPECTED
VALUE HELPS IN COMPARING THE VARIANCES OF DIFFERENT ESTIMATORS, INFLUENCING THEIR SELECTION IN PRACTICE.

IMPLICATIONS OF THE EXPECTED V ALUE FOR STATISTICAL PRACTICE

CHOOSING ESTIMATORS

1. PRIORITIZE UNBIASED ESTIMATORS WHEN AVAILABLE, ESPECIALLY FOR SMALL SAMPLES.

2. CONSIDER THE VARIANCE AND MEAN SQUARED ERROR (MSE) TO BALANCE BIAS AND VARIABILITY.



3. USE THE EXPECTED VALUE TO ASSESS WHETHER AN ESTIMATOR CORRECTLY TARGETS THE PARAMETER IN THE LONG RUN.

LIMITATIONS oF UUNBIASEDNESS

o UNBIASED ESTIMATORS MAY HAVE HIGH VARIANCE, LEADING TO UNRELIABLE ESTIMATES IN SMALL SAMPLES.

® SOMETIMES BIASED ESTIMATORS WITH LOWER VARIANCE ARE PREFERRED, ESPECIALLY WHEN BIAS DIMINISHES WITH
INCREASING SAMPLE SIZE.

CoNcLUSION

A CerTAIN STATISTIC D Is BeINg Usep To ESTIMATE A PopuLATION PARAMETER D. THE ExPeECcTED VALUE OF D Is CENTRAL
TO UNDERSTANDING THE ESTIMATOR'S BEHAVIOR. THE EXPECTATION PROVIDES INSIGHT INTO WHETHER THE ESTIMATOR IS
UNBIASED AND HOW IT PERFORMS OVER MANY SAMPLES. PROPERLY ASSESSING THE EXPECTED VALUE OF AN ESTIMATOR INFORMS
STATISTICIANS ABOUT ITS ACCURACY, GUIDING THE CHOICE OF ESTIMATORS IN PRACTICAL DATA ANALYSIS. ULTIMATELY, THE
GOAL IS TO SELECT ESTIMATORS WITH PROPERTIES—SUCH AS UNBIASEDNESS, EFFICIENCY, AND CONSISTENCY—THAT ENSURE
RELIABLE AND MEANINGFUL INFERENCES ABOUT THE UNDERLYING POPULATION PARAMETERS.

FREQUENTLY AskeD QUESTIONS

WHAT IS THE SIGNIFICANCE OF THE EXPECTED VALUE OF A STATISTIC D IN ESTIMATING
A POPULATION PARAMETER?

THE EXPECTED VALUE OF STATISTIC D INDICATES ITS AVERAGE VALUE ACROSS MANY SAMPLES AND HELPS DETERMINE WHETHER
D IS AN UNBIASED ESTIMATOR OF THE POPULATION PARAMETER D.

How DO WE INTERPRET THE EXPECTED VALUE OF STATISTIC D IN RELATION TO THE
TRUE POPULATION PARAMETER?

IF THE EXPECTED VALUE OF D EQUALS THE TRUE POPULATION PARAMETER D, THEN D IS AN UNBIASED ESTIMATOR; IF NOT, IT
MAY BE BIASED.

\WHAT DOES IT MEAN IF THE EXPECTED VALUE OF STATISTIC D IS EQUAL TO THE
POPULATION PARAMETER D?

[T MEANS THAT D IS AN UNBIASED ESTIMATOR OF THE POPULATION PARAMETER D, PROVIDING ACCURATE ESTIMATES ON
AVERAGE OVER MANY SAMPLES.

\WHY IS UNDERSTANDING THE EXPECTED VALUE OF A STATISTIC IMPORTANT IN
STATISTICAL INFERENCE?

BECAUSE IT HELPS ASSESS WHETHER THE STATISTIC PROVIDES ACCURATE, UNBIASED ESTIMATES OF THE POPULATION
PARAMETER, ENSURING RELIABLE CONCLUSIONS FROM DATA ANALYSIS.



CAN THE EXPECTED VALUE OF A STATISTIC BE USED TO DETERMINE ITS EFFICIENCY?

