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The Green's Function For Solving The Initial Value Problem X*2y''-2xy' 2y=x
In X, Y¥(1)=1,y'(1)=0 Is a fundamental concept in differential equations,
especially useful for solving linear non-homogeneous initial value problems
(IVPs) . This article provides a comprehensive exploration of how Green's
functions can be employed to solve the specific differential equation:
\[ X*2 y''" = 2x y'" + 2y = x \1n x \]
with initial conditions:
N[ Y(1) =1, \quad Y'(1) = 0 \]
Understanding this process is crucial for students, researchers, and
practitioners working in applied mathematics, physics, engineering, and
related fields where differential equations model real-world phenomena. In
this article, we will delve into the theory behind Green's functions, step-

by-step solution strategies, and the interpretation of results, all optimized
for clarity and SEO.

Understanding the Differential Equation and
Initial Conditions

Before exploring solutions, it is important to understand the structure of
the differential equation and the initial conditions.

The Differential Equation in Focus

The equation:
N[ X*"2 y'' = 2x y' + 2y = x \1ln x \]

is a second-order linear differential equation with variable coefficients. It
can be rewritten as:

N[ y'"'" - \frac{2}{x} y' + \frac{2}{x"2} yv = \frac{\1ln x}{x} \]

This form reveals the variable coefficients explicitly, which complicate the
solution process. The associated homogeneous equation:

\[ y'' - \frac{2}{x} y' + \frac{2}{x"2} y = 0 \]

must be solved first to find the fundamental solutions, which form the basis
for constructing the Green's function.



Initial Conditions

The initial conditions provided are:
N[ Y(1) =1, \quad Y'(1) = 0 \]
These specify the value of the solution and its first derivative at \( x=1

\), which are essential for determining the particular solution once the
Green's function is constructed.

Fundamentals of Green's Functions in
Differential Equations

Green's functions serve as a powerful integral kernel to solve linear
differential equations with specified boundary or initial conditions.

What Is a Green's Function?

A Green's function, \( G(x, s) \), for a linear differential operator \( L
\), satisfies:

N[ L G(x, s) = \delta(x - s) \]

where \( \delta \) 1s the Dirac delta function. Once the Green's function is
known, the solution to the non-homogeneous differential equation:

can be expressed as:
\[ y(x) = \int_{a}"{b} G(x, s) f(s) ds \]

This integral representation simplifies solving complex differential
equations by reducing the problem to evaluating an integral once the Green's
function is determined.

Advantages of Using Green's Functions

— They provide explicit solutions for linear differential equations.

— Applicable to problems with complicated boundary or initial conditions.
— Enable the use of integral calculus techniques in solving differential
equations.



Solving the Homogeneous Equation

The first step in constructing the Green's function for our specific
differential equation involves solving the associated homogeneous equation:

\[ y'' - \frac{2}{x} y' + \frac{2}{x"2} y = 0 \]

Transforming the Homogeneous Equation

The homogeneous differential equation is:
N[ y''" = \frac{2}{x} y' + \frac{2}{x"2} yv = 0 \]

This is a Cauchy-Euler (or equidimensional) type, which suggests seeking
solutions of the form:

\[ y = x*{m} \]

Substituting into the homogeneous equation:

\[ m(m—-1) x*{m-2} - \frac{2}{x} m x*{m-1} + \frac{2}{x"2} x*{m} = 0 \]
Simplify:

\[ m(m-1) x"{m-2} - 2m x"{m-2} + 2 x"{m-2} = 0 \]

Divide through by \( x*{m-2} \):

\[ m(m-1) - 2m + 2 = 0 \]

which simplifies to the characteristic equation:

\[ m*2 - 3m + 2 = 0 \]

Solving the Characteristic Equation

Factoring:
\[ (m - 1) (m - 2) =0 \]
Thus:

\[ m = 1 \quad \text{or} \quad m=2 \]
The fundamental solutions to the homogeneous equation are:

N y_1(x) = xM{1} = x \]
N[ y_2(x) = x™{2} \]



Constructing the Green's Function

With the homogeneous solutions identified, we can now proceed to construct
the Green's function tailored to our differential operator.

