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And X+y=1 Under transformation is a fundamental problem in complex analysis and conformal
mapping. Understanding how geometric regions in the complex plane are transformed under specific
functions is essential for various applications, including fluid dynamics, electromagnetic theory, and
engineering design. This article provides a comprehensive guide to determining the image of a
triangular region in the Z-plane, bounded by the lines X=0, y=0, and X + y=1, under a given complex
transformation. We will explore the mathematical principles involved, step-by-step procedures, and
practical examples to facilitate a clear understanding of this crucial topic.

Understanding the Triangle Region in the Z-plane

Before delving into the transformation process, it is vital to understand the original region in the Z-
plane.

Defining the Boundary Lines

The triangle in the Z-plane is bounded by three lines:

1. X = 0: The y-axis in the complex plane.
2.y = 0: The x-axis in the complex plane.
3. X + y = 1: A straight line passing through points (1,0) and (0,1).

These lines together form a right triangle with vertices at:

- A (0,0): Intersection of X=0 and y=0.
- B (1,0): Intersection of X + y=1 and y=0.
- C(0,1): Intersection of X=0 and X + y=1.

The region enclosed by these points is the triangle:

\[
T = \left\{ (x,y) \mid x \geq 0, y \geq 0, x + y \leq 1 \right\}
\]

This region is a right-angled triangle located in the first quadrant, bounded by the axes and the line
\(x +y=1\).



Mathematical Framework for Complex Transformations

Understanding how the triangle transforms under a complex function involves analyzing the
properties of the transformation, typically a conformal map.

Common Types of Complex Transformations

Transformations often studied include:

- Linear fractional (Mobius) transformations: \(w = \frac{az + b}{cz + d}\)
- Power functions: \(w = z™*n\)

- Exponential functions: \(w = e~ {z}\)

- Logarithmic functions: \(w = \log z\)

Each transformation has unique properties affecting how regions map from the Z-plane to the W-
plane.

Key Principles

- Conformality: Many transformations preserve angles, making them useful for mapping complex
regions.

- Boundary mapping: The images of boundary lines determine the overall shape of the transformed
region.

- Preservation of points: Specific points in the original plane can be mapped to desired points in the
image plane to simplify calculations.

Step-by-Step Procedure to Find the Image of the
Triangle Region

To find the image of the triangle \(T\) under a transformation \(w = f(z)\), follow these steps:

1. Identify the Transformation Function \(f(z)\)
Specify the complex function you're analyzing. For example, suppose you are working with the
transformation:

\[
w = f(z) = \frac{1}{z}
\]

or any other specific map.



2. Map the Vertices of the Triangle

Calculate the images of the vertices:

-\(A (0,0\)
-\(B (1,0\)
-\(C (0, 1))

by substituting into \(f(z)\).
Example: For \(w=1/2\):

\[

f(0) \rightarrow \text{undefined (singularity at } z=0)
\]

\[

f(1)=11=1

\]

\[

f(i) = 1/i = -i

\]

Note: Since \(z=0\) maps to infinity, the image of the vertex at the origin needs special consideration.

3. Map Boundary Lines

Transform each boundary:

- Line \(X=0\): \(z = iy,\ y \ge 0\)

- Line \(y=0\): \(z = x,\ x \ge 0\)

-Line\(X+y=1\:\z=x+iy\x+y =1\

Calculate the images of these lines under \(f(z)\). For example, for the line \(z = iy\):

\[

w = f(iy) = \frac{1}{iy} = -\frac{i}{y}

\]

as \(y\) varies from 0 to 1, this traces a certain path in the \(w\)-plane.

Similarly, for \(z = x\):

\[
w = f(x) = \frac{1}{x}
\]

and for the line \(x + y = 1\):

\[
z=Xx+i(1-x)



\]

which can be parametrized to map to the \(w\)-plane.

4. Sketch or Plot the Mapped Boundary

Plot the images of the boundary lines in the \(w\)-plane to visualize the transformed region.

5. Determine the Image Region

Using the boundary images, infer the shape and boundaries of the transformed triangle region.

Examples of Specific Transformations and Their Impact

Let's explore some common transformations and how they map the triangular region:

Example 1: Inversion \(w = 1/2\)

- The point at \(z=0\) maps to infinity.

- The lines \(X=0\) (the y-axis) map to the imaginary axis in \(w\)-plane.

- The line \(y=0\) (the x-axis) maps to the real axis in \(w\)-plane.

- The line \(X + y=1\) maps to a circle or line depending on the transformation.

This inversion maps the triangular region into another shape in the \(w\)-plane, often bounded by
circles and lines.

Example 2: Exponential map \(w = e” {z}\)

- The boundary lines in \(z\) map to rays or circles in \(w\)-plane.
- The triangle's vertices map to specific points, such as \(e~ {0} = 1\), \(e~ {1} = e\), etc.
- The region becomes a sector or strip in the \(w\)-plane.

