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Understanding how to compute the volume of solids generated by revolving regions around an axis is a
fundamental topic in calculus. This process, often referred to as the method of disks, washers, or shells,
provides insight into three-dimensional shapes formed by two-dimensional regions. In this comprehensive
guide, we will explore the steps to graph the region bounded by given functions, analyze the

characteristics of the resulting solid, and perform the necessary integrations to find its volume.

Understanding the Concept of Region Bounded by Functions

Before diving into graphing and calculations, it's essential to understand what it means for a region to be

bounded by functions.

Defining the Region

A region in the xy-plane is considered bounded by functions if it is enclosed within the graphs of those
functions over a specified interval. For example, suppose we have two functions, y = f(x) and y = g(x), and

a particular interval [a, b]. The bounded region R is then:

- Enclosed between the graphs of f(x) and g(x) for x in [a, b].

- Possibly bounded by vertical lines at x =a and x = b.

The precise shape and area of R depend on the specific functions and interval.

Types of Boundaries

Depending on the functions involved, the boundary can take various forms:
- Linear functions: e.g., y = mx + ¢
- Quadratic functions: e.g., y = ax* + bx + ¢

- Trigonometric functions: e.g., y = sin x or y = cos x



- Exponential or logarithmic functions

Knowing the types of functions helps determine the best method to find the volume.

Graphing the Region Bounded by the Functions

Accurate graphing is crucial for visualizing the region before revolving it. Here's a step-by-step process:

Step 1: Identify the Functions and Interval

Begin by clearly defining the functions involved and the interval over which the region is bounded. For

example:
- flx) = x?
-g(x)=x+2

- Interval: [0, 3]

Step 2: Find Intersection Points

Determine where the functions intersect to identify the limits of integration:
Solve f(x) = g(x):

2=x+2
x2-x-2=0
(x-2)(x+1)=0

x=2orx=-1

If the interval is [0, 3], the relevant intersection point is at x = 2, since x = -1 is outside that interval.

Step 3: Sketch the Functions

Plot the functions on the xy-plane:
- For f(x) = x% plot points like (0,0), (1,1), (2,4), etc.
- For g(x) = x + 2, plot (0,2), (1,3), (2,4), etc.

Use graphing tools or software (e.g., GeoGebra, Desmos) for precision.



Step 4: Shade the Region

Identify the area between the curves from x = 0 to x = 2, where f(x) is below g(x). Shade this region for

clarity.

Methods for Finding the Volume of Revolution

Once the region is visualized, the next step is to determine the volume of the solid generated when the

region is revolved about a specific axis.

Common Axes of Revolution

- x-axis: Horizontal axis
- y-axis: Vertical axis
- Vertical line: x = ¢

- Horizontal line: y = ¢

The choice of axis significantly influences the method used.

Methods Overview

1. Disk Method: Suitable when the cross-sections perpendicular to the axis of revolution are disks (solid
circles).

2. Washer Method: Used when there is a hole in the middle, i.e., the cross-sections are washers (disks with
holes).

3. Shell Method: Preferred for revolutions around vertical or horizontal lines, especially when

disks/washers are complicated to integrate.

Applying the Disk and Washer Methods

Let's explore both methods with examples.



Disk Method

Ideal when the region is revolved around the x-axis or y-axis, and the slices are perpendicular to the axis.
Volume Formula (around x-axis):

\[ V = \pi \int_{a}{b} [R(x)]"2 dx \]

Where R(x) is the radius of the disk at x.

Example:

Suppose the region between y = f(x) and y = g(x), bounded by x = a and x = b, is revolved around the x-

axis:

- The outer radius at a point x is [f(x)| if f(x) = g(x).

- The volume is obtained by integrating m times the square of the radius over [a, b].

Washer Method

Used when the region is revolved around an axis and the bounded region is between two curves, creating

a hollow (washer).

Volume Formula:

\[ V = \pi \int_{a}"{b} \left( [R_{\text{outer}}(x)]'2 - [R_{\text{inner}}(x)]"2 \right) dx \]
Where:

- \( R_{\text{outer}}(x) \) is the radius of the outer edge of the washer.

- \( R_{\text{inner}}(x) \) is the radius of the hole (inner radius).

Example:

Revolving the region between y = f(x) and y = g(x) about the x-axis:

- \( R_{\text{outer}}(x) = \max\{f(x), g(x)\} \)
- \( R{\text{inner}}(x) = \min\{f(x), g(x)\} \)



Applying the Shell Method

The shell method is particularly useful when revolving around vertical lines or when the region's

description makes disks complicated.
Volume Formula (around y-axis):
\[ V = 2\pi \int_{a}"{b} x \cdot h(x) dx \]

Where:
- \('h(x) \) is the height of the shell at x, e.g., \( h(x) = f(x) - g(x) \).

Example:
Revolving a region between x = a and x = b about the y-axis:

- The shell at x has radius x and height \( h(x) \).

Calculating the Volume: Step-by-Step Example

Let's consider an illustrative example to solidify the concepts.

