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A Particle In The Infinite Square Well Has As Its Initial Wave Function An Even Mixture Of
The First is a fascinating scenario in quantum mechanics that offers deep insights into the behavior
of quantum systems. The infinite square well, also known as the particle in a box, is a fundamental
model used to understand how particles behave when confined to a potential well with infinitely high
walls. When the initial wave function of such a particle is an even mixture of the first energy
eigenstates, it opens up interesting avenues for exploring quantum superposition, energy
measurements, and the time evolution of quantum states. This article aims to elucidate this scenario
comprehensively, providing a detailed understanding of the underlying physics, mathematical
formulations, and implications.

Understanding the Infinite Square Well Potential

Definition and Setup of the Infinite Square Well

The infinite square well is a one-dimensional potential energy function characterized by infinitely high
walls at two points, typically at positions \( x=0\) and \( x=a \). Inside the well, the potential energy \(
V(x)\) is zero:

e For\(0<x<a\),\(V(x)=0))

e For\(x\leq 0\) or\( x\geq a\), \( V(x) = \infty \)

This setup constrains the particle strictly within the interval \( (0, a) \), forcing the wave function to be
zero outside the well.

Eigenstates and Eigenvalues in the Infinite Square Well

The stationary states (eigenstates) of the particle are solutions to the time-independent Schrodinger
equation with boundary conditions:

\[

\psi_n(x) = \sqrt{\frac{2}{a}} \sin\left( \frac{n \pi x}{a} \right), \quad n=1, 2, 3, \dots
\]

The corresponding energy eigenvalues are:

\[

E n=\frac{n"2 \pi~2 \hbar~2}{2 m a"~2}

\]

where:

-\( m\) is the particle's mass

-\(\hbar) is the reduced Planck's constant



-\( n\) is the quantum number denoting the energy level

These eigenstates form a complete orthonormal basis for the space of wave functions within the well.

Initial Wave Function as an Even Mixture of the First
Energy Eigenstates

Defining an Even Mixture of Eigenstates

An initial wave function that is an even mixture of the first eigenstates involves a superposition of
states with specific symmetry properties. Specifically, an even mixture typically refers to a
superposition that is symmetric with respect to the center of the well or involves states with certain
parity considerations.

For example, consider the superposition:

\[

\Psi(x, 0) = c_1\psi_1(x) + c_2 \psi_2(x)

\]

where\( c_1\) and \( c_2\) are coefficients, and the combination is chosen such that the total wave
function exhibits even symmetry.

This symmetry implies:

\[

\Psi(a - x, 0) = \Psi(x, 0)

\]

which places constraints on the coefficients and the combination of eigenstates involved.

Mathematical Representation of the Superposition

To explicitly construct an even initial wave function, one can choose coefficients such that:

\[

\Psi(x, 0) = \frac{1}{\sqrt{2} } \left( \psi_1(x) + \psi_2(x) \right)

\]

assuming both eigenstates are normalized. Since \( \psi_1(x) \) and \( \psi_2(x) \) have different parity
properties (sine functions are odd, but their linear combinations can be arranged to produce even
functions), this superposition can be tailored to produce an initial wave function with desired
symmetry.

Note: The specific choice of coefficients depends on the physical context or the experimental setup,
but the key idea is that the initial wave function comprises a balanced, symmetric mixture of the first
two eigenstates.



Physical Significance of the Initial Wave Function Being
an Even Mixture

Implications for Symmetry and Parity

The symmetry properties of the initial wave function significantly influence its subsequent evolution:

e Even mixtures tend to preserve certain parity properties over time, affecting transition
probabilities and expectation values.

e Symmetric superpositions can lead to specific interference patterns and probability distributions
within the well.

Impact on Measurement and Energy Expectation

Since the initial wave function is a superposition, the particle does not possess a definite energy but
rather a probability distribution over the energy eigenvalues:

\[

\langle E \rangle = \sum_{n} [c_n|"2 E_n

\]

where \( c_n'\) are the expansion coefficients in the eigenbasis. An even mixture of the first states
means that the probabilities for measuring the energies \( E_1\) and \( E_2\) are balanced, leading to
interesting dynamics in expectation values and fluctuations.

Time Evolution of the Wave Function

Applying the Time-Dependent Schrodinger Equation

The wave function at any later time \( t\) can be obtained by superposing the time-evolved
eigenstates:

\[

\Psi(x, t) = c_1\psi_1(x) e~{-i E_1 t/\hbar} + c_2 \psi_2(x) e~ {-i E_2 t /\hbar}

\]

This superposition results in interference effects characterized by periodic oscillations in the
probability density.