Applications and Importance of Finding the Image of
Regions

Understanding the image of regions under complex transformations has several critical applications:

- Conformal Mapping in Fluid Mechanics: Modeling flow around obstacles by mapping complex shapes
to simpler regions.

- Electromagnetic Field Design: Transforming boundary conditions to analyze fields in different
geometries.

- Complex Analysis and Mathematical Physics: Solving boundary value problems by transforming



complicated regions into manageable ones.
- Engineering and Computer Graphics: Morphing shapes and modeling transformations.

Summary and Key Takeaways

- The original triangle is bounded by three lines: \(X=0\), \(y=0\), and \(X + y=1\).

- The transformation \(f(z)\) can be any complex function, but specific maps like \(w=1/z\),
\(w=e"{z}\), or \(w=\log z\) are commonly analyzed.

- Mapping the vertices and boundary lines is essential to determining the image region.

- The shape of the transformed region depends heavily on the properties of the transformation.
- Visualizing the boundary images provides insight into the nature of the mapped region.

Conclusion: Mastering Region Transformations in
Complex Analysis

The process of finding the image of a geometric region such as the triangle bounded by \(X=0\),
\(y=0\), and \(X + y=1\), under a complex transformation, is fundamental in complex analysis. By
systematically mapping vertices and boundary lines, analyzing the transformation properties, and
visualizing the results, mathematicians and engineers can solve complex boundary value problems
effectively. Mastery of these techniques enables deeper insights into conformal mappings and their
applications across science and engineering.
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Frequently Asked Questions

What is the transformation applied to the triangle region in



the Z-plane bounded by x=0, y=0, and x+y=1?

The transformation involves mapping the triangle region in the Z-plane to a new region in the W-plane
using a specified complex function, typically of the form w = f(z).

How do you find the images of the boundary lines x=0, y=0,
and x+y=1 under a given complex transformation?

You substitute the boundary line equations into the transformation function to find their images in the
W-plane, resulting in the images of each boundary line.

What is the significance of the mapped image of the triangle
region in complex analysis?

The image helps analyze how regions deform under complex mappings, which is essential in
conformal mapping, potential flow, and solving boundary value problems.

Can you provide a step-by-step method to find the image of
the triangle region under a specific complex transformation?

Yes, first express the boundary lines in the z-plane, then apply the transformation to each boundary,
and finally determine the shape and boundaries of the image region in the w-plane.

What types of transformations are commonly used to map
triangular regions in the Z-plane to other regions?

Common transformations include linear functions, Mobius (bilinear) transformations, and conformal
mappings such as the Schwarz-Christoffel transformation.

How does understanding the image of the triangle region help
in solving complex boundary value problems?

Mapping the triangle to a simpler or canonical region allows for easier application of boundary
conditions and solution methods in complex analysis.

Additional Resources

Find The Image Of The Triangle Region In The Z-plane Bounded By The Lines X=0, Y=0, And X+Y=1
Under a Complex Transformation

Understanding how regions in the complex plane transform under various functions is a fundamental
aspect of complex analysis. When dealing with mappings, especially those involving linear or
fractional-linear functions, it's essential to analyze how specific geometric regions are affected. This
guide will carefully explore how to find the image of the triangle region in the Z-plane bounded by the
lines X=0, Y=0, and X+Y=1 under a given transformation. Whether you're a student tackling a



complex analysis problem or a professional seeking clarity, this detailed breakdown will provide
insights and step-by-step procedures to master such transformations.

Introduction: The Significance of Image Regions in Complex Analysis

In the study of complex functions, understanding how certain regions map from one plane to another
offers valuable geometric intuition. These mappings often simplify complex problems, help visualize
function behavior, and are crucial in contour integration, conformal mappings, and solving boundary
value problems.

Specifically, the region bounded by the lines X=0, Y=0, and X+Y=1 in the Z-plane (where Z = X +iY)
forms a right triangle in the first quadrant. When we apply a complex transformation F(z), this
triangle’s image can become a different shape—possibly another triangle, a sector, or a more
complicated region—depending on the nature of F.

This article focuses on a common type of transformation: the bilinear (or Mdbius) transformation or
other rational functions often encountered in complex analysis. The goal is to find the explicit
description of the image of the given triangle under such a transformation.

Defining the Triangle Region in the Z-plane

The Boundaries of the Region

The triangle region in the Z-plane is bounded by:

- The line X=0: the imaginary (Y) axis.

- The line Y=0: the real (X) axis.

- The line X + Y = 1: a straight line passing through (1,0) and (0,1).

Geometric Description

This triangle can be described as:

- The set of points Z = X + iY such that:

- X = 0 (to the right of the Y-axis)

-Y = 0 (above the X-axis)

-X+Y =1 (below the line X+Y=1)

This forms a right triangle located in the first quadrant, with vertices at:

- (0,0) (where X=0, Y=0)

- (1,0) (on the X-axis)

- (0,1) (on the Y-axis)



Understanding this initial geometric setup is essential before applying the transformation.