Example Problem

Find the volume of the solid generated by revolving the region bounded by:

-\(y=x"2))
-\(y =4\
\(x=0\)
-\(x=2))

around the x-axis.

Solution Steps:

Step 1: Graph the Region



-\(y =x"2) is a parabola opening upward.

-\(y =4)\) is a horizontal line.

- The region is between \( x = 0 \) and \( x = 2 \), bounded above by \( y =4 \) and below by \( y = x"2\).
Step 2: Find Points of Intersection

Solve for x where \( x"2 =4 \):

\[ x*2 = 4 \Rightarrow x = \pm 2 \]

Since \( x \in [0, 2] \), the relevant points are from 0 to 2.

Step 3: Visualize the Region

- The region is between \( x=0 \) and \( x=2 \), between the parabola and the line \( y=4\).
Step 4: Decide on the Axis of Revolution

- Revolving around the x-axis.

Step 5: Use the Washer Method

- For each x, the cross-section is a washer with:

- Outer radius \( R_{\text{outer}} = 4 \) (from y=4).

- Inner radius \( R_{\text{inner}} = x"2 \) (from y=x?).

- The volume element:

\[ dV = \pi \left( R_{\text{outer}}"2 - R_{\text{inner}}"2 \right) dx = \pi \left( 4'2 - (x"2)"2 \right) dx = \pi
(16 - x*4) dx \]

Step 6: Set up the integral

\[ V =\int_{0}"{2} \pi (16 - x"4) dx = \pi \int_{0}"{2} (16 - x"4) dx \]
Step 7: Integrate

\[ 'V =\pi \left] 16x - \frac{x"5}{5} \right]_0"2 \]

Calculate:

\[ 'V = \pi \left( 16



Frequently Asked Questions

What is the general method to find the volume of a solid generated by

revolving a region around an axis?

The general method involves setting up an integral using the disk, washer, or shell method, depending on

the axis of revolution and the region's boundaries, and then evaluating that integral to find the volume.

How do I determine whether to use the disk/washer method or the shell

method when finding the volume of a solid?

Choose the disk/washer method when the axis of revolution is perpendicular to the axis of the slices
(usually horizontal or vertical lines), and use the shell method when the axis of revolution is parallel to the

slices, as it often simplifies the integral.

‘What are common challenges faced when calculating volumes of solids of

revolution, and how can I overcome them?

Common challenges include setting up the correct integral boundaries and choosing the appropriate
method. Overcome them by carefully analyzing the region, sketching graphs, and verifying which

method simplifies the calculation, ensuring the limits and functions are correctly identified.

Can you provide an example of finding the volume when revolving a

bounded region around the y-axis?

Yes. For example, if the region bounded by y = x"2 and y = 4 is revolved around the y-axis, you can use

the shell method: the volume = 2= § from x=0 to x=2 (x)(height of the shell) dx, where height = 4 - x"2.

How do I find the volume of a solid generated by revolving a region
bounded by y = f(x) and y = g(x) around the x-axis?

Use the washer method: set up an integral with respect to x, where the volume = = § ( [f(x)]"2 - [g(x)]"2)

dx over the interval of interest, representing the outer and inner radii squared, integrated along x.

Additional Resources
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Understanding the process of finding the volume of a solid generated by revolving a region around a
specified axis is fundamental in calculus, especially when dealing with applications in engineering, physics,
and various scientific fields. This comprehensive review aims to explore the concepts, methodologies, and
detailed steps involved in graphing the region and calculating the volume of the resulting solid, with a

particular focus on the methods used to handle different types of regions and axes of revolution.

Introduction to Volumes of Revolution

The volume of a solid of revolution is the three-dimensional object created when a plane region is rotated
about an axis. This concept is rooted in the fundamental ideas of integral calculus and has practical

applications, including the design of objects, analysis of physical systems, and solving real-world problems.
Key Definitions:

- Region: The bounded area in the xy-plane defined by functions, lines, or inequalities.
- Axis of revolution: The line about which the region is revolved, such as the x-axis, y-axis, or any other
line.

- Solid of revolution: The three-dimensional object generated by this process.

Graphing the Region

Before calculating the volume, accurately visualizing the region is crucial. Graphing helps in
understanding the shape, bounds, and the nature of the region, which directly influences the choice of

method for computing volume.
Steps to Graph the Region:

1. Identify the boundary functions and lines:
- Determine the equations of the curves, lines, or inequalities that bound the region.

- For example, functions like y = f(x), y = g(x), vertical or horizontal lines.

2. Find intersection points:
- Solve the equations simultaneously to identify points where the boundary curves intersect.

- These points define the limits of integration.



3. Sketch the curves and region:
- Plot the boundary functions on a coordinate plane.

- Shade or highlight the bounded region between these curves.

4. Determine the region's limits:
- For functions in x, the limits are often given by the intersection points along the x-axis.

- For functions in y, limits are based on the intersection along the y-axis.

Example:
Suppose the region is bounded by y = x"2 and y = 4 - x"2. The intersection points are found by solving x"2
=4 - x"2, leading to x"2 = 2, or x = £+/2. The graph would show a symmetric region between these curves,

bounded vertically between y = x"2 (bottom) and y = 4 - x"2 (top).

