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A) LeT X Be A RANDOM VARIABLE W/1TH Por F(x) AND THe FoLLowING CHARACTERISTIC FUNCTION, 4 Cx (T) = (2

UNDERSTANDING THE PROPERTIES OF A RANDOM VARIABLE IS FUNDAMENTAL IN PROBABILITY THEORY AND STATISTICS. W/HEN
ANALYZING A RANDOM VARIABLE \(X\), TWO PRIMARY TOOLS ARE COMMONLY USED: THE PROBABILITY DENSITY FUNCTION
(Por) \(F(x)\) AND THE CHARACTERISTIC FUNCTION \(C_X(T)\). THESE TOOLS PROVIDE INSIGHTS INTO THE DISTRIBUTION,
MOMENTS, AND OVERALL BEHAVIOR OF THE VARIABLE. IN THIS ARTICLE, WE WILL EXPLORE THE IMPLICATIONS OF HAVING A
kNowN PDF \(F(x)\) FOR A RANDOM VARIABLE \(X\), ALONGSIDE A SPECIFIC CHARACTERISTIC FUNCTION, AND HOW THESE
COMPONENTS INTERPLAY TO REVEAL THE DISTRIBUTION'S PROPERTIES.

INTRODUCTION TO RANDOM V ARIABLES AND THEIR DISTRIBUTIONS

A rANDOM VARIABLE \(X\) IS A VARIABLE WHOSE POSSIBLE VALUES ARE OUTCOMES OF A RANDOM PHENOMENON. T HE
pIsTRIBUTION OF \(X\) IS CHARACTERIZED PRIMARILY BY ITS PDF (FOR CONTINUOUS VARIABLES) OR PMF (FOR DISCRETE
VARIABLES). THE PDF \(F(x)\) pDEScrIBES THE LIKELIHOOD OF \(X\) TAKING ON A sPeciFic VALUE \(x\). IT SATISFIES THE
PROPERTIES:

o \(F(x) \GeQ O\) For ALL \(x\)
o \OINT_{-\Nery 3 {AINETY 3 F(x) \, DX = 1))

THE PDF ENABLES US TO COMPUTE PROBABILITIES OVER INTERVALS:

\[
P(a \LeQ X \Leq B) = \INT_A"8 F(x) \, DX
\]

BEYOND THE PDF, THE CHARACTERISTIC FUNCTION \(C_X(T)\) IS A POWERFUL ANALYTICAL TOOL, DEFINED AS THE EXPECTED
vaLUE of \(E{ITX3\):

\[
C_X(1) = \MaTHee{E}[e"{ITX3] = \InT_{-\ineTv 3 {\iNeTY 3 e™{iTx3 F(X) \, DX
\]

wHERE \(T \IN \MATHEB{R}\). THE CHARACTERISTIC FUNCTION UNIQUELY DETERMINES THE DISTRIBUTION oF \(X\) AND
FACILITATES THE DERIVATION OF MOMENTS AND LIMIT THEOREMS.

UNDERSTANDING THE CHARACTERISTIC FUNcTION \(C_X(T)\)

THE CHARACTERISTIC FUNCTION ENCODES THE ENTIRE DISTRIBUTION INFORMATION OF \(X\). FOR EXAMPLE, THE MOMENTS OF
\(X\) cAN Be oBTAINED BY DIFFERENTIATING \(C_X(T)\):

\l



\MATHBR{EI[X"N] = \FRAC{ 13{1"N} \LerT. \FrAc{D""N C_X(T)}oT"N} \rIGHT|_{T=0}
\]

THIS POWERFUL RELATIONSHIP SIMPLIFIES THE PROCESS OF ANALYZING DISTRIBUTIONS, ESPECIALLY WHEN THE PDF IS
COMPLICATED OR UNKNOWN.