Form of the Green's Function

The Green's function for a second-order linear differential operator with
initial conditions is constructed using the two fundamental solutions:

\ [

G(x, s) =

\begin{cases}

A(s) y_1(x) + B(s) y_2(x), & x < s \\

C(s) yv_1(x) + D(s) y_2(x), & x > s

\end{cases}

\1]

where \( A(s), B(s), C(s), D(s) \) are functions determined by the boundary
conditions, continuity requirements at \( x = s \), and the jump condition
derived from the delta function.

Applying Boundary and Jump Conditions

The key properties of the Green's function are:

1. Continuity at \( x=s \):

2. Discontinuity in derivative at \( x=s \):

\[ \frac{\partial G}{\partial x}\Big|_{x=s"+} - \frac{\partial G}{\partial
x}\Big|_{x=s"-} = \frac{l}{p(s)} \I

where \( p(s) \) is the coefficient multiplying \( y'"' \).
In this case, the differential operator is:

A\ Ly =y'"" = \frac{2}{x} y' + \frac{2}{x"2} y \]

which can be written as:

N p(x) v'' + ax) yv' + r(x) vy = £(x) \]

with \( p(x) =1 \), \( g(x) = - \frac{2}{x} \), and \( r(x) = \frac{2}{x"2}
\) .

Using these, the jump condition becomes:

\[ \frac{\partial G}{\partial x}\Big|_{x=s"+} - \frac{\partial G}{\partial
x}\Big|_{x=s"-} = \frac{l}{p(s)} = 1 \]



Integrating the Particular Solution

Once the Green's function \( G(x, s) \) is constructed, the particular
solution to our original non-homogeneous differential equation:

VL y'' - \frac{2}{x} y' + \frac{2}{x"2} y = \frac{\In x}{x} \]
with initial conditions can be expressed as:
\[ y(x) = \int_{a}"{b} G(x, s) \frac{\ln s}{s} ds \]

The limits of integration depend on the domain of \( x \) and the problem
setup, often from the initial point \( x=1 \) to \( x \).

Applying Initial Conditions to Determine
Constants

The final step involves imposing the initial conditions:
N[ Y(1) =1, \quad Y'(1) = 0 \]

to solve for any remaining constants in the Green's function or the integral
representation. This ensures the particular solution satisfies the problem's
initial requirements.

Practical Implementation and Numerical Methods

Constructing Green's functions analytically can be complex, especially for
variable coefficient equations like ours. Practical approaches include:

— Numerical approximation of fundamental solutions.

— Finite element or finite difference methods to discretize and approximate
the Green's function.

- Using software tools such as MATLAB, Mathematica, or Python libraries
(e.g., SciPy) to compute the integral solutions efficiently.

Summary and Key Takeaways

— The Green's function approach transforms the differential equation into an
integral problem, simplifying the solution process.

— Fundamental solutions \( y_1(x) = x \) and \( y_2(x) = x*2 \) are critical
for constructing the Green's function.

— Proper application of boundary and jump conditions ensures the Green's
function accurately models the problem.



- Integrating the Green's function against the forcing term \( \frac{\ln
x}{x} \) yields the particular solution satisfying the initial conditions.
— Numerical methods often complement analytical techniques for complex
variable coefficient equations.

Conclusion

Frequently Asked Questions

What is the main purpose of using a Green's function
in solving differential equations?

A Green's function provides a systematic way to
construct the solution of an inhomogeneous
linear differential equation, especially with
specific boundary or initial conditions, by
representing the response to a point source.

How do you set up the Green's function for the
differential equation X*2 y'' - 2x y' + 2y = x 1ln x
with initial conditions y(1)=1 and y' (1)=07?

First, rewrite the differential equation in a
standard form, identify the associated
homogeneous equation, find its fundamental
solutions, and then construct the Green's
function satisfying the boundary conditions and
continuity/jump conditions at the source point.

What are the steps involved in solving the initial
value problem using the Green's function?



The steps include: (1) solving the homogeneous
equation to find fundamental solutions, (2)
constructing the Green's function based on
these solutions, (3) integrating the Green's
function against the source term, and (4)
applying initial conditions to determine any
constants.

What challenges might arise when applying Green's
function method to this specific differential
equation?

Challenges include solving the homogeneous
equation explicitly, constructing the Green's
function accurately with initial conditions,
and evaluating the integral involving the
Green's function and the source term,
especially since the source involves x 1ln x.

Can the differential equation be simplified before
applying the Green's function method?

Yes, by dividing through by X*2 or making an
appropriate substitution to reduce it to a more
familiar form, which can facilitate finding
fundamental solutions and constructing the
Green's function.

What is the significance of initial conditions y(1)=1
and y'(1)=0 in solving the problem?

They specify the values of the solution and its
derivative at x=1, which are used to determine



the constants in the general solution
constructed via the Green's function approach.

How does the inhomogeneous term x ln x affect the
construction of the Green's function?

It acts as the source term in the differential
equation; the Green's function's integral
against this source term yields the particular
solution, capturing the effect of the
inhomogeneity.

Is the Green's function unique for this initial wvalue
problem?

Yes, given the boundary (or initial) conditions
and the linearity of the differential operator,
the Green's function constructed under these
conditions is unique.

What numerical methods can be used if the integral
solution involving the Green's function is difficult
to evaluate analytically?

Numerical integration techniques such as
Gaussian quadrature or adaptive quadrature can
be employed, along with numerical solvers for
the homogeneous solutions if needed, to
approximate the solution.
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Introduction

In the realm of differential equations,
particularly second-order linear differential
equations, the Green's function method stands
out as a powerful and versatile analytical
tool. Its ability to transform complex boundary
value and initial wvalue problems into integral
equations simplifies the process of obtaining
solutions, especially when dealing with
nonhomogeneous terms. This article offers a
comprehensive investigation into the Green's
function approach for solving the specific
initial wvalue problem:

\[[ x*2 y'' = 2xy' + 2 y
= 1, \quad Y' (1) = 0. \]

x \1n x, \quad Y (1)

Our goal is to elucidate the theoretical
underpinnings, derive the Green's function
explicitly, and demonstrate how it facilitates
the solution of the problem. Through this
detailed analysis, we aim to provide insight
into the methodology's applicability,
limitations, and significance within the
broader context of differential equations.



Background and Theoretical Foundations
The Nature of the Differential Equation
The differential equation under consideration:

\[[ x*2 y'' = 2xy' + 2 y x \1n x, \]

is a second-order linear ordinary differential
equation with variable coefficients. It
resembles an Euler-Cauchy (or equidimensional)
equation, which typically has solutions
involving powers or logarithmic functions when
homogeneous.

Homogeneous Equation:
\[[ x*2 y'' = 2xy' + 2y = 0. \]

Understanding the homogeneous solution forms
the foundation for applying Green's function
techniques to the nonhomogeneous case.

The Green's Function Method

The Green's function, \( G(x, t) \), acts as a
kernel that encapsulates the response of the
differential operator to a point source.
Formally, for a linear differential operator \ (
L \), the solution to:

\[ Ly=£f(x), \]



with specified boundary or initial conditions,
can be written as:

\[ y(x) = \int_{a}*{b} G(x, t) £(t) \, dt. \]

This integral formulation simplifies solving
nonhomogeneous problems, especially when the
Green's function is known explicitly.

Deriving the Homogeneous Solution

Step 1: Recognizing the Equation's Form
The given homogeneous equation:

\[[ x*2 y'' = 2xy' + 2y =0, \]

is an Euler-Cauchy equation. Its standard
approach involves proposing solutions of the
form:

\[ y = x*{m}. \]
Step 2: Characteristic Equation

Substitute \( y = x*{m} \):

\ [

\begin{aligned}

y' & m x*{m-1}, \\
y'' & m (m-1) x*{m-2}.
\end{aligned}

\1]



Plugging into the homogeneous equation:

\ [

x*2 \ecdot m (m-1) x*{m-2} - 2x \cdot m x*{m-1}
+ 2 x*{m} = 0.

\1]

Simplify:

\ [
m (m—-1l) x*{m} - 2 m x*{m} + 2 x*{m} = 0.
\1]

Factor out \( x*{m} \):

\ [

x*{m} [ m (m=1) -2 m+ 2 ] = 0.
\1]

Set the bracketed term to zero:

\ [

m (mm1l) - 2 m+ 2 =0,
\1

\ [

m*2 - m -2 m + 2
\1]

\ [

m*2 - 3 m+ 2 = 0.
\1

I
o

Solve quadratic:

\ [
m = \frac{3 \pm \sgrt{9 - 8}}{2} = \frac{3 \pm

1}y{2}.