Quantum Beating and Revival Phenomena

The superposition of states with different energies leads to phenomena such as:

¢ Quantum beating: oscillations in the probability density due to interference of energy
eigenstates.



* Revival times: moments when the wave function reconstructs its initial form owing to phase
alignment of the superimposed states.

These effects are directly influenced by the initial composition of the wave function, especially when it
involves an even mixture of the first states.

Measurement Outcomes and Probabilities

Energy Measurement Probabilities

The probability of measuring a particular energy \( E_n\) when the system is in the initial
superposition is:

\[

P(E_n) = |c_n|"2

\]

Since the initial wave function is an even mixture, the probabilities for the first two energy levels are
equal:

\[

P(E_1) = P(E_2) = \frac{1}{2}

\]

assuming equal coefficients.

Position and Momentum Distributions

The initial wave function's symmetry also affects position and momentum distributions:

e Position distribution reflects the spatial symmetry, often resulting in symmetric probability
densities about the center of the well.

e Momentum distribution can be derived via Fourier transforms and exhibits features
corresponding to the superposition's symmetry.

Applications and Significance in Quantum Mechanics

Educational Importance

Analyzing an even mixture of the first eigenstates in an infinite square well serves as a cornerstone
problem to:

e |llustrate superposition principles

« Demonstrate time evolution and interference effects



e Understand measurement probabilities in quantum systems

Experimental Realizations

Though idealized, the concepts from this scenario have practical analogs in systems such as:
e Quantum dots
e Optical traps for cold atoms

e Quantum computing components where superposition states are manipulated

Conclusion

The scenario where a particle in the infinite square well has an initial wave function that is an even
mixture of the first states encapsulates many fundamental aspects of quantum mechanics. From
symmetry considerations to the time evolution and measurement outcomes, this setup provides a
rich platform to explore quantum superposition, interference, and the probabilistic nature of quantum
states. Understanding this case enhances our grasp of quantum dynamics and prepares us for more
complex quantum systems and phenomena.

In summary:
e The initial wave function's symmetry influences its evolution and measurement probabilities.
e Superpositions of eigenstates lead to observable interference effects.

¢ Analyzing these phenomena deepens our understanding of quantum principles and their
applications.

Frequently Asked Questions

What does it mean for a particle in an infinite square well to
have an initial wave function that is an even mixture of the
first energy eigenstates?

It means the particle's initial wave function is a superposition involving only energy eigenstates with
even quantum numbers, such as the first, third, fifth states, with equal amplitudes, leading to specific
symmetry and dynamical properties.



How does the symmetry of the initial wave function affect the
evolution of the particle in the infinite square well?

Since the initial wave function is an even mixture, its symmetry can cause certain interference effects
and influence the probability distribution's time evolution, often resulting in predictable recurrence
patterns due to the superposition of eigenstates.

What is the significance of choosing an even mixture of
energy eigenstates in quantum well problems?

Choosing an even mixture allows for the analysis of symmetric wave functions, which can simplify
calculations and reveal symmetry-related phenomena such as constructive and destructive
interference in the particle's probability distribution.

How do the energy eigenvalues of the states involved
influence the time evolution of the wave function in this
scenario?

The energy eigenvalues determine the phase evolution of each eigenstate over time, and since the
superposition involves multiple states, their differing energies cause the wave function to evolve,
exhibit periodic revivals, and display interference effects.

Can the initial even mixture of the first energy states lead to
observable phenomena like quantum revivals?

Yes, the superposition of multiple energy eigenstates with specific phase relations can cause the
wave function to periodically reconstruct itself, leading to quantum revivals at characteristic times.

What role does the parity (evenness) of the initial wave
function play in the dynamics within the infinite square well?

An even parity wave function ensures certain symmetry properties are preserved during evolution,
influencing transition amplitudes and simplifying the analysis of time-dependent behavior due to
selection rules related to parity.

How would the probability density evolve over time for an
even mixture of the first energy eigenstates?

The probability density would exhibit oscillations and interference patterns determined by the
superposition, with periodic features related to the energy differences, potentially leading to localized
or symmetric probability distributions at specific times.

What mathematical tools are used to analyze the time
evolution of this initial wave function in the infinite square



well?

Fourier series expansion, superposition of stationary states, and solving the time-dependent
Schrddinger equation are key tools used to analyze and predict the wave function's evolution over
time.

Additional Resources
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The scenario of a particle confined within an infinite square well and initialized with an even mixture
of the first energy eigenstates is a classic problem in quantum mechanics that beautifully illustrates
fundamental principles such as superposition, time evolution, and measurement. This configuration
provides a rich platform for exploring how quantum states evolve over time and how their initial
composition influences observable quantities such as probability densities and expectation values.
Understanding this setup is not only crucial for grasping core quantum concepts but also for
appreciating the nuances of wave function behavior in bounded systems.