IN OUR CONTEXT, THE CHARACTERISTIC FUNCTION IS GIVEN AS:

\[
4 C_X(1)=(2
\]

|T APPEARS THERE MIGHT BE A FORMATTING ISSUE OR MISSING PARTS IN THE STATEMENT, BUT TYPICALLY, SUCH AN EXPRESSION
INDICATES A SPECIFIC FORM OF THE CHARACTERISTIC FUNCTION, WHICH CAN BE USED TO IDENTIFY THE DISTRIBUTION.

ANALYZING THE GIVEN CHARACTERISTIC FUNCTION

SUPPOSE THE CHARACTERISTIC FUNCTION IS OF THE FORM:

\l

C_X(1) = \rrac{13{43} \cooT (2 \TexT{ soMe FUNCTION OF } T)

\]

OR MORE GENERALLY, A KNOWN FUNCTION INVOLVING EXPONENTIAL, SINUSOIDAL, OR POLYNOMIAL COMPONENTS. W ITHOUT THE
COMPLETE FORM, WE CAN CONSIDER COMMON CHARACTERISTIC FUNCTIONS TO UNDERSTAND THEIR IMPLICATIONS.

TYPICAL FORMS INCLUDE:
- NormAL pisTrIBUTION: \(C_X(T) = e{I\MU T - \rrAac{\sIcMA"2 T"23{2}}\)
- UniForM pisTRIBUTION ON \([A B]\): \(C_X(7) = \rrac{e™i T} - ™A TH{I T (8- A)}\)

- ExponenTIAL DISTRIBUTION: \(C_X(T) = \rrac{\LAMBDA{\LAMBDA - 1 T}\)

KnowING THE SPECIFIC FORM oF \(C_X(T)\) ALLOWS US TO IDENTIFY THE DISTRIBUTION.

FrRoM CHARACTERISTIC FUNCTION To PDF: INVERSION FORMULA

GIVEN THE CHARACTERISTIC FUNCTION \(C_X(T)\), THE POF \(F(X)\) CAN BE RECONSTRUCTED VIA THE INVERSION FORMULA!

\[
F(x) = \rrac{ 13{2\Pi} \INT_{-\iNeTY 3" \iINeTY €*{-1 T x} C_X(T) \, DT
\]

THIS INTEGRAL TRANSFORMS THE FREQUENCY DOMAIN BACK INTO THE PROBABILITY DOMAIN, PROVIDING A COMPLETE
DESCRIPTION OF THE DISTRIBUTION.

ExAMPLE: For A kNownN \(C_X(T)\), APPLYING THE INVERSION FORMULA HELPS DERIVE THE PDF EXPLICITLY, WHICH IS USEFUL
IN PRACTICAL APPLICATIONS SUCH AS HYPOTHESIS TESTING, SIMULATION, AND MODELING.



IMPLICATIONS AND APPLICATIONS OF THE CHARACTERISTIC FUNCTION

THe kNoWLEDGE oF \(C_X(T)\) HAS MULTIPLE PRACTICAL IMPLICATIONS:

¢ DISTRIBUTION IDENTIFICATION: MATCHING THE FORM OF \(C_X(T)\) WITH KNOWN FUNCTIONS ALLOWS FOR QUICK
IDENTIFICATION OF THE DISTRIBUTION TYPE.

o CALCULATING MoMeNTs: DiFFerenTIABILITY of \(C_X(T)\) AT \(T=0\) PROVIDES MOMENTS LIKE MEAN AND
VARIANCE.

e LiMIT THEOREMS: CHARACTERISTIC FUNCTIONS ARE CENTRAL IN PROOFS OF THE CENTRAL LIMIT THEOREM AND OTHER
CONVERGENCE RESULTS.

¢ SIMULATION: GENERATING RANDOM SAMPLES FROM THE DISTRIBUTION CAN SOMETIMES BE ACHIEVED BY INVERTING THE
CHARACTERISTIC FUNCTION OR VIA FOURIER TRANSFORM METHODS.

o CONVOLUTION: THE CHARACTERISTIC FUNCTION SIMPLIFIES THE ANALYSIS OF SUMS OF INDEPENDENT RANDOM VARIABLES
SINCE THE CHARACTERISTIC FUNCTION OF A SUM EQUALS THE PRODUCT OF INDIVIDUAL CHARACTERISTIC FUNCTIONS.