Choosing the Transformation: An Example

To illustrate the process, let’s consider a specific transformation:
Example Transformation

\[ F(z) =\frac{z-a}{bz + c}\]

where a, b, and ¢ are complex constants, with \( b \neq 0\).

This form includes Mébius transformations, which are conformal and map lines and circles to lines and
circles.

Why This Transformation?
- It is a common and fundamental class of transformations in complex analysis.
- It allows us to analyze how the triangle maps under conformal, rational transformations.

- It provides insight into how geometric regions are transformed, especially in the context of
conformal mappings.

Note: The specific form of F(z) can vary. For the purpose of this guide, we’ll analyze the general
process and then work through a concrete example with specific constants.

Step-by-Step Process to Find the Image Region

1. Map the Boundary Lines

Since the region is defined by three lines, the first step is to find their images under F(z). This
involves:

- Substituting the boundary points into F(z).
- Analyzing how each boundary maps.

2. Map the Vertices of the Triangle

Identify the images of the triangle's vertices:
-\(Z1=0+i\times0=0))
-M(Z2=1+il\times0=1\)
-\(Z3=0+i\times1=i\)

Compute:



-\(W_1 =F(0)\)
-\(W_2 =F(1)\)
-\(W_3 =F(i)\)

This step helps in determining the shape formed by the images of the vertices, which often indicates
the geometric shape of the image region.

3. Map the Boundary Lines and Sketch the Image

For each boundary:

- Line X=0 (Y = 0): parametrize as\( Z =iy ), with \( y \in [0,1]).
- Line Y=0 (X = 0): parametrize as \( Z = x\), with \( x \in [0,1] ).

- Line X + Y=1: parametrization varies from \( Z = t\) with \( t\in [0,1] ), along the line from (0,1) to
(1,0).

Apply F(z) to these points or parametrizations to see how line segments are mapped, thus obtaining
the boundary of the image region.

4. Analyze the Mapped Boundary
Once all three boundary segments are mapped:
- Connect the images of the vertices.

- Determine the shape—whether it remains a triangle, becomes a curved polygon, or transforms into
a different geometric shape.

5. Describe the Image Region

Based on the images of the boundary lines and vertices:

- Write inequalities or parametric descriptions of the region in the W-plane.
- Confirm the shape (e.qg., triangle, sector, circular segment).

6. Verify and Visualize

- Use plotting tools or geometric reasoning to verify the shape.

- Cross-validate with known properties of the transformation (e.g., conformality, preservation of
angles).

Example: Mapping a Specific Triangle Under a M6bius Transformation



Choosing constants:
Suppose we define:
\[ F(z) = \frac{z}{1 -z} \]

This is a Mdbius transformation that maps the unit disk to the left half-plane, but we’ll analyze how it
maps our triangle.

Step 1: Map the vertices

-\(Z_1=0\)->\(W_1=F0)=0\)
-\(Z2=1\)»\(W_2=\frac{1}{1-1}\) - undefined (pole at z=1)
-\(Z_3=1i\)»>\(W_3 =\frac{i}{1-i})

Note that at \( z=1), the function has a pole, indicating the image of the boundary line approaching
that point maps to infinity.

Step 2: Map the boundary lines

-Line X=0(YfromOtol):\(Z=iy)\)

\(W =\frac{iy}{1-iy}\)

- Line Y=0 (X from 0 to 1): \( Z = x\)

\(W =\frac{x}{1-x}\)

- Line X+Y=1:\( Z = t\), with \( t\in [0,1]\)

\(W =\frac{t}{1-t}\)

Analyze the images of these lines to see their shape in the W-plane. For example:
-As\(y\to17-\), \( W\to \infty \). So the boundary approaches infinity at \( Z \to i \).
-Theline\(Z = x\) mapsto\( W = x /(1 - x)\), which maps the segment [0,1) to [0, »).
Step 3: Sketch and describe the image

From the mappings:

- The boundary line \( X=0\), \( 0 \le Y \le 1\), maps to a curve approaching infinity as \( Y \to 1\).
- The boundary line \( Y=0), \( 0 \le X \le 1), maps to the interval \( [0, \infty) \).

- The hypotenuse \( X+Y=1\), \( 0 \le X,Y \le 1\), maps to \( t/(1 - t)\), with \( t\in [0,1)\), which also
maps to \( [0, \infty) \).



Thus, the image of the triangle is a region in the W-plane bounded by rays extending to infinity,
possibly forming a sector or an unbounded region.

Visualization and Practical Tools

Visualizing the transformation helps in understanding the image region. Use plotting software such as
MATLAB, Wolfram Mathematica, or Python with Matplotlib to:

- Plot the original boundary lines and vertices.
- Map a grid of points within the triangle region under F(z).
- Observe the shape and boundaries of the image region.

This approach confirms the theoretical analysis and enhances intuition.

Additional Considerations
Conformal Mapping Properties

- Mdbius transformations are conformal (angle-preserving) and map circles and lines to circles or
lines.

- The images of line segments are often circles
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