\]

Thus,

\ [
m1l=2, \quad m 2 = 1.
\1]

Step 3: Homogeneous Solution

The general homogeneous solution:

\ [

(2
o

L
I

C_1 x*{2} + C_2 x*{1}

C_1 x*{2} +

Constructing the Green's Function
Step 1: Formulation for Euler-Type Equations

For Euler equations, the Green's function can
be constructed utilizing the fundamental
solutions \( y_1(x) \) and \( y_2(x) \). The
general form of the Green's function for a
second-order linear differential operator with
appropriate boundary conditions is:

\ [
G(x, t) =
\begin{cases}

A(t) y_1(x), & x \geqg t, \\
B(t) y_2(x), & x < t,



\end{cases}

\1]

where \( y_1 \) and \( y_2 \) are solutions to
the homogeneous equation.

Step 2: Boundary Conditions and the Initial
Value Problem

Given initial conditions at \( x=1 \):

\ [
Y(1) = 1, \quad Y' (1) = O,
\1]

and the nature of the problem, the Green's
function should be constructed to satisfy the
corresponding initial conditions and the
differential operator's properties.

Step 3: Applying the Variation of Parameters

Since the homogeneous solutions are \( y_1 =
x*{2} \), \(y_.2 = x \), and the differential
operator is linear and self-adjoint in an
appropriate weighted space, the Green's
function can be expressed as:

\ [
G(x, t) = \frac{l}{w(t)}
\begin{cases}

y_1(t) y_2(x), & x \geq t, \\
vy _1(x) y 2(t), & x < t,
\end{cases}

\]



where \( W(t) \) is the Wronskian:

\ [
W(t) =y 1(t) y_2'(t) - y_1'(t) y_2(t).
\1

Step 4: Computing the Wronskian

Calculate derivatives:

\ [

\begin{aligned}

vy 1 &= t*{2}, \quad y 1' = 2 t, \\
vy 2 &= t, \quad y_2' = 1.
\end{aligned}

\1]

Therefore:

\ [

W(t) = £t2{2} \cdot 1 - 2 £t \cdot t = £2{2} - 2
tr {2} = - t*{2}.

\1]

Step 5: Explicit Green's Function

The Green's function becomes:

\ [
G(x, t) = \frac{l}{-t*{2}}
\begin{cases}

t~{2} \cdot x, & x \ge t, \\
x*{2} \cdot t, & x < t.
\end{cases}

\]



Simplify:

\ [

G(x, t) =

\begin{cases}

- x, & x \ge t, \\

- \frac{x*{2} t}{t*{2}} = - \frac{x*{2}}{t}, &
x < t.

\end{cases}

\1]

Solving the Nonhomogeneous Problem
Step 1: Integral Representation
The solution \( Y(x) \) is given by:

\

Y(x) = \int_{1}*{x} G(x, t) \cdot \left (
\frac{f(t) }{p(t)} \right) dt,

\1

where \( p(t) \) is the coefficient of \( y''
\) in the original differential operator, here
\( p(t) = x*{2} \), but note the dependence on

\(t \).

Since the initial conditions are specified at
\( x=1 \), and the Green's function is
constructed respecting these, the integral
limits are from \( 1 \) to \( x \).

Step 2: Expressing \( £(t) \)



Given:

\
f£(t) =t \1n t,
\1

and the operator:

\ [
Ly=x*2}y'' - 2xy' + 2y,
\1]

which acts on \( y(t) \). The inverse
operator's integral kernel involves the Green's
function.

Step 3: Final Solution Expression

The particular solution:

\ [
Y_{p}(x) = \int_{1}*{x} G(x, t) \, £(t) \, dt.
\]

Substituting the Green's function:

\ [

Y {p}(x) = \int_{1}*{x} \left( - x \, \text{if
} x \ge t, \quad - \frac{x*{2}}{t} \, \text{if
} x < t \right) \cdot t \1n t \, dt.

\1]

Since \( x \ge t \) over the integration domain
\( £t \in [1, x] \), the Green's function
simplifies to:



\ [
Y {p}(x) = - x \int_{1}*{x} t \1n t \, dt.

\]

Step 4: Computing the Integral

Evaluate:
\ [
I(x) =\
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