Case Stupy: HyPoTHETICAL DisTRIBUTION WITH GIVEN CHARACTERISTIC
FUNCTION

SUPPOSE THE CHARACTERISTIC FUNCTION PROVIDED IS:

\[
C_X(1) = \rrac{13{43 \LerT( 2 €"{i \THETA T} \RIGHT)
\]

\WHICH SIMPLIFIES TO:

\[
C_X(1) = \rrac{1}{2} {1 \THETA T}
\]

THIS IS THE CHARACTERISTIC FUNCTION OF A DEGENERATE DISTRIBUTION CONCENTRATED AT \(X = \THETA\)/ SINCE:

\[
C_X(1) =™ \THETA T}
\]

iMPLIES \(X\) I1s ALMOST sUReLY EQUAL To \(\THETA\). THE coerricieNT \(\Frac{1}{2}\) SUGGESTS A SCALING OR
MIXTURE COMPONENT, PERHAPS INDICATING A MIXTURE DISTRIBUTION.

FROM THIS, THE CORRESPONDING PDF \(F(x)\) IS A DIRAC DELTA:

\[
F(x) = \peLTA(X - \THETA)

\]

THE IMPLICATIONS ARE STRAIGHTFORW ARD: THE RANDOM VARIABLE \(X\) Takes THE VALUE \(ATHETA\) WITH PROBABILITY



CoNcLusIoN: INTEGRATING PDF AND CHARACTERISTIC FUNCTION INSIGHTS

\UNDERSTANDING THE RELATIONSHIP BETWEEN THE PDF \(F(x)\) AND THE CHARACTERISTIC FUNCTION \(C_X(T)\) IS ESSENTIAL
IN PROBABILITY THEORY. THE CHARACTERISTIC FUNCTION PROVIDES A GLOBAL VIEW OF THE DISTRIBUTION, ALLOWING FOR
EASIER ANALYSIS OF SUMS, LIMITS, AND MOMENTS. \WHEN ANALYZING A SPECIFIC CHARACTERISTIC FUNCTION, IDENTIFYING ITS
FORM AND APPLYING THE INVERSION FORMULA OR KNOWN RESULTS CAN UNCOVER THE DISTRIBUTION'S NATURE.

IN PRACTICAL APPLICATIONS, SUCH AS STATISTICAL MODELING, SIGNAL PROCESSING, OR FINANCIAL MATHEMATICS, LEVERAGING
THE PROPERTIES OF CHARACTERISTIC FUNCTIONS FACILITATES THE ANALYSIS OF COMPLEX SYSTEMS, ENABLING STATISTICIANS
AND RESEARCHERS TO DERIVE MEANINGFUL INSIGHTS EFFICIENTLY.

FURTHER READING AND RESOURCES

- Books:

- "PROBABILITY AND MEASURE” BY PATRICK BILLINGSLEY
“INTRODUCTION TO PROBABILITY MoDELS” BY SHELDON ROSS
“CHARACTERISTIC FUNCTIONS” BY EUGENE LUKACS

- ONLINE RESOURCES:

- KHAN ACADEMY PROBABILITY AND STATISTICS

- MIT OPeNCOURSEW ARE ON PROBABILITY THEORY

- STATLECT'S EXPLANATION OF CHARACTERISTIC FUNCTIONS

IN SUMMARY , MASTERING THE INTERPLAY BETWEEN A DISTRIBUTION'S PDF AND ITS CHARACTERISTIC FUNCTION UNLOCKS
POWERFUL TOOLS FOR STATISTICAL ANALYSIS AND PROBABILISTIC MODELING, MAKING IT AN ESSENTIAL AREA OF STUDY FOR
ANYONE INVOLVED IN DATA SCIENCE, FINANCE, OR ENGINEERING DISCIPLINES.

FREQUENTLY ASkeD QUESTIONS

W/HAT IS THE SIGNIFICANCE OF THE CHARACTERISTIC FUNCTION Cx(T) FOR A RANDOM
VARIABLE X?