Choosing the Method of Integration

Once the region is graphed, the next step involves selecting the appropriate method to find the volume:
1. Disk Method

- Used when the region is revolved around an axis, and the cross-sections are circular disks.

- Suitable when the cross-sectional slices perpendicular to the axis of revolution are disks.
2. Washer Method

- An extension of the disk method, used when the region is bounded between two curves, producing
washers (disks with holes).
- Applicable when the region is between two functions or lines, and the axis of revolution is outside the

region.
3. Shell Method

- Suitable for regions where the shell (cylindrical shell) approach simplifies integration, especially when
revolving around the y-axis or vertical lines.

- Involves integrating cylindrical shells with height, radius, and thickness.



Mathematical Formulation of Volume Calculations

Each method has its integral formula, which depends on the axis of revolution and the region's position.

Disk Method Formula

‘When revolving around the x-axis:

\[
V = \pi \int_{a}"{b} [R(x)]"2 dx
\]

Where:
- \( R(x) \) = radius of the disk at point x, typically y-value of the boundary function.

- Limits \(a \) and \( b \) are the x-values of the intersection points.

Revolving around the y-axis:

\
V = \pi \int_{c}{d} [R(y)]*2 dy
\]

Where:
-\(R(y) \) = radius expressed as a function of y.

Washer Method Formula

When the region is between two curves \( y = f(x) \) and \( y = g(x) \), revolved around an axis:

\
V = \pi \int_{a}"{b} \left([R_{\text{outer}}(x)]"2 - [R_{\text{inner}}(x)]"2 \right) dx
\]

- \( R_{\text{outer}} \) and \( R_{\text{inner}} \) are the outer and inner radii, respectively.

Shell Method Formula



‘When revolving around the y-axis:

\[
V = 2\pi \int_{a}"{b} x \cdot h(x) dx
\]

Where:
-\( x\) is the radius of each shell.
- \('h(x) \) is the height of the shell.

When revolving around the x-axis, the formula adapts accordingly, integrating with respect to y.

Applying the Methods to Specific Regions

The key to successfully computing the volume lies in tailoring the method to the specific region and axis of

revolution.
Case 1: Revolving Around the x-axis

- Graphically, the cross-sections are disks or washers perpendicular to the x-axis.
- Method: Disk or washer method, depending on whether the region is bounded by a single curve or two

functions.

Example:

Region between \( y = x"2 \) and \( y =4 \), revolved around the x-axis:

- The limits are \( x =-2\) to \( x =2\).
- Cross-sectional disks have radii \( R(x) = y \), but since \( y = x*2 \), the radii are \( R(x) = x"2\).

- Volume:

\
V = \pi \int_{-2}"{2} [x"2]"2 dx = \pi \int_{-2}"{2} x"4 dx

\]

- Calculating the integral yields the volume.



Case 2: Revolving Around the y-axis

- Graphically, the slices are horizontal, and the cross-sectional disks are perpendicular to the y-axis.

- Method: Shell method often simplifies calculations.

Example:

The same region as above, revolved around the y-axis:

- Shell radius: \( x \)-coordinate.

- Shell height: \( y_{top} - y_{bottom} \).
- Volume:

\
V = 2\pi \int_{a}"{b} x \cdot (y_{top} - y_{bottom}) dx

\

Step-by-Step Example: Volume Calculation

Let's consider a detailed example to illustrate the process:

Problem:
Find the volume of the solid formed by revolving the region bounded by the curves \( y = x"2 \) and \(y

=4\), about the x-axis.
Step 1: Graph the Region

- The parabola \( y = x"2 \) opens upward.
- The line \( y =4 ) is horizontal.
- The region is between \( y = x"2 \) and \( y =4 \), from \( x =-2\) to \( x =2 \).

- The region is symmetric about the y-axis.
Step 2: Determine the Method

- Since revolving around the x-axis and the region is bounded vertically between \( y = x"2 \) and \( y = 4
\), the washer method is suitable:
- Outer radius: from x-axis to \( 'y =4 \), so \( R_{outer} = 2 \) (constant for the top boundary).

- Inner radius: from x-axis to \( y = x"2\), so \( R_{inner} = x"2\).



Step 3: Set up the integral

- The limits are \( x =-2\) to \( x =2 \).

\[

V = \pi \int_{-2}"{2} \left( R_{outer}"2 - R_{inner}"2 \right) dx
\]

\[

V = \pi \int_{-2}"{2} \left( 4"2 - (x"2)"2 \right) dx

\]
\[
V = \pi \int_{-2}"2} (16 - x"4) dx
\]

Step 4: Compute the integral

- Because the integrand is even, simplify:

\[
V = 2\pi \int_{0}"2} (16 - x"4) dx

\]

- Integrate:

\[

V = 2\pi \left[ 16x - \frac{x"5}{5} \right] 0"2

\]

\[

V = 2\pi \left( 16 \times 2 - \frac{2"5}{5} \right)
]
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