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Understanding the concepts of linear dependence, linear independence, and spanning sets is
fundamental in linear algebra. When analyzing a set of vectors in \(\mathbb{R}"4\), these properties
determine the structure and dimensionality of the space they cover. This article provides an in-depth
exploration of these concepts, focusing on a set of five vectors in \(\mathbb{R}*4\). We will examine
how to determine whether the vectors are linearly dependent or independent and whether they span
the entire space \(\mathbb{R}"4\). Additionally, we will discuss the implications of these properties and

provide step-by-step methods to analyze such vector sets.

Understanding the Context: Vectors in \(\mathbb{R}"4\)

What Are Vectors in \(\mathbb{R}"4\)?

In simple terms, a vector in \(\mathbb{R}*4\) is an ordered quadruple of real numbers, typically written

as:

\[
\mathbf{v} = (v_1, v_2, v_3, v_4)
\]



where each component \(v_i\) is a real number. These vectors can be visualized as points or arrows in
a four-dimensional space, although visualizing four dimensions is beyond our physical intuition.
Nonetheless, the algebraic properties of these vectors are well-understood and are crucial in many

areas such as physics, computer science, and engineering.

Why Are Sets of Vectors Important?

Sets of vectors are essential because they form the building blocks of vector spaces. By studying the
relationships among vectors—such as whether they are linearly dependent or independent—we can
determine the structure of the space they span. This, in turn, informs us about the dimension of the

subspace and whether a given set of vectors can serve as a basis for the space.

Key Concepts: Linear Dependence, Independence, and

Spanning

Linear Dependence and Independence

- Linear Dependence: A set of vectors is called linearly dependent if at least one vector in the set can
be expressed as a linear combination of the others. In other words, some vectors do not add new

dimensions to the span—they are redundant.

- Linear Independence: Conversely, a set of vectors is linearly independent if no vector in the set can
be written as a linear combination of the others. Such a set provides a minimal basis for the subspace

they span.

Mathematically, for vectors \(\mathbf{v} 1, \mathbf{v} 2, \Idots, \mathbf{v} k\), the set is linearly

dependent if there exist scalars \(c_1, ¢c_2, \ldots, c_k\), not all zero, such that:



\[
c_1\mathbf{v} 1 + ¢_2 \mathbf{v} 2 + \Ildots + c_k \mathbf{v} k = \mathbf{0}
\]

If the only solution to this equation is \(c_1 = ¢_2 =\ldots = ¢_k = 0\), then the vectors are linearly

independent.

Spanning Sets and the Concept of Span

- Span: The span of a set of vectors is the collection of all possible linear combinations of those
vectors. If the span of a set of vectors equals the entire space \(\mathbb{R}*4\), then the set is said to

span \(\mathbb{R}"4\).

- Span of a Set: For vectors \(\mathbf{v} 1, \mathbf{v} 2, \Idots, \mathbf{v} k\), the span is:

\[

\operatorname{Span}\{\mathbf{v}_1, \mathbf{v} 2, \Idots, \mathbf{v} k\} = \left\{\sum_{i=1}"k \alpha_i
\mathbf{v}_i \mid \alpha_i \in \mathbb{R}\right\}

\

Key Point: To span \(\mathbb{R}*4\), the set must be capable of generating any vector in four-

dimensional space through linear combinations.

Analyzing a Set of 5 Vectors in \(\mathbb{R}"4\)

Suppose you are given 5 vectors:

\[
\mathbf{v} 1, \mathbf{v} 2, \mathbf{v} 3, \mathbf{v} 4, \mathbf{v} 5 \in \mathbb{R}"4



\
The key questions are:

1. Are these vectors linearly dependent?

2. Do they span \(\mathbb{R}"4\)?

Given the principles of linear algebra, certain properties can be derived from the number of vectors

relative to the dimension of the space.

Number of Vectors vs. Space Dimension

- Maximum number of linearly independent vectors in \(\mathbb{R}"4\): 4
- Implications:
- If you have more than 4 vectors (like 5 in this case), they are necessarily linearly dependent.

- This is because the maximum size of an independent set in \(\mathbb{R}*4\) is 4.

Therefore:

- The set of 5 vectors in \(\mathbb{R}*4\) is automatically linearly dependent.