THE CHARACTERISTIC FUNCTION CX(T) UNIQUELY DETERMINES THE PROBABILITY DISTRIBUTION OF X AND IS USEFUL FOR
ANALYZING PROPERTIES LIKE MOMENTS AND FOR DERIVING DISTRIBUTIONS OF SUMS OF INDEPENDENT RANDOM V ARIABLES.

GIVEN THE CHARACTERISTIC FUNCTION 4Cx(T) = 2, WHAT DOES THIS IMPLY ABOUT
THE DISTRIBUTION OF X?

IF 4CX(T) = 2 FOR ALL T, IT SUGGESTS THAT THE CHARACTERISTIC FUNCTION IS CONSTANT, WHICH IS NOT TYPICAL. THis
MAY INDICATE A SPECIFIC FORM OR A TYPO, GENERALLY, CHARACTERISTIC FUNCTIONS ARE COMPLEX-VALUED FUNCTIONS WITH
CERTAIN PROPERTIES. CLARIFICATION IS NEEDED TO INTERPRET THIS PROPERLY.



How CAN WE DETERMINE THE PROBARILITY DENSITY FUNCTION (PDF) F(X) FROM A
KNOWN CHARACTERISTIC FUNCTION Cx(T)?

THe PDF F(X) CAN BE RECOVERED BY APPLYING THE INVERSE FOURIER TRANSFORM TO THE CHARACTERISTIC FUNCTION: F(x) =
(/2B _{-F B 3 e™-x} Cx(T) pT, PrROVIDED CX(T) IS KNOWN AND INTEGRABLE.

\WHAT PROPERTIES MUST A CHARACTERISTIC FUNCTION SATISFY TO CORRESPOND TO A
VALID PROBABILITY DISTRIBUTION?

A VALID CHARACTERISTIC FUNCTION MUST BE POSITIVE-DEFINITE, CONTINUOUS, SATISFY CX(O) = ], AND BE UNIFORMLY
BOUNDED BY 1 IN MAGNITUDE.

IF THE CHARACTERISTIC FUNCTION OF X IS KNOWN , HOW CAN WE FIND ITS MOMENTS?

MOMENTS OF X CAN BE OBTAINED BY DIFFERENTIATING Cx(T) AT T7=0: E[X"N] = 1"{-N} (0"N/0T"N) Cx(T) EVALUATED AT
T=0, ASSUMING THESE DERIVATIVES EXIST.

CAN THE GIVEN CHARACTERISTIC FUNCTION 4Cx(T) = 2 BE USED TO IDENTIFY THE
DISTRIBUTION OF X DIRECTLY?

NO, BECAUSE THE FORM 4CX(T> = 2 SUGGESTS A CONSTANT FUNCTION, WHICH DOESN’T MEET THE PROPERTIES OF A
CHARACTERISTIC FUNCTION. MORE INFORMATION OR CORRECTION IS NEEDED TO IDENTIFY THE DISTRIBUTION.

\WHAT ARE COMMON DISTRIBUTIONS CHARACTERIZED BY THEIR CHARACTERISTIC
FUNCTIONS?

SOME EXAMPLES INCLUDE THE NORMAL DISTRIBUTION (wiTH Cx(T) = *{iMT - £72 772/2}), THE POISSON DISTRIBUTION, AND
THE EXPONENTIAL DISTRIBUTION, EACH WITH DISTINCTIVE CHARACTERISTIC FUNCTIONS.

How DOES THE SCALING FACTOR IN THE CHARACTERISTIC FUNCTION AFFECT THE
DISTRIBUTION OF X?

SCALING IN THE CHARACTERISTIC FUNCTION CAN INFLUENCE THE SPREAD OR SCALE OF THE DISTRIBUTION. FOR EXAMPLE,
MULTIPLYING THE ARGUMENT T BY A FACTOR CORRESPONDS TO A SCALED VERSION OF THE ORIGINAL DISTRIBUTION.

