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Understanding the properties of vectors and their operations is fundamental in linear algebra and
vector calculus. The statement "(d) For any two vectors U and V in R, the magnitude of their cross
product U x V equals the product of their magnitudes ||U|| and ||V||" is a common point of discussion
among students and professionals alike. This article delves into this statement's validity, providing
detailed explanations, proofs, and clarifications to help readers grasp the underlying concepts
related to vectors, cross products, and their magnitudes.

Introduction to Vectors and Operations in []

Before analyzing the statement, it is crucial to understand the basic concepts of vectors in R
(Euclidean space). Vectors are quantities characterized by magnitude and direction, often
represented as ordered lists of numbers in coordinate systems.

What Are Vectors?

- Vectors are entities that have both magnitude and direction.
- In R3, a vector U can be written as U = (u1, uz, us).
- Vectors are used to represent physical quantities like displacement, velocity, and force.

Vector Operations

- Addition: Combining vectors component-wise.

- Scalar multiplication: Multiplying a vector by a scalar.

- Dot product: An operation resulting in a scalar, indicating the angle between vectors.

- Cross product: An operation resulting in a vector perpendicular to both original vectors in R3.

The Cross Product: Definition and Properties

The cross product (also called the vector product) is a binary operation on two vectors in R3.



Definition of Cross Product

- For vectors U = (u1, uz, uz) and V = (v, vz, v3),

U X V = (u2vs - usvz, Usvi - U1vs, Uivz - U2vi).

Geometric Interpretation

- The cross product yields a vector perpendicular to both U and V.
- The magnitude of U x V is proportional to the area of the parallelogram formed by U and V.

Key Properties of Cross Product

- Anticommutative: U x V = - (V x U).

- Distributive over addition: U X (V4+ W) =U XV + U x W.

- Scalar multiplication: (aU) x V= a(U x V) = U x (aV).

- Perpendicularity: U x VL Uand V.

- Magnitude relation: |U x V| = ||U]| ||V]| sinB, where 0 is the angle between U and V.

Analyzing the Statement: Is |U x V| = ||U|]| ||V||?

The statement under consideration suggests that the magnitude of the cross product of any two
vectors U and V in R is equal to the product of their magnitudes. Formally:

Claim: [U x V| = [[U]| ||V]].

Question: Is this statement true for all vectors U, V in R?

Understanding the Magnitude of the Cross Product

Recall the geometric formula for the magnitude of the cross product:
|U x V[ = [[U]] |[V]| sin®,
where 0 is the angle between U and V, with 0 < 0 < 180°.

This formula indicates that the magnitude of U x V depends on the sine of the angle between the
vectors, not just their magnitudes.

Key Observation
-If sin = 1, i.e., 6 = 90°, then [U x V| = [[U]| [[V]|.



- For other angles, |U x V| < ||U]| ||V||, because sine of angles less than 90° (or greater than 90°) is
less than 1.

Conclusion: The Statement Is Generally False

Based on the geometric interpretation, the statement:
"For any two vectors U and Vin R, |U x V| = [|U]| ||V]||"
is False.

Justification:

- The equality holds only when the vectors are perpendicular (6 = 90°).

- In all other cases, the magnitude of the cross product is strictly less than the product of the
magnitudes of U and V.

Summary of Justification
- The key relation:

|U x V| = [[U]| [[V]| sin®

- Since sinB < 1, with equality only at 6 = 90°, the general case does not satisfy the equality.
- Therefore, the statement is false in the general case.

Special Cases and Conditions

While the statement is false in general, there are specific cases where it holds true.

Case 1: U and V are perpendicular

-WhenU LV, 06=90° sin6 = 1.
- Therefore, |U x V| = [|U]| ||V]|.
- In this case, the statement is true.

Case 2: U and V are parallel or anti-parallel

- When U and V are parallel (6 = 0° or 180°), sin6 = 0.
- Therefore, |U x V| = 0, but ||U|| ||[V|| > 0 unless one vector is zero.
- So, the equality does not hold here.



Implications for Vector Calculations and Applications

Understanding the precise relationship between the cross product and vector magnitudes is crucial
in various applications:

Applications of the Cross Product

- Computing the area of a parallelogram: Area = |U x V]|.
- Determining perpendicular vectors in physics and engineering.
- Calculating torque or rotational forces.