NO, THE EXPECTED VALUE INDICATES BIAS, BUT EFFICIENCY RELATES TO THE VARIANCE OF THE ESTIMATOR. AN ESTIMATOR CAN
BE UNBIASED BUT INEFFICIENT IF IT HAS HIGH VARIANCE.

How DOES THE CONCEPT OF THE EXPECTED VALUE RELATE TO THE LAW OF LARGE
NUMBERS IN THE CONTEXT OF ESTIMATING POPULATION PARAMETERS?

THE LAW OF LARGE NUMBERS STATES THAT AS SAMPLE SIZE INCREASES, THE SAMPLE STATISTIC'S EXPECTED VALUE
CONVERGES TO THE TRUE POPULATION PARAMETER, MAKING THE ESTIMATOR MORE RELIABLE.

ADDITIONAL RESOURCES

A CerTAIN STATISTIC D Is BeiNg Usep To EsTIMATE A PopuLATION PARAMETER D. THE ExpeCTED VALUE OF D

\W/HEN CONDUCTING STATISTICAL ANALYSIS, ONE OF THE FUNDAMENTAL GOALS IS TO ESTIMATE POPULATION PARAMETERS
BASED ON SAMPLE DATA. IN THIS CONTEXT, A CERTAIN STATISTIC D IS BEING USED TO ESTIMATE A POPULATION PARAMETER
D—A COMMON SCENARIO IN INFERENTIAL STATISTICS. UUNDERSTANDING THE PROPERTIES OF THIS STATISTIC, ESPECIALLY ITS
EXPECTED VALUE, IS CRUCIAL FOR DETERMINING HOW WELL IT ESTIMATES THE TRUE POPULATION PARAMETER, AND WHETHER IT
IS UNBIASED, BIASED, OR CONSISTENT.

IN THIS ARTICLE, WE WILL EXPLORE THE CONCEPT OF A STATISTIC D USED TO ESTIMATE A POPULATION PARAMETER D, DELVE
INTO THE MEANING AND CALCULATION OF ITS EXPECTED VALUE, AND DISCUSS ITS IMPLICATIONS FOR STATISTICAL INFERENCE.

WE WILL ALSO COVER KEY CONCEPTS SUCH AS UNBIASEDNESS, BIAS, VARIANCE, AND EFFICIENCY, PROVIDING A COMPREHENSIVE
GUIDE TO INTERPRETING AND UTILIZING SUCH ESTIMATORS.

(UNDERSTANDING THE ROLE OF STATISTICS IN ESTIMATION

WHAT Is A STATISTIC?

A STATISTIC IS A FUNCTION OF THE SAMPLE DATA THAT IS USED TO ESTIMATE A POPULATION PARAMETER. FOR EXAMPLE, THE
saMpLE MEAN (DENOTED AS \(\BAR{X}\)) esTiMATES THE POPULATION MEAN (\(\MU\)), AND THE SAMPLE VARIANCE
(\(s"2\)) esTiMmATES THE PoPULATION VARIANCE (\(\sigmMA™2\)).

THE PoPULATION PARAMETER D AND ITS ESTIMATOR D

SUPPOSE THERE IS A POPULATION PARAMETER, DENOTED AS D, WHICH REPRESENTS A CHARACTERISTIC OF THE
POPULATION—SUCH AS MEAN, PROPORTION, VARIANCE, OR ANOTHER MEASURE. BECAUSE THE ENTIRE POPULATION DATA IS
OFTEN INACCESSIBLE OR IMPRACTICAL TO ANALYZE, STATISTICIANS USE A STATISTIC D COMPUTED FROM A SAMPLE TO
ESTIMATE THE TRUE PARAMETER D.

EXAMPLE:

- PopuLaTion MEAN: \(\MU\)
- SampLE Mean: \(\Bar{X3\)

Here, \(\BAR{X}\) IS USED AS AN ESTIMATOR FOR \(\MU\). THE KEY QUESTION IS: WHAT IS THE EXPECTED VALUE OF D, AND
HOW DOES IT RELATE TO THE TRUE POPULATION PARAMETER D?