ADDITIONAL RESOURCES

LeT X Be A RanpoM V ARIABLE W/ITH PDF F(x) AND THE FoLLowING CHARACTERISTIC FUNCTION, 4 Cx(T) = (2)

AN IN-DEPTH EXPLORATION OF THE CHARACTERISTIC FUNCTION AND DISTRIBUTIONAL PROPERTIES OF THE RANDOM V ARIABLE
X

THE ANALYSIS OF A RANDOM VARIABLE'S DISTRIBUTION THROUGH ITS CHARACTERISTIC FUNCTION (CF) IS A CORNERSTONE OF
PROBABILITY THEORY AND STATISTICAL ANALYSIS. W/HEN THE CHARACTERISTIC FUNCTION ASSUMES A PARTICULAR FORM, IT
OFFERS PROFOUND INSIGHTS INTO THE NATURE OF THE UNDERLYING DISTRIBUTION, ITS MOMENTS, AND ITS BEHAVIOR. IN THIS
ARTICLE, WE DELVE INTO THE INTRIGUING SCENARIO WHERE A RANDOM VARIABLE \(X\) HAS A PROBABILITY DENSITY FUNCTION
(PoF) \(F(x)\) AND A CHARACTERISTIC FUNCTION DEFINED BY THE RELATION:

\[
4C X(T)=2
\]



OR EQUIVALENTLY,

\[
C_X(1) = \rrac{1}{2}
\]

THIS SEEMINGLY SIMPLE EXPRESSION OPENS UP A RICH LANDSCAPE FOR INVESTIGATION, PROMPTING QUESTIONS ABOUT THE
DISTRIBUTION OF \(X\), ITS MOMENTS, AND ITS PROPERTIES. WE WILL DISSECT THIS SCENARIO SYSTEMATICALLY, EXPLORING
THE IMPLICATIONS, DERIVATIONS, AND THE BROADER CONTEXT WITHIN PROBABILITY THEORY.

UNDERSTANDING THE CHARACTERISTIC FUNCTION: FOUNDATIONS AND SIGNIFICANCE
WHAT Is A CHARACTERISTIC FUNCTION?

THe cHARACTERISTIC FUNCTION \(C_X(T)\) OF A REAL-VALUED RANDOM VARIABLE \(X\) IS DEFINED AS:

\[
C_X(1) = \MaTHee{E}[e"{ITX3] = \INT_{-\ineTv}*{\ineTY ] e*{iTx3r(x) \, DX
\]

\WHERE!:

-\(1\) Is THE IMAGINARY UNIT,
- \(7 \in \MaTHEB{R}\),

- \(F(G)\) 1s THE PROBABILITY DENSITY FUNCTION (POF) oF \(X\).

THE CHARACTERISTIC FUNCTION UNIQUELY DETERMINES THE DISTRIBUTION OF \(X\) AND ENCAPSULATES ALL ITS MOMENTS (IF
THEY EXIST). [T IS A POWERFUL ANALYTICAL TOOL, ESPECIALLY FOR STUDYING SUMS OF INDEPENDENT VARIABLES,
CONVERGENCE IN DISTRIBUTION, AND DISTRIBUTIONAL PROPERTIES.

WHY Focus oN THE CHARACTERISTIC FUNCTION?

- UNIQUENESS: THE CF UNIQUELY DETERMINES THE DISTRIBUTION, PROVIDING A ONE-TO-ONE CORRESPONDENCE.

- MoMeNT ExTRACTION: MoMeNTS oF \(X\) cAN ofTEN BE DERIVED BY DIFFERENTIATING \(C_X(T)\) aT \(T=0\).

- LiMmT THeoREMS: CFS ARE INSTRUMENTAL IN PROVING THE CENTRAL LIMIT THEOREM AND OTHER CONVERGENCE RESULTS.

- SIMPLIFICATION: IN MANY CASES, CFS HAVE SIMPLER FORMS THAN THE PDF OR CUMULATIVE DISTRIBUTION FUNCTION (CDF),
FACILITATING ANALYSIS.