Why the Clarification Matters

- Assuming |U x V| = ||U|| ||V|| in all cases can lead to errors.
- Recognizing the dependence on the angle 6 ensures accurate calculations.

Additional Insights and Related Concepts

To deepen understanding, here are some related key points:

Dot Product vs. Cross Product

- Dot product: U -V = ||U]| ||V]|| cosB (scalar).
- Cross product: U x V = vector with magnitude ||U]| ||V|| sin6.

Orthogonality in Vector Spaces

- Two vectors are orthogonal if their dot product is zero.
- The cross product's magnitude relates to how "non-orthogonal" the vectors are.

Higher Dimensions

- The cross product as defined exists only in R? (and R” with special structures).
- In higher dimensions, alternative concepts like the wedge product are used.

Summary and Final Thoughts

- The statement that |U x V| = ||U]| ||V|| for any vectors U and V in R is False in general.
- The equality holds only when U and V are perpendicular.



- The general relation is |U x V| = ||U|| ||V|| sin6, emphasizing the importance of the angle between
vectors.

- Proper understanding of this relationship is essential for accurate vector analysis in physics,
engineering, and mathematics.

Key Takeaways

- The magnitude of the cross product depends on both the magnitudes of vectors and the sine of the
angle between them.

- The statement is true only under specific conditions (perpendicular vectors).

- Always consider the angle between vectors when working with cross product magnitudes.

- Misinterpretations can lead to errors in computations involving vectors.

References and Further Reading

- Linear Algebra and Its Applications by David C. Lay

- Vector Calculus by Jerrold E. Marsden and Anthony J. Tromba
- Khan Academy: Cross Product and Its Properties

- MIT OpenCourseWare: Multivariable Calculus Resources

In conclusion, understanding the relationship between the cross product magnitude and the vectors
involved is fundamental in advanced mathematics and applied sciences. Recognizing that |U x V| =
[IU]] |]V|| sin® provides clarity and accuracy in calculations involving vectors, ensuring correct
application across various disciplines.

Frequently Asked Questions

Is it always true that the magnitude of the cross product of
two vectors U and V equals the product of their magnitudes,
i.e., |U x V| = |U]||V]|?

False. The magnitude of the cross product equals |U||V|sinf, where 0 is the angle between U and V.
It equals |U||V| only when U and V are perpendicular (6 = 90°).

Does the magnitude of the cross product depend on the angle
between vectors U and V?

Yes. |U x V| = |U||V|sin®, so it depends directly on the sine of the angle between them.



Can the magnitude of the cross product be zero? If so, under
what condition?

Yes. |U x V| = 0 when U and V are parallel or antiparallel, meaning the angle 6 is 0° or 180°.

Is the statement '|U x V| = |U||V|' always true for any vectors U
and V in R?

False. This equality only holds when U and V are perpendicular; otherwise, the magnitude of the
cross product is less than |U||V].

For any vectors U and V in R, is the magnitude of U X V always
less than or equal to |U||V]|?

True. Since |U x V| = |U||V|sin® and sinB < 1, it follows that |U x V| < |U]|V].

Does the magnitude of the cross product provide information
about the area of the parallelogram formed by U and V?

Yes. The area of the parallelogram is exactly |U x V]|.

Is the cross product U x V only defined in three-dimensional
space R3?

False. The cross product is primarily defined in R® and R”, but in R3 it is most commonly used; in R?,
a related concept is the scalar cross product.

If U and V are collinear vectors, what is the magnitude of their
cross product?

It is zero because the vectors are parallel, so sinf = 0, making |U x V| = 0.

Given two vectors U and V in R, is the statement '|U x V| =
|U||V|' valid in all cases?

No. In R, the cross product is not generally defined for vectors in one dimension; the statement is
only meaningful in higher dimensions like R3.