EXPECTED VALUE OF THE STATISTIC D: THEORETICAL FOUNDATIONS

DEFINITION OF EXPECTED V ALUE



THe EXPECTED VALUE (OR MEAN) OF A STATISTIC D, DENOTED AS \(E[D]\), REPRESENTS THE AVERAGE VALUE THE STATISTIC
\WOULD TAKE OVER MANY REPEATED SAMPLES DRAWN FROM THE POPULATION. |T IS A MEASURE OF THE CENTRAL TENDENCY OF
THE SAMPLING DISTRIBUTION OF D.

\WHY |s THE EXPECTED V ALUE IMPORTANT?

- |T HELPS DETERMINE WHETHER D IS AN UNBIASED ESTIMATOR OF THE POPULATION PARAMETER D.

- Ir \(E[D] = D\), THen D Is UNBIASED.
- Ir \(E[D] \Neq D\), THen D Is BIASED, AND THE DIFFERENCE \(E[D] - D\) IS CALLED THE BIAS.

DERIVING THE ExPECTED VALUE oF D
GENERAL FRAMEW ORK

THe PROCESS OF DERIVING \(E[D]\) DEPENDS ON THE NATURE OF THE STATISTIC D AND THE SAMPLING SCHEME. TYPICALLY, THE
DERIVATION INVOLVES:

1. EXPRESSING D IN TERMS OF THE SAMPLE DATA.
2. APPLYING THE PROPERTIES OF EXPECTATION.
3. USING THE DISTRIBUTIONAL ASSUMPTIONS ABOUT THE DATA (E.G., INDEPENDENCE, IDENTICAL DISTRIBUTION).

ExXAMPLE: ESTIMATING THE POPULATION MEAN

Supposk D I1s THE sampLE MEAN \(\AR{X}\):

\[
\BAR{X} = \rrRAc{ 13}{N} \sum_{iI=13"n X_|
\]

wHERE \(X_1, X_2, \LboTs, X_N\) ARE INDEPENDENT AND IDENTICALLY DISTRIBUTED (I.1.D.) RANDOM VARIABLES WITH
popULATION MEAN \(\MU\).

ExpecTeD vaLUE ofF \(\Bar{X3\):

\[
E[\ear{X3] = E \Lert[ \rrAc{ 13{n} \sum_{iI=13"~n X_1 \riGHT] = \rRAC{ 1}{n} \suM_{i=13"N E[X_1] = \rrAac{ 1}{n}
\Times N \TiMES \MU = \MU

\]

THus, THe SAMPLE MEAN \(\BAR{X}\) IS AN UNBIASED ESTIMATOR OF THE POPULATION MEAN \(\MU\).

IMPLICATIONS OF THE EXPECTED V ALUE FOR ESTIMATOR QUALITY
UNBIASED ESTIMATORS

AN ESTIMATOR D IS UNBIASED IF:

THis MEANS, ON AVERAGE, THE ESTIMATOR HITS THE TRUE PARAMETER VALUE ACROSS MANY SAMPLES.

BIASED ESTIMATORS



[F:

\[
E[D] \Nneq D
\]

THEN D IS BIASED. THE BIAS IS GIVEN BY:

\[
\TexT{BIas}(D) = E[D] - D
\]

BIAS CAN BE POSITIVE OR NEGATIVE, INDICATING SYSTEMATIC OVERESTIMATION OR UNDERESTIMATION.
V/ ARIANCE AND MeAN SQUARED ErroR (MSE)

\WHILE THE EXPECTED VALUE IS CRITICAL, THE VARIANCE OF D ALSO INFLUENCES ITS USEFULNESS. THE MEAN SQUARED ERROR
(MSE) COMBINES BIAS AND VARIANCE:

\[
\TexT{MSE}(D) = E[(D - D)"2] = \TexT{Var}(D) + [\TexT{Bias}(D)]"2
\]

AN ESTIMATOR WITH LOW MSE IS GENERALLY PREFERRED, BALANCING BIAS AND VARIABILITY.