Introduction to the Infinite Square Well

The infinite square well, also known as the infinite potential well, is a fundamental quantum model
characterized by a particle confined within perfectly rigid boundaries where the potential energy is
zero inside a finite region (usually from \(x=0\) to \(x=a\)) and infinite outside it. This model serves as
the cornerstone for understanding quantum confinement and energy quantization.

Basic Setup and Assumptions

- Potential Profile:
\( V(x) = 0 \quad \text{for} \quad 0 < x < a\)
\( V(x) = \infty \quad \text{elsewhere} \)

- Boundary Conditions:
The wave function must vanish at the boundaries:
\(\psi(0, t) = 0\) and \(\psi(a, t) = 0\).

- Eigenstates and Eigenvalues:

The stationary states are well-known:

\(\phi_n(x) = \sqrt{\frac{2}{a}} \sin \left( \frac{n \pi x}{a} \right)\), with \(n=1,2,3,\ldots\)
Corresponding energies are:

\(E_n = \frac{\hbar™2 \pi~2 n*2}{2 m a"2}\).

This model's simplicity allows exact solutions and serves as a pedagogical tool for understanding
quantum phenomena.



Initial Wave Function: An Even Mixture of the First
Eigenstates

The focus of this discussion is on an initial wave function that is an even mixture of the first two
eigenstates, i.e., a superposition of \(\phi_1(x)\) and \(\phi_2(x)\) with equal weights and specific phase
relations. This choice leads to interesting interference effects and non-trivial time evolution.

Constructing the Initial Wave Function

Suppose the initial wave function at \(t=0\) is given by:

\[
\Psi(x, 0) = \frac{1}{\sqrt{2} } \left( \phi_1(x) + \phi_2(x) \right)
\]

or more generally, an even mixture with possibly phase factors:

\[

\Psi(x, 0) = \frac{1}{\sqrt{2}} \left( \phi_1(x) + e”{i \theta} \phi_2(x) \right)
\]

where \(\theta\) is a phase difference, often taken as zero for simplicity.

Features:

- Equal amplitudes for the first two states.
- Superposition creates interference effects.
- The initial probability density is:

\[

[\Psi(x, 0)|~2 = \frac{1}{2} \left( |\phi_1(x)|~2 + |\phi_2(x)|~2 + 2 \Re \left[ \phi_1"(x) \phi_2(x) e™{i
\theta} \right] \right)

\]

which generally exhibits spatial modulation due to interference.

Time Evolution of the Wave Function

The time-dependent wave function evolves according to the Schrodinger equation:



\[
\Psi(x, t) =\sum_{n} c_n\phi_n(x) e~{-i E_nt/\hbar}
\]

where the coefficients \(c_n\) are determined by the initial wave function's expansion.

Superposition of the First Two States

For our initial state:

\[

\Psi(x, t) = \frac{1}{\sqrt{2}} \left( \phi_1(x) e~ {-i E_1 t/\hbar} + \phi_2(x) e~{-i E_2 t /\hbar}
\right)

\]

This superposition results in a non-stationary state with a time-dependent probability density:

\[

[\Psi(x, t)|~2 = \frac{1}{2} \left( |\phi_1(x)|"~2 + |\phi_2(x)|~2 + 2 \Re \left[ \phi_17(x) \phi_2(x) e {-i
(E_2 - E_1) t/\hbar} \right] \right)

\]

The interference term oscillates with frequency:

\[
\omega {21} = \frac{E_2 - E_1}{\hbar} = \frac{3 \pi~2 \hbar}{2 m a~2}
\]

leading to periodic fluctuations in the probability density, which manifest as "beats" or oscillations in
the likelihood of finding the particle at various positions.

Physical Insights and Observables

The initial superposition and its subsequent evolution reveal a wealth of quantum phenomena.

Probability Density Dynamics

- Initial State:
The initial probability distribution reflects the superposition, exhibiting nodes and antinodes
characteristic of combined sine functions.

- Time Evolution:
The interference pattern shifts over time, leading to dynamic localization and delocalization of the



particle's probability distribution.

- Periodicity:
The superposition exhibits a revival period:

\[
T {rev} = \frac{2 \pi\hbar}{E_ 2 - E 1} =\frac{4 m a”~2}{3 \hbar \pi}
\]

after which the wave function reconstructs its initial form.

Expectation Values and Uncertainty

- Position and Momentum:
Expectation values \(\langle x \rangle\) and \(\langle p \rangle\) oscillate due to interference,
illustrating the non-stationary nature of the state.