Additional Resources

For Any Two Vectors Uand Vin R, U X V||| u || || v ||: True or False? An Investigative Analysis

Introduction



The properties of vectors and their operations are foundational to various branches of mathematics,
physics, and engineering. Among these, the vector cross product, or vector product, is a well-studied
operation with unique geometric and algebraic properties. A common question that arises in vector
calculus and linear algebra contexts is: "For any two vectors \( U \) and \( V'\) in \( \mathbb{R}"3),
is the magnitude of their cross product equal to the product of their magnitudes?" Formally, this is
asking whether:

\[
| U\times V| = | U | \times | V|
\]

holds universally for all vectors \( U, V \in \mathbb{R} "3 ). The statement is often encountered in
various forms and contexts, sometimes as a true statement, sometimes as a misconception. This
article aims to thoroughly investigate this claim, explore its validity, analyze its implications, and
clarify common misconceptions surrounding the vector cross product.

Background: The Cross Product in \( \mathbb{R}"3)

Before delving into the main question, it is essential to recall the fundamental properties of the cross
product:

- Definition: For vectors \(U =(u 1,u 2,u 3)\)and\(V = (v_1, v 2, v 3)\), the cross product \( U
\times V'\) is defined as:

\[
U\ltimesV=(u2v3-u3v2\quadu3d3vl-ulv3\quadulv2-u2vl)
\]

- Geometric Interpretation: The cross product produces a vector that is perpendicular to both \( U\)
and \( V'\). Its magnitude corresponds to the area of the parallelogram spanned by \( U \) and \( V \):

}[U \times V| =|U|\, |V |\ \sin \theta

\]

where \( \theta \) is the angle between \( U \) and \( V'\).
- Properties:

- Anticommutativity: \( U \times V = - (V \times U) \)

- Distributivity over addition: \( U \times (V + W) = U \times V + U \times W)
- Scalar multiplication: \( (a U) \times V = a (U \times V) \)

The Core Question: Is \( | U \times V | = | U | \times | V | \) universally true?

This question hinges on understanding the relationship between the magnitude of the cross product
and the magnitudes of the individual vectors. The key is the geometric interpretation involving the



sine of the angle between vectors.

The General Identity

From the geometric definition:

\[

| Ultimes V| =|U|[\ | V]) \sin \theta

\]

where \( \theta \in [0, \pi] \) is the angle between \( U\) and \( V'\).
This immediately suggests that:

\[

| U\times V| = | U | \times | V | \quad \text{if and only if} \quad \sin \theta = 1
\]

which implies:

\[

\theta = \frac{\pi}{2}

\]

i.e., only when \( U\) and \( V'\) are orthogonal (perpendicular).

Investigating the Validity of the Statement

Is\(| U\times V| =| U | \times | V| \) true for any \( U, V \in \mathbb{R} ~3)?
Answer: No, the statement is False in general.

Justification:

The magnitude of the cross product depends on the sine of the angle between the vectors. Since \(
\sin \theta \leq 1), we have:

\[

| U\times V| \leq | U | \times | V|

\]

with equality only when \( \sin \theta = 1), i.e., when \( U \) and \( V\) are perpendicular.
Counterexamples:

1. Parallel vectors:

Suppose \(U = (1,0, 0)\) and \( V = (2, 0, 0) \). Then:



\[

|U|=1\quad |V | =2

\]

\[

U \times V = (0, 0, 0) \implies | U \times V| =0
\]

But:

\[
| U|\times | V| =1 \times 2 = 2
\]

which shows:

\[
| U\times V | \neq | U | \times | V |
\]

and in fact, \( | U \times V| < | U | \times | V | \).
2. Oblique, non-orthogonal vectors:
Let\(U = (1,0, 0)\), \(V=(\cos 45™\circ, \sin 45™\circ, 0) \):

\[

|U|=1,\quad |V | =1

\]

\[

\theta = 45" \circ \Rightarrow \sin \theta = \frac{\sqrt{2}} {2}

\]

\[

| U\times V| = 1 \times 1 \times \frac{\sqrt{2}}{2} = \frac{\sqrt{2} }{2} \approx 0.707
\]

But:

\[
| U|\times | V| =1 \times 1 =1
\]

Thus,

\[
| U\times V | \neq | U | \times | V |
\]

Again, the equality does not hold unless \( \theta = 90" \circ \).



The Special Case: When is \( | U \times V| = | U | \times | V | \)?
The answer is when and only when the vectors are orthogonal:

\[

\boxed{

\text{If } U \perp V, \quad \Rightarrow \quad | U \times V | = | U | \times | V |
}

\]

This is a classical result and forms a fundamental aspect of vector calculus.

Implications and Applications

Understanding this property has significant implications in physics, engineering, and computer
graphics:

- Physics: The torque \( \tau \) exerted by a force \( F \) applied at a distance \( r) is given by \( \tau
= r \times F \). The magnitude of torque is maximized when \( r\) and \( F \) are perpendicular.

- Engineering: In mechanical systems, the maximum effect of a force applied at a point occurs at
perpendicular orientation, aligning with the property that the magnitude of the cross product
reaches its maximum when vectors are orthogonal.

- Computer Graphics: Normals are often computed via cross products, with the magnitude indicating

surface area or orientation. Recognizing when the cross product magnitude equals the product of
magnitudes helps in geometry processing.

Clarifying Common Misconceptions

Many students and practitioners mistakenly assume that:

\[

| U\times V| = | U | \times | V|

\]

for all vectors. Such an assumption leads to errors in calculations and interpretations.

Common misconceptions include:

- Confusing scalar product and vector product: The dot product (scalar product) always involves the
cosine of the angle, not the sine, and the relation \( U \cdot V= | U | | V| \cos \theta \).

- Assuming the magnitude relation is independent of the angle: The cross product's magnitude
depends on the sine of the angle between vectors, not just their magnitudes.



Summary and Conclusion

Final verdict: The statement:

> For any two vectors \( U \) and \( V'\) in \( \mathbb{R}~3\), \( | U \times V| = | U | \times | V | )
is false in general. It holds only when \( U \) and \( V' \) are orthogonal (\( \theta = 90" \circ \)).

The general relation is:

\[
| U\times V| =|U |\, |V |\ \sin \theta
\]

which emphasizes the dependence on the angle between vectors.

Final Remarks and Recommendations

- When evaluating the magnitude of a cross product, always consider the angle between the vectors.
- Recognize the importance of orthogonality in maximizing the cross product magnitude.

- Use the geometric interpretation to better understand the physical and computational significance
of the cross product.

Understanding this fundamental property enhances both theoretical comprehension and practical
application across disciplines, reinforcing the importance of geometric intuition in vector calculus.

References:

- Stewart, J. (2016). Calculus: Early Transcendentals. Cengage Learning.
- Lay, D. C. (2012). Linear Algebra and Its Applications. Pearson.
- Marsden, J. E., &

D For Any Two Vectors UAnd VIn R U XV U V True False
Justification E If U And V Are

D For Any Two Vectors U And VIn R U XV U V True False Justification E If U And V Are

Related Articles

e 3Select The Correct Answer.What Is An Advantage Of Discussing A Topic Or Complex Task
With A Group?0

e A Plane Has An Eastward Heading With An Airspeed Of 156 M/s. A 20.0 M/s Wind Is Blowing
Southward At


https://sip.evo9x.com/ma10/d-for-any-two-vectors-u-and-v-in-r-u-x-v-u-v-true-false-justification-e-if-u-and-v-are.pdf
https://sip.evo9x.com/ma10/d-for-any-two-vectors-u-and-v-in-r-u-x-v-u-v-true-false-justification-e-if-u-and-v-are.pdf
https://sip.evo9x.com/ma10/3select-the-correct-answer-what-is-an-advantage-of-discussing-a-topic-or-complex-task-with-a-group-o.pdf
https://sip.evo9x.com/ma10/3select-the-correct-answer-what-is-an-advantage-of-discussing-a-topic-or-complex-task-with-a-group-o.pdf
https://sip.evo9x.com/ma10/a-plane-has-an-eastward-heading-with-an-airspeed-of-156-m-s-a-20-0-m-s-wind-is-blowing-southward-at.pdf
https://sip.evo9x.com/ma10/a-plane-has-an-eastward-heading-with-an-airspeed-of-156-m-s-a-20-0-m-s-wind-is-blowing-southward-at.pdf

¢ A Manufacturer Of Fuses Claims That With 20% Overload, The Fuses Will Blowin Less Than 10
Minutes On

Back to Home


https://sip.evo9x.com/ma10/a-manufacturer-of-fuses-claims-that-with-20-overload-the-fuses-will-blowin-less-than-10-minutes-on.pdf
https://sip.evo9x.com/ma10/a-manufacturer-of-fuses-claims-that-with-20-overload-the-fuses-will-blowin-less-than-10-minutes-on.pdf
https://sip.evo9x.com