PracTICcAL ExAaMPLES AND COMMON ESTIMATORS
ESTIMATING A POPULATION V ARIANCE

SupposE D 1S THE SAMPLE VARIANCE \(5”2\) USED To ESTIMATE THE POPULATION VARIANCE \(\sigmMAa”™2\):

\[
s™2 = \rRAc{ 1}{N-13 \sum_{I=13"Nn (X 1 - \BAR{X})"2
\]

EXPECTED VALUE:

\

E[s"2] = \sigMA"2
\]

WHICH INDICATES THAT \(s"2\) Is AN UnBIASED ESTIMATOR OF \(\sigmMa”2)).

CHoosING Goob EsTIMATORS: PROPERTIES TO CONSIDER

\X/HEN SELECTING A STATISTIC D TO ESTIMATE A POPULATION PARAMETER D, CONSIDER THE FOLLOWING PROPERTIES:
1. Uneiaseoness: \(E[D] = D\)

2. ConsISTENCY: D CONVERGES TO D AS THE SAMPLE SIZE INCREASES.

3. EFFICIENCY: D HAS THE SMALLEST VARIANCE AMONG ALL UNBIASED ESTIMATORS.
4. SUFFICIENCY: D CAPTURES ALL INFORMATION ABOUT D CONTAINED IN THE SAMPLE.

LIMITATIONS AND CONSIDERATIONS



- SAMPLE SIZE: SMALL SAMPLES MAY LEAD TO BIASED OR HIGHLY VARIABLE ESTIMATES.

- DISTRIBUTIONAL ASSUMPTIONS: DERIVATIONS OFTEN ASSUME INDEPENDENCE, IDENTICAL DISTRIBUTION, AND SPECIFIC
DISTRIBUTION FORMS.

- BIAS CORRECTION: SOME ESTIMATORS ARE BIASED BUT CAN BE ADJUSTED TO BE UNBIASED.

SUMMARY AND KEY TAKEAWAYS

- A CERTAIN STATISTIC D IS BEING USED TO ESTIMATE A POPULATION PARAMETER D: THE CORE IDEA OF STATISTICAL INFERENCE.
- THe exPeCTED VALUE of D, \(E[D]\), MEASURES THE AVERAGE VALUE OF THE ESTIMATOR OVER MANY SAMPLES.

- Ir \(E[D] =D\), THEN D IS AN UNBIASED ESTIMATOR; OTHERWISE, IT IS BIASED.

- UNDERSTANDING THE EXPECTED VALUE HELPS EVALUATE THE ACCURACY AND RELIABILITY OF THE ESTIMATOR.

- THE PROPERTIES OF BIAS, VARIANCE, AND EFFICIENCY GUIDE STATISTICIANS IN SELECTING THE BEST ESTIMATORS FOR THEIR
PARAMETERS.

FINAL THOUGHTS

GRASPING THE CONCEPT OF THE EXPECTED VALUE OF A STATISTIC USED TO ESTIMATE A POPULATION PARAMETER IS
FUNDAMENTAL IN INFERENTIAL STATISTICS. | T INFORMS US ABOUT THE ESTIMATOR’S ACCURACY AND GUIDES
IMPROVEMENTS—WHETHER THROUGH BIAS CORRECTION, CHOOSING ALTERNATIVE ESTIMATORS, OR INCREASING SAMPLE SIZE.
\W/HETHER YOU'RE ESTIMATING MEANS, PROPORTIONS, VARIANCES, OR OTHER PARAMETERS, UNDERSTANDING THE BEHAVIOR OF
\(E[D]\) HELPS ENSURE YOUR STATISTICAL CONCLUSIONS ARE VALID, RELIABLE, AND MEANINGFUL.

REMEMBER: ALWAYS CONSIDER THE PROPERTIES OF YOUR ESTIMATOR IN THE CONTEXT OF YOUR SPECIFIC DATA AND ANALYSIS
GOALS. THE JOURNEY FROM SAMPLE DATA TO ACCURATE POPULATION INSIGHTS HINGES ON UNDERSTANDING THESE CORE
STATISTICAL PRINCIPLES.
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