However, linear dependence does not mean that the vectors do not span the space. It only indicates

redundancy among the vectors.

Step-by-Step Approach to Determine Dependence and



Spanning

To analyze the properties of the given set, follow these steps:

Step 1: Write the Vectors Explicitly

Express each vector explicitly, for example:

\[
\mathbf{v} i = (v_{i1}, v_{i2}, v_{i3}, v_{i4})
\]

for\(i = 1, 2, 3, 4, 5\).

Step 2: Form a Matrix with the Vectors as Columns

Construct a \(4 \times 5\) matrix:

\[

A = \begin{bmatrix}

| & & & & |\

\mathbf{v}_1 & \mathbf{v} 2 & \mathbf{v}_3 & \mathbf{v}_4 & \mathbf{v} 5 \\
| & &[&]&]

\end{bmatrix}

\]

Each column corresponds to one of the vectors.



Step 3: Use Row Reduction (Gaussian Elimination)

Apply Gaussian elimination to the matrix \(A\) to find its rank:

- Row reduce to row echelon form.

- Count the number of leading non-zero rows; this is the rank of the matrix.

Key observations:

- Since the matrix is \(4 \times 5\), the maximum rank is 4.

- The rank indicates the maximum number of linearly independent vectors within the set.

Step 4: Interpret the Rank

- If rank = 4, then the vectors span \(\mathbb{R}"4\).

- If rank < 4, then they do not span the entire space.
Given that there are 5 vectors in \(\mathbb{R}"4\):
- The rank can be at most 4, which means:

- If the rank is exactly 4, the set spans \(\mathbb{R}"4\).

- The fifth vector adds redundancy but does not extend the span beyond \(\mathbb{R}"4\).

Step 5: Determine Linear Dependence

- Since the total number of vectors exceeds the dimension, the set is necessarily linearly dependent.

- The dependence can be explicitly found by solving the homogeneous system:



\[

c_1\mathbf{v} 1 + ¢c_2 \mathbf{v} 2 + ¢_3 \mathbf{v} 3 + ¢_4 \mathbf{v} 4 + c_5 \mathbf{v} 5 =
\mathbf{0}

\]

for scalars \(c_i\).

- The existence of non-trivial solutions (not all \(c_i = 0\)) confirms dependence.

Summary of Key Results

- Linear Dependence:
- Since there are 5 vectors in \(\mathbb{R}*4\), they are automatically linearly dependent.

- There exists at least one non-trivial linear combination equaling the zero vector.

- Span of \(\mathbb{R}"4\):
- The vectors will span \(\mathbb{R}*4\) if and only if at least 4 of the vectors are linearly independent
(which is always true unless all vectors are dependent in a special way).

- Therefore, if the rank of the

Frequently Asked Questions

Given a set of 5 vectors in R4, are they necessarily linearly

dependent?

Yes, because in R* any set of more than 4 vectors must be linearly dependent due to the dimension

constraint.



Can a set of 5 vectors in R*4 span the entire space R"4?
Not necessarily; they span R* only if at least 4 of the vectors are linearly independent and together

cover the entire space.

If 5 vectors in R4 are linearly dependent, does this imply they do not
span R"4?
Not necessarily; they can still span R*4 if a subset of 4 vectors is linearly independent and spans the

space.

What condition must 4 vectors in R"4 satisfy to span the entire
space?

They must be linearly independent, which ensures they can generate all of R*4.

If a set of 5 vectors in R*"4 does not span R4, what could be the
reason?

They may be linearly dependent or insufficiently diverse to cover the entire space.

How can you determine if 5 vectors in R*"4 are linearly dependent?

Arrange them into a matrix and check if the rank is less than 5; since the maximum rank in R* is 4,

they are necessarily dependent.

Is it possible for 5 vectors in R"4 to be linearly independent?

No, because the maximum number of linearly independent vectors in R* is 4.
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Understanding the fundamental properties of vectors in higher-dimensional spaces is a cornerstone of
linear algebra, with applications ranging from computer graphics to data science. When given a set of
vectors in \(\mathbb{R}"*4\), mathematicians and students alike are often tasked with determining key
characteristics: whether these vectors are linearly dependent or independent, and whether they span
the entire four-dimensional space. This article provides a comprehensive, reader-friendly exploration of
these concepts, guiding you through the reasoning process using systematic approaches and

illustrative examples.