- Uncertainty:
Variances \(\Delta x\) and \(\Delta p\) fluctuate over time, emphasizing quantum superposition's
impact on the particle's localization.

Features and Pros/Cons

Features:

- Demonstrates quantum superposition and interference vividly.
- Shows periodic revival phenomena.
- Provides insight into measurement effects and wave function collapse.

Pros:

- Clear illustration of fundamental quantum principles.
- Analytically solvable, facilitating deep understanding.
- Demonstrates how initial preparation influences future dynamics.

Cons:

- Simplified model; real systems often involve non-infinite potentials.

- Only considers superpositions of the first two eigenstates; more complex superpositions yield richer
phenomena but are harder to analyze.

- Assumes ideal initial states; in experiments, preparation imperfections exist.



Implications and Applications

Understanding a particle in an infinite square well with an initial even mixture of states is more than
an academic exercise; it forms the basis for understanding quantum control, coherence, and
decoherence phenomena in confined systems.

Quantum Computing and Coherence

Superposition states like these underpin quantum bits (qubits) and their manipulation. The periodic
evolution and revival phenomena are analogous to quantum coherence times and the importance of
phase control.

Quantum Control and Measurement

By adjusting initial superpositions, one can tailor the evolution of the system to achieve desired states
at specific times, relevant for quantum information processing and spectroscopy.

Educational Value

This problem serves as an excellent pedagogical tool for illustrating core quantum mechanics
concepts such as superposition, interference, time evolution, and the importance of boundary
conditions.

Conclusion

The scenario of a particle in an infinite square well with an initial wave function comprising an even
mixture of the first two eigenstates encapsulates essential quantum phenomena. Through the
superposition of eigenstates, the system exhibits intricate time-dependent behavior, including
interference effects, probability density oscillations, and revival phenomena. This problem highlights
how initial state preparation profoundly influences quantum dynamics and provides foundational
insights into the principles governing confined quantum systems.

While idealized, such models pave the way for understanding more complex quantum behaviors in
real-world systems like quantum dots, nanostructures, and atomic traps. They also serve as critical
stepping stones toward mastering quantum control and coherence, which are pivotal for advancing
quantum technologies.

In summary:



- The initial wave function as an even mixture of eigenstates creates a rich platform for studying
quantum superposition.

- Time evolution leads to periodic interference effects, observable as oscillations in probability
densities.

- The model underscores fundamental quantum principles, including superposition, coherence, and
wave function revival.

- Its simplicity makes it an invaluable educational and conceptual tool, despite limitations in real-world
complexity.

This exploration underscores the elegance and depth of quantum mechanics, demonstrating how
simple initial conditions can lead to complex and fascinating dynamical behavior.

A Particle In The Infinite Square Well Has As Its Initial Wave
Function An Even Mixture Of The First

A Particle In The Infinite Square Well Has As Its Initial Wave Function An Even Mixture Of The First

Related Articles

e 1. Chetan Said, Do You Want To Dance?2. Barak Asked, When Did You Come Home?3. Mayank
Said, Has Joan

e Pistas Fill In The Blank With The Word For The Person, Place, Or Thing Described. Follow The
Model.

e 1.11) Describe How To Format A Works-cited List Using MLA Style.A Publication YearBfirst
Wordcity Of

Back to Home


https://sip.evo9x.com/ma10/a-particle-in-the-infinite-square-well-has-as-its-initial-wave-function-an-even-mixture-of-the-first.pdf
https://sip.evo9x.com/ma10/a-particle-in-the-infinite-square-well-has-as-its-initial-wave-function-an-even-mixture-of-the-first.pdf
https://sip.evo9x.com/ma10/1-chetan-said-do-you-want-to-dance-2-barak-asked-when-did-you-come-home-3-mayank-said-has-joan.pdf
https://sip.evo9x.com/ma10/1-chetan-said-do-you-want-to-dance-2-barak-asked-when-did-you-come-home-3-mayank-said-has-joan.pdf
https://sip.evo9x.com/ma10/pistas-fill-in-the-blank-with-the-word-for-the-person-place-or-thing-described-follow-the-model.pdf
https://sip.evo9x.com/ma10/pistas-fill-in-the-blank-with-the-word-for-the-person-place-or-thing-described-follow-the-model.pdf
https://sip.evo9x.com/ma10/1-11-describe-how-to-format-a-works-cited-list-using-mla-style-a-publication-yearbfirst-wordcity-of.pdf
https://sip.evo9x.com/ma10/1-11-describe-how-to-format-a-works-cited-list-using-mla-style-a-publication-yearbfirst-wordcity-of.pdf
https://sip.evo9x.com