THe GIVEN CHARACTERISTIC FUNCTIoN: \( C_X(T) = \rrac{13{2} \)

THE CORE PUZZLE REVOLVES AROUND THE FORM:

\[
C_X(1) = \rrac{1}{2}
\]

WHICH IS CONSTANT WITH RESPECT To \(T\).

IMMEDIATE OBSERVATIONS

- THE CHARACTERISTIC FUNCTION IS INDEPENDENT OF \(T\), INDICATING THAT THE DISTRIBUTION OF \(X\) DOES NOT CHANGE
wiTH \(T\).

- THe vALUE \(C_X(0) = T\), WHICH MUST ALWAYS HOLD FOR ANY PROBABILITY DISTRIBUTION, IS NOT SATISFIED HERE
UNLESS THE EXPRESSION IS INTERPRETED DIFFERENTLY.



GIVEN THE INITIAL STATEMENT:

\[
4C X(1)=2
\]

IMPLIES:

\[
C_X(1) = \rrac{13}{23
\]

For ALL \(TV).

THIS SUGGESTS THAT THE CHARACTERISTIC FUNCTION IS A CONSTANT FUNCTION:

\[
C X(m)=c
\]

wiTH \(c = \rrac{ 1}{23\).

INTERPRETING A CONSTANT CHARACTERISTIC FUNCTION
THeoreTICAL CONSEQUENCES

IN PROBABILITY THEORY, THE CHARACTERISTIC FUNCTION OF A RANDOM VARIABLE \(X\) MUST SATISFY:

-\(C_X(0) = 1Y),
- \(IC_X(TI \teq 1\) For aLL \(TV),
- AND TYPICALLY, \(C_X(T)\) varies wiTH \(T\) unLess \(X\) IS DEGENERATE (A CONSTANT).

BuT Here, \(C_X(7) = \rrac{ 13{23}\) For ALL \(T\), WHICH IS A CONSTANT FUNCTION WITH MAGNITUDE LESS THAN 1.
Is SUCH A CHARACTERISTIC FUNCTION VALID?

- Tre consTANT FUNCTION \(C_X(T) = c\), with \(lc| \LeQ 1)), IS THE CHARACTERISTIC FUNCTION OF A DEGENERATE
pisTRIBUTION ONLY IF \(c=1\) or \(-TV).

- For \(lc| < 1)), THE FUNCTION CORRESPONDS TO A MIXED OR NON-DEGENERATE DISTRIBUTION THAT IS NOT A POINT MASS,
BUT FURTHER ANALYSIS IS NEEDED.

HowEVER, A KEY PROPERTY OF CFs Is:

\[
C_X(1) = \maTHBB{E}[e"{ITX3]
\]

WHICH, FOR A CONSTANT CF/ IMPLIES:

\[
eMiTX3 =c
\]

ALMOST SURELY.

BuT \(e™{ITX3}\) IS A COMPLEX EXPONENTIAL, WITH MAGNITUDE 1, AND VARIES WITH \(T\). FOR THE EXPECTATION TO BE
CONSTANT AND EQUAL TO 1/2 For ALL \(T\), THE DISTRIBUTION MUST SATISFY SPECIFIC INVARIANCE PROPERTIES.



DERIVING THE DisTRIBUTION FROM THE CF
THE FUNDAMENTAL THEOREM:
IF \(C_X(1) =c\) For ALL \(T\), THeEN:

\l

\MaTHBR{E}[e"{ITX3] = ¢, \QUAD \FOrRALL T \INn \MATHBE{R}

\]

WHICH CAN ONLY HAPPEN IF \(X\) IS DEGENERATE AT A POINT \(x_0\), Proviped \(|c|=1\). BuT Here, \(Ic|=1/2 < 11),
LEADING US TO RECONSIDER.