Introduction to Vectors in \(\mathbb{R}"4\)

Before delving into the specifics of linear dependence and spanning sets, it’s essential to understand

what vectors in \(\mathbb{R}"4\) are and their significance.

What are vectors in \(\mathbb{R}"4\)?

Vectors in \(\mathbb{R}"*4\) are ordered quadruples of real numbers, typically written as:

\[
\mathbf{v} = (v_1,v_2, v_3, v_4)
\]

These vectors can be visualized as points or arrows originating from the origin in a four-dimensional
space, although visual intuition becomes challenging beyond three dimensions. Despite this, the

algebraic properties remain consistent, and the tools of linear algebra enable us to analyze their



relationships.

Why study sets of vectors?

Sets of vectors are fundamental in understanding the structure of vector spaces. They help us identify
bases, subspaces, and transformations. When analyzing a set of vectors, key questions include:

- Are they linearly dependent or independent?

- Do they span the entire space?

- Can some vectors be expressed as combinations of others?

Determining Linear Dependence or Independence

Linear dependence is a core concept that reveals whether a set of vectors contains redundant

elements.

What Does Linear Dependence Mean?

A set of vectors \(\{\mathbf{v} 1, \mathbf{v} 2, \Idots, \mathbf{v} k\}\) in \(\mathbb{R}"4\) is linearly

dependent if there exist scalars \(c_1, ¢c_2, \ldots, c_k\), not all zero, such that:

\[
c_1 \mathbf{v} 1 + ¢_2 \mathbf{v} 2 + \ldots + ¢_k \mathbf{v} k = \mathbf{0}
\]

This equation indicates that at least one vector can be expressed as a linear combination of the

others, meaning the set contains redundancy.

Conversely, they are linearly independent if the only solution to the above equationis \(c_ 1=c 2 =

\ldots = ¢c_k = O\).



Methods to Test for Dependence

To determine whether the given set of 5 vectors in \(\mathbb{R}"4\) is linearly dependent, one can:

1. Set Up a Matrix

Arrange the vectors as columns in a \(4 \times 5\) matrix:

\[

A = \begin{bmatrix}

| & & & & ]\

\mathbf{v}_1 & \mathbf{v}_2 & \mathbf{v}_3 & \mathbf{v}_4 & \mathbf{v}_5 \\
|&]&[&]&]

\end{bmatrix}

\

2. Perform Row Reduction (Gaussian Elimination)
Reduce the matrix to its row echelon form to analyze its rank. The rank indicates the maximum

number of linearly independent vectors in the set.

3. Interpret the Rank

- If the rank of \(A\) is less than the number of vectors (which is 5), the set is linearly dependent.

- Since the vectors are in \(\mathbb{R}"4\), the maximum rank is 4. Therefore, any set of more than 4
vectors in \(\mathbb{R}*4\) must be linearly dependent. This is a key insight because it immediately

answers the question without complex calculations.

In summary:
- Because there are 5 vectors in \(\mathbb{R}*4\), they are necessarily linearly dependent.
- This is a consequence of the fact that the maximum number of linearly independent vectors in

\(\mathbb{R}*4\) is 4.



Do These Vectors Span \(\mathbb{R}"4\)?

Having established that the set is linearly dependent, the next logical question is whether these vectors
can generate the entire space \(\mathbb{R}"*4\). In other words, can any vector in \(\mathbb{R}"4\) be

expressed as a linear combination of the given vectors?

Understanding Spanning Sets

A set of vectors spans \(\mathbb{R}"4\) if their linear combinations can produce any vector in

\(\mathbb{R}*4\). Formally, the span is:

\[
\text{Span}\{\mathbf{v} 1, \mathbf{v} 2, \mathbf{v} 3, \mathbf{v} 4, \mathbf{v} 5\} = \mathbb{R}"4
\]

To check whether the set spans \(\mathbb{R}*4\), we analyze the rank of the matrix formed by these

vectors.

Assessing the Spanning Property

1. Construct the Matrix

As before, place the vectors as columns in a \(4 \times 5\) matrix \(A\).

2. Determine the Rank
Using Gaussian elimination, find the number of pivot positions (leading ones) in the row echelon form.

- The rank can be at most 4 because the space dimension is 4.

3. Interpretation
- If the rank of \(A\) is 4, then the vectors span \(\mathbb{R}"4\).

- If the rank is less than 4, they do not span the entire space.



Key insight:
Since there are more vectors than the dimension of the space, the set cannot be both spanning and
linearly independent. However, depending on the actual entries of the vectors, the set might still span

\(\mathbb{R}*4\) if the vectors are sufficiently "spread out" to cover the entire space.

Implications of Linear Dependence and Spanning

Given that a set of 5 vectors in \(\mathbb{R}*4\) is necessarily linearly dependent, what does this

mean for their spanning capability?

- They cannot be a basis: Because a basis must consist of linearly independent vectors that span the
entire space, and here, dependence is guaranteed.
- Possible spanning sets: They can still span \(\mathbb{R}"4\) if four of the vectors are linearly

independent and the fifth is a linear combination of these four.

In practical terms:
- To confirm whether the set spans \(\mathbb{R}*4\), identify whether some subset of four vectors is

linearly independent and whether the rest can be expressed as combinations of these.

Example scenario:

Suppose the vectors are:

\[

\mathbf{v}_1 = (1, 0, 0, 0) \
\mathbf{v}_2 = (0, 1, 0, 0) \
\mathbf{v}_3 = (0, 0, 1, 0) \
\mathbf{v}_4 = (0, 0, 0, 1) \
\mathbf{v} 5=(1,1,1,1)



\

- In this case, the first four vectors form the standard basis, spanning \(\mathbb{R}"4\).
- The fifth vector is a linear combination of the first four, so the entire set is dependent but still spans

\(\mathbb{R}*4\).

Summary and Final Remarks

To conclude, analyzing a set of 5 vectors in \(\mathbb{R}"4\) involves two primary steps: assessing

linear dependence and determining whether they span the entire space.
Key takeaways:

- Linear Dependence:
Because the space is four-dimensional and there are five vectors, the set must be linearly dependent.
This is a fundamental property rooted in the dimension theorem, which states that any set of more

than \(n\) vectors in \(\mathbb{R}"n\) is dependent.

- Spanning \(\mathbb{R}"4\):

Dependence does not prevent the set from spanning the space. If four vectors are linearly independent
and the fifth is a linear combination of these, the entire set still spans \(\mathbb{R}"*4\). Conversely, if

the vectors are arranged such that their rank is less than 4, they do not span the space.

- Practical Steps

A 10 Points A Set Of 5 Vectors In R 4 Is Given Are They



https://sip.evo9x.com/ma11/a-10-points-a-set-of-5-vectors-in-r-4-is-given-are-they-linearly-dependent-do-they-span-r-4-do.pdf

Linearly Dependent Do They Span R 4 Do

A 10 Points A Set Of 5 Vectors In R 4 Is Given Are They Linearly Dependent Do They Span R 4 Do

Related Articles

e Change To Passive Voice. 17.-We Would Receive Him With Open Arms.18. -The International

Community Is
e According To This Document, What Is One Way In Which Henry Clay Proposed To Compromise

Between Slave

e Also Includes Politics, Law, And Economics The Study Of Environmental Science Differs From
The Study

Back to Home


https://sip.evo9x.com/ma11/a-10-points-a-set-of-5-vectors-in-r-4-is-given-are-they-linearly-dependent-do-they-span-r-4-do.pdf
https://sip.evo9x.com/ma11/change-to-passive-voice-17-we-would-receive-him-with-open-arms-18-the-international-community-is.pdf
https://sip.evo9x.com/ma11/change-to-passive-voice-17-we-would-receive-him-with-open-arms-18-the-international-community-is.pdf
https://sip.evo9x.com/ma11/according-to-this-document-what-is-one-way-in-which-henry-clay-proposed-to-compromise-between-slave.pdf
https://sip.evo9x.com/ma11/according-to-this-document-what-is-one-way-in-which-henry-clay-proposed-to-compromise-between-slave.pdf
https://sip.evo9x.com/ma11/also-includes-politics-law-and-economics-the-study-of-environmental-science-differs-from-the-study.pdf
https://sip.evo9x.com/ma11/also-includes-politics-law-and-economics-the-study-of-environmental-science-differs-from-the-study.pdf
https://sip.evo9x.com