CONTRADICTION AND CLARIFICATION
IN FACT, A MORE PRECISE STATEMENT IS:

- THE ONLY DISTRIBUTIONS WITH CHARACTERISTIC FUNCTIONS THAT ARE CONSTANT IN \(T\) ARE DEGENERATE AT A POINT,
wiTH \(C_X(7) = e*{iTx_03}\), wHicH varies wiTh \(T\).
- IF \(C_X(1)\) 1s consTANT aND EQUAL To \(c \NeQ O\), THEN:

\[

C_X(1) = ¢ = \MaTHBB{E}[e"{ITX3] \RicHTARROW E™{ITX} \TEXT{ HAS EXPECTATION } C

\]

For ALL \(T\). THis 1s onLY possieLE IF \(X\) is peTERMINISTIC (DEGENERATE), AND \(C = e"{ITx_0}\), WHICH VARIES
wiTH \(T\) unLess \(x_0=0\) anp \(c=1\). Since \(c=1/2\) is consTANT, THis sucGesTs \(X\) cannoOT 8E
DEGENERATE UNLESS THE DISTRIBUTION IS DEGENERATE AT O, BUT THEN THE CF AT \(T=0\) MUST BE 1, WHICH IT IS, BUT FOR
oTHer \(T\), THe expecTATION OF \(E"{ITX3\) 15 \(1/2\).

PROBABILISTIC INTERPRETATION

THe onNLY wAY For THE CF To B consTANT AT \(1/2\) For aLL \(T\) 15 IF \(X\) IS A RANDOM VARIABLE WITH A
DISTRIBUTION SUCH THAT

\[
\MATHBB{EJ[e"{ITX]}] = \rRAac{ 1}{ 2}, \QUAD \ForALL T
\]

WHICH IMPLIES:

\[

\MaTHBR{E}E"{ITX}] = \MATHBB{P}(X=0) \cpoT e*{IT \cpoT 0} + \MaTHEE{P}(X \NEQ O) \cooT \MaTHEB{E} e {ITX}
| X \Neq O]

\]

BUT SINCE THE CF IS CONSTANT, THE DISTRIBUTION MUST BE SUCH THAT THE EXPECTATION IS UNAFFECTED BY \(T\), WHICH IS
oNLY PossIBLE IF \(X\) IS DISCRETE WITH CERTAIN MASS POINTS OR A MIXTURE.

PossisLE DisTRIBUTIONAL ForMs CorresPonDING To \(C_X(T) = 1/2\)
DiScReTE DISTRIBUTION WITH SYMMETRIC MASSES

Supposte \(X\) Takes THe VALUE O wiTH PROBABILITY \(P\) AND SOME OTHER VALUE(S) WITH THE REMAINING PROBARBILITY.
THe CF BECOMES:



\[
C_X(1) =p \cooT e*{iT \cpoT 0} + (1 - ) \cooT \MATHBE{EJ[e"{ITX]} | X \Neq O]

\]

To 8e CONSTANT AT \(1/2\), THIS REDUCES TO:

\[

C_ X(m)=p+(1-pr) \cooT Q(1) = \rrac{ 13}{2}
\]

For soME FUNCTION \(Q(T)\) rerresenTING THE CF oF THE conpiTIoNAL DIsTRIBUTION ofF \(X\) civen \(X \Neq O\). For
THIS To HoLb For ALL \(T\), \(Q(T)\) MUST BE CONSTANT:

\[
Q(T) =’ \quab \TexT{For ALL } T

\]

wHicH IMPLIES \(\MATHBB{EJ[e"{ITX} | X \NEQ O] = c’\) CONSTANT. SIMILAR TO EARLIER, THIS WOULD MEAN THE
CONDITIONAL DISTRIBUTION IS DEGENERATE, CONCENTRATED AT A POINT, SAY \(x_1\), WITH:

\[
eMitx_1}=¢

\]

For ALL \(T\), wHicH 1s onLY possisLE IF \(x_1=0\) or \(c'=1\). Given \(c’ \Ne@ T\) Here (siNce THE TOTAL CF IS
\(1/2\)), THIS SUGGESTS THE CONDITIONAL DISTRIBUTION IS DEGENERATE AT